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ABSTRACT

In optimal transport (OT), a Monge map is known as a mapping that transports a
source distribution to a target distribution in the most cost-efficient way. Recently,
multiple neural estimators for Monge maps have been developed and applied in
diverse unpaired domain translation tasks, e.g. in single-cell biology and computer
vision. However, the classic OT framework enforces mass conservation, which
makes it prone to outliers and limits its applicability in real-world scenarios. The
latter can be particularly harmful in OT domain translation tasks, where the relative
position of a sample within a distribution is explicitly taken into account. While un-
balanced OT tackles this challenge in the discrete setting, its integration into neural
Monge map estimators has received limited attention. We propose a theoretically
grounded method to incorporate unbalancedness into any Monge map estimator.
We improve existing estimators to model cell trajectories over time and to predict
cellular responses to perturbations. Moreover, our approach seamlessly integrates
with the OT flow matching (OT-FM) framework. While we show that OT-FM
performs competitively in image translation, we further improve performance by
incorporating unbalancedness (UOT-FM), which better preserves relevant features.
We hence establish UOT-FM as a principled method for unpaired image translation.

1 INTRODUCTION

Unpaired domain translation aims to transform data from a source to a target distribution without
access to paired training samples. This setting poses the significant challenge of achieving a meaning-
ful translation between distributions while retaining relevant input features. Although there are many
ways to define the desired properties of such a transformation, optimal transport (OT) offers a natural
framework by matching samples across distributions in the most cost-efficient way. If this optimal
correspondence can be formulated as a map, such a map is known as a Monge map.

Recently, a considerable number of neural parameterizations to estimate Monge maps have been
proposed. While earlier estimators were limited to the squared Euclidean distance (Makkuva et al.,
2020; Korotin et al., 2020; Amos, 2022), more flexible approaches have been proposed recently
(Uscidda & Cuturi, 2023; Tong et al., 2023b; Pooladian et al., 2023a;b). Neural Monge maps have
been successfully applied to a variety of domain translation tasks including applications in computer
vision (Korotin et al., 2022; Tong et al., 2023b; Pooladian et al., 2023a; Mokrov et al., 2023) and the
modeling of cellular responses to perturbations (Bunne et al., 2021).

In its original formulation, optimal transport assumes static marginal distributions. This can limit its
applications as it cannot account for [i] outliers and [ii] undesired distribution shifts, e.g. class imbal-
ance between distributions as visualized in Figure 1. Unbalanced OT (UOT) (Chizat et al., 2018a)
overcomes these limitations by replacing the conservation of mass constraint with a penalization on
mass deviations. The practical significance of unbalancedness in discrete OT has been demonstrated
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Figure 1: Comparison of balanced and unbalanced Monge map computed on the EMNIST dataset
translatingdigits! letters Source and target distribution are rescaled leveraging the unbalanced OT
coupling. The computed balanced mapping inclugleé O;Bg,andl!f O;lgbecause of the
distribution shift between digits and letters. With unbalancedB8éssB, and1! | are recovered.

in various applications, e.g. in video registration (Lee et al., 2020), computer vision (Plaen et al.,
2023), or domain adaptation (Fatras et al., 2021a). Existing methods for estimating neural Monge
maps with unbalancedness (Yang & Uhler, 2018béck et al., 2022) are limited to speci c Monge

map estimators and rely on adversarial training, see Section 4 for a detailed discussion.

In light of these limitations, we introduce a new framework for incorporating unbalancedness into
anyMonge map estimator based on a re-scaling scheme. We motivate our approach theoretically by
proving that we can incorporate unbalancedness into neural Monge maps by rescaling source and
target measures accordingly. To validate the versatility of our approach, we showcase its applicability
on both synthetic and real-world data, utilizing different neural Monge map estimators. We highlight
the critical role of incorporating unbalancedness to infer trajectories in developmental single-cell data
using ICNN-based estimators (OT-ICNN) (Makkuva et al., 2020) and to predict cellular responses to
perturbations with the Monge gap (Uscidda & Cuturi, 2023).

Monge maps can also be approximated with OT ow matching (OT-FM) (Lipman et al., 2023; Liu
etal., 2022; Albergo & Vanden-Eijnden, 2023), a simulation-free technique for training continuous
normalizing ows (Chen et al., 2018) relying on mini-batch OT couplings (Pooladian et al., 2023a;
Tong et al., 2023b). The universal applicability of our method allows us to extend OT-FM to
the unbalanced setting (UOT-FM). We demonstrate that unbalancedness is crucial for obtaining
meaningful matches when translatidigits to lettersin the EMNIST dataset (Cohen et al., 2017).
Additionally, we benchmark OT-FM on unpaired natural image translation and show that it achieves
competitive results compared to established methods. Moreover, UOT-FM elucidates the advantages
of unbalancedness in image translation 4§ itmproves overall performance upon OT-FM while
additionally[ii] helping to preserve relevant input features and lowering the learned transport cost.
This establishes UOT-FM as a new principled method for unpaired image translation. To summarize:

1. We propose an ef cient algorithm to integrasémy balanced Monge map estimator into the
unbalanced OT framework.

2. We theoretically verify our approach by proving that computing a Monge map between measures
of unequal mass can be reformulated as computing a Monge map between two rescaled measures.

3. We demonstrate that incorporating unbalancedness yields enhanced results across three distinct
tasks employing three different Monge map estimators. We nd that our proposed approach
enables the recovery of more biologically plausible cell trajectories and improves the prediction
of cellular responses to cancer drugs. Furthermore, our method helps to preserve relevant input
features on unpaired natural image translation.

2 BACKGROUND

Notation. For RY, M *() andM ] () are respectively the set of positive measures and
probability measures on. For 2 M *() , we write L 4 if is absolutely continuous
w.r.t. the Lebesgue measure. For a Lebesgue measurabl& map and 2M *() ,T]
denotes the pushforward ofby T, namely, for all Borel seté ,T]1 (A)= (T (A)). For

o 2M (), (5 )=f ip]l = 5p2] = g P () wherep:(x;y) 7! x and

p2 : (x;y) 7! y are the canonical projectors, g andp;] are the marginals of.
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Monge and Kantorovich Formulations. Let RY be a compact set arw: ! Ra
continuous cost function. The Monge problem (MP) between2 M 7 () consists of nding a
mapT : ! that push-forwards ontoZ , While minimizing the average displacement cost

T.Ti?f_ c(x;T(x))d (x): (MP)
We call any solutioril * to Problem (MP) a Monge map betweerand . Solving this problem

is dif cult, especially for discrete; , for which the constraint set can even be empty. Instead of
transport maps, the Kantorovich problem (KP2 of OT considers couplimys( ; ):

We(; )= 2m(in_ ) c(x;y)d (x3y): (KP)
An OT coupling oT, a solution of (KP), always exists. When Problem (MP) admits a solution,

these formulations coincide withor = (1 4;T7)] , i.e. o7 is deterministic, which means that
if (X;y) , theny = T(x). Problem (KP) admits a dual formulation. Denoting by(; )=

f(f;9)if,fg: ! R f g ¢ -a.egwheref g:(x;y) 7! f(x)+ g(y) is the tensor
sum, it reads 7 7
(f;9)2(f a{gm(in) fx)d (x)+  gly)d (y): (DKP)
9 cl

Extension to the Unbalanced Setting.The Kantorovich formulation imposes mass conservation,
so it cannot handle arbitrary positive measutes 2 M * () . Unbalanced optimal transport
(UQT) (Benamou, 2003; Chizat et al., 2018a) lifts this constraint by penalizing instead the deviation
of ;] to andpy] to viaa -divergenceD . These divergences are de ned trhough an
entropy function : (0;+1 )! [0;+1 ], which is convex, positive, lower-semi-continuous and s.t.
F(1)=0.Denoting ¢ =1lim 4y (>é)=x its recession co%stant, 2M () ,we have
D(j)= G d+? a7 )

where we write the Lebesgue decomposition= g— + 7, with g— the relative density of

w.r.t. . Inthis work, we consider strictly convex and differentiable entropy functignsith

¢ =+ 1 . Thisincludes, forinstance, thé_, the Jensen-Shanon, or thédivergence. Introducing

1; 2 > 0controlling how much mass variations are penalized as opposed to transportation, the
unbalanced Kantorovich proEIem (UKP) then seeks a meas@rdl * (X Y ):

UWc(; )= ZMmj? ) c(x;y)d (x;y)+ 1D (pa] J )+ 2D (p2] j )i (UKP)
An UOT coupling yor always exists. In practice, instead of directly selectipgwe introduce
i = —=, where" is the entropy regularization parameter as described in Appendix B.1. Then, we

recover balanced OT for =1, equivalentto ; ! +1 , andincrease unbalancedness by decreasing
i. Wewrite =( 1; 2) accor%ingly. Finally, the (UKP)fIso admits a dual formulation which reads

(f;g) 2 argmin ( f(x)d (x)+ (a(y)d (y): (UDKP)
(fg)2 c(; )

3 UNBALANCED NEURAL MONGE MAPS

Unbalanced Monge Maps. Although the Kantorovich formulation has an unbalanced extension,
deriving an analogous Monge formulation that relaxes the mass conservation constraint is more
challenging. Indeed, by adopting the same strategy of replacing the marginal corsjraint
with a penaltyD (T]; ), we would allow the distribution of transported mdgs to shift away
from , but the total amount of transported mass would still remain the same. Instead, we can follow
a different approach and consider a two-step procedure where (i) we re-weagldt into measures
~=u and~=v having the same total mass usimgy : R9! R*, and (ii) then compute a
(balanced) Monge map betweerand~. Hence, it remains to de ne the re-weighted measures.
Therefore, we seek to achieve two godiscreate or destroy mass to minimize the cost of transporting
measure- to ~, while [ii] being able to control the deviation of the latter from the input measures
and . To that end, we can show that computingst between and implicitly amounts to
following this re-balancing procedure. Additionallyand~ can be characterized precisely.
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(a) "Unbalanced” data (b) Discrete OT ( = 1:0) (c) Disc. UOT ( =0:99) (d) Disc. UOT ( =0:9)

(e) Flow Matching (HOT-FM( =1:0) (g)UOT-FM( =0:99) (h) UOT-FM ( =0:9)

Figure 2: Different maps on data drawn from a mixture of uniform distribution, where the density in
the bottom left and the top righEQ is higher than in the top left and bottom rigl%t)((Appendix F.6).
Besides the data in Figure 2a, the rst row shows results of discrete balanced OT (2b), and discrete
unbalanced OT with two different degrees of unbalancednégs, 2d). The second row shows the
maps obtained by FM with independent coupling (2e), OT-FM (2f), and UOT-FM (2g, 2h).

Proposition 3.1 (Re-balancing the UOT problem)et ot be the solution of problem (UKP)
between; 2M * () ,for 1; » > 0. Then, the following holds:

1. yor solves the balanced problem (KP) between its marginal p1] vor and~= p2] vor ,
which are re-weighted versions ofan that have the same total mass. Indeed; ( f?)
and~= ( ¢°) ,where =( )%andf?;g’: ! R are solution of (UDKP).

2. If we additionally assume that L 4 and that the cost(x;y) = h(x y) withh strlctly
convex, then yot is unique and deterministic:yor = (1 ¢;T?)]~, whereT? =14 r h f?
is the Monge map betweenand ~ for costc.

Remark 3.2. All the cost functions(x;y) = kx  yk5 with p > 1 can be dealt with via point 2 of
Prop. 3.1. Forp = 2, we recover an unbalanced counterpart of Brenier (1987) Theorem stating that
vot is supported on the graph @f = r ' ? where' ? : R4 1 R s convex.

Prop. 3.1 highlights that the optimal re-weighting procedure relies on settingp;] vor and
~= p2] uort , Where we directly control the deviation to the input measurasad with ; and ».
This enables us to de nenbalanced Monge magsrmally. We illustrate this concept in Figure 1.

De nition 3.3 (Unbalanced Monge mapspProvided that it exists, we de ne the unbalanced Monge
map betweenr 2 M *() as the Monge map”’ between the marginat and ~ of the yor
between and . From point 2 of Prop. 3.1, it satis esyor =(14;T7)]~

Proofs are provided in Appendix A. We stress that even whamd have the same mass, the
unbalanced Monge map does not coincide with the classical Monge map as de ned in (MP). Indeed,
~6 and~6 unlessweimpose = ; =1 torecover each marginal constraint.

3.1 ESTIMATION OF UNBALANCED MONGE MAPS

Learning an unbalanced Monge map between remains to learn a balanced Monge map between
~=u ; ~=v .Provided that we can sample frorand~, this can be done with any Monge

map estimator. In practice, we can produce approximate samples from the re-weighted measures
using samples from the input measwure: : : X, andy; :: (Fatraspet al., 2021b). Frrst

[|] vae compute®yor 2 R? " the solution of problem (UKP) betweér,r. =1 X and n =

ﬁ i=1 y,,then[u] we sample(xl,\];sl) """ 0 yn) Moot - Indeedprfwe sed ;= " yot 1n

andb := "o 1n,anddene~, ;= [, & x, = p1]"u0T and~, = ;. by, = p2]”vor ,
these are empirical approximation ehnd candxg i, ~andyg: :yn ~. Such couplings

AuoT can be estimated ef ciently using entropic regularization (Cuturi, 201’é}oL&3"ré et al.,

2022) (Appendix B.1). Moreover, we can learn the re-weighting functions as we have access to
estimates of their pointwise evaluatiom(x;) n a = (d~,=d?,)(x;) andv(y;) n b =
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(d~,=d™)(yi). We provide our general training procedure in Appendix D and note that UOT
introduces the hyperparameterwhich controls the level of unbalancedness as visualized in Figure 2.
The main limitation of our proposed framework revolves around the choicewhich as discussed

in Sgjourre et al. (2023) is not always evident and thereby facilitates a grid search (Appendix B.2).

Merits of Unbalancedness. In addition to removing outliers and addressing class imbalances
across the entire dataset, as mentioned in Section 1, the batch-wise training approach employed by
many neural Monge map estimators makes unbalancedness a particularly favorable characteristic.
Speci cally, the distribution within a batch is likely not re ective of the complete source and target
distributions, leading to a class imbalance at the batch level. Similarly, a data point considered normal
in the overall distribution may be treated as an outlier within a batch. Consequently, the use of
unbalanced Monge maps serves to mitigate the risk of suboptimal pairings within individual batches,
which can help to stabilize training and speed up convergence (Fatras et al., 2021a; Choi et al., 2023).
Next, we introduce the three estimators that we employ to compute unbalanced Monge maps.

OT-ICNN. Whenc(x;y) = kx yk3, Brenier (1987)'s Theorem states tiat = r ' ?, where
' I Ris convex and solves a rfformulation of tge dual problem (DKP)

"P2arginf  ()d ()+ 0 (y)d (¥) )
' convex
where' denotes the convex conjugate af Makkuva et al. (2020) propose to solve Eg. 2 using Input
Convex Neural Networks (ICNNs) (Amos et al., 2017), which are parameterized convex functions
x 71" (x). To avoid the explicit computation of the convex conjudatethey approximate it by
parameterizing an additional ICZNN and solve

sup inf Lorienn( ) = ( (r" () hxir' (x)i (ynd (x)d (y); (3)
ICNN' ICNN

where an estimate of the Monge map is recovered thrdugh r ' . We refer to this estimation
procedure as OT-ICNN and use it to learn unbalanced Monge maps (UOT-ICNN) in Section 5.1.

Monge Gap. ICNN-based methods leverage Brenier (1987)'s Theorem, that can only be applied
whenc(x;y) = kx  yk3. Recently, Uscidda & Cuturi (2023) proposed a method to learn Monge
maps for any differentiable cost. They de ne a regulari¥ef , called the Monge gap, that quanti es

the lack of Monge optimality of a maib :RY1 RY. More precisely,

ME(T)=  co(x;y)d (x) Wc(;T] ): (4)

From the de nition,M ¢(T) Owith equality i.f.f. T is a Monge map betweenandT] for the
costc. Then, the Monge gap can be used with any divergente de ne the loss

Lorme( ):=( T1; )+ M(T) )

which is 0 i.f.f. T is a Monge map betweenand for costc. We refer to the estimation procedure
minimizing this loss as OT-MG and use it to learn unbalanced Monge maps (UOT-MG) in Section 5.2.

Flow Matching. Continuous Normalizing Flows (CNFs) (Chen et al., 2018) are a family of
continuous-time deep generative models that construct a probability path between using the

oW ( t)t210;1) induced by a neural velocity el@v, )i20.1;. Flow Matching (FM) (Lipman et al.,
2023; Liu et al., 2022; Albergo & Vanden-Eijnden, 2023) is a simulation-free technique to train CNFs
by constructing probability paths between individual data sampjes , X1 , and minimizing

Lem () = Et;(xo;xl) ind v (txey) (X1 Xo)ii%; (6)

where g = . When this loss is zero, Lipman et al. (2023, Theorem 1) states thist
push-forward map betweenand , namely ;] = . While here FM yields individual straight
paths between source and target pairs, the map not a Monge map. OT-FM (Pooladian et al.,
2023a; Tong et al., 2023b) suggests to use an OT coupbrginstead of inq in the FM loss, which
in practice is approximated batch-wise. It can then be shown thapproximates a Monge map
asymptotically (Pooladian et al., 2023a, Theorem 4.2). Thanks to Proposition 3.1, we could extend
OT-FM to the unbalanced Monge map setting (UOT-FM) by following Algorithm 1 and rescaling
the measures batch-wise before applying OT-FM. In this special case however, both the unbalanced
rescalingandthe coupling computation can be done in one step by leveraging the unbalanced coupling

uoT , Which again is approximated batch-wise. The full algorithm is described in Appendix D.
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4 RELATED WORK

While the majority of literature in the realm of neural OT considers the balanced setting (Makkuva

et al., 2020; Korotin et al., 2021; Uscidda & Cuturi, 2023; Tong et al., 2023b; Korotin et al., 2022),
only a few approaches have been proposed to loosen the strict marginal constraints. Gazdieva et al.
(2023) consider partial OT, a less general problem setting than unbalanced OT. Yang & Uhler (2019)
propose a GAN-based approach for unbalanced OT plans (as opposed to deterministic maps) and very
recently, Choi et al. (2023) employ a methodology based on the semi-dual formulation for generative
modeling of images. Finally, libeck et al. (2022) introduced a way to incorporate unbalancedness in
ICNN-OT. In the following, we highlight the main differences to our approach.

First, our proposed method can be appliediy neural Monge Map estimator, while the method
proposed in iibeck et al. (2022) requires the explicit parameterization of the inverse Monge map.
While this requirement is satis ed in ICNN-OT, more exible and performant neural Monge map
estimators like MG-OT (Uscidda & Cuturi, 2023) and OT-FM (Pooladian et al., 2023a; Tong et al.,
2023b) do not model the inverse Monge map. Secondgkck et al. (2022) suggest rescaling the
distributions based on the solution of a discrete unbalanced OT coupling between the push-forward
of the source distribution and the target distribution, while we consider unbalancedness between
the source and the target distribution. This entails that their rescaled marginals are not optimal
(Proposition 3.1). Third, our approach is computationally more ef cient, as our method requires the
computation of at most one discrete unbalanced OT plan, while the algorithm proposéukirkL

et al. (2022) includes the computation of two discrete unbalanced OT plans. Related work for each of
the speci ¢ domain translation tasks is discussed in Appendix E due to space restrictions.

5 EXPERIMENTS

We demonstrate the importance of learning unbalanced Monge maps on three different domain
translation tasks leveraging three different (balanced) Monge map estimators, which showcases the
exibility of our proposed method. To start with, we demonstrate the necessity of incorporating
unbalancedness when performing trajectory inference on single-cell RNAseq data, which we use
ICNN-OT for. Subsequently, we improve the predictive performance of modeling cellular responses
to perturbations with an unbalanced Monge map building upon MG-OT. Both of these tasks can be
formulated as an unpaired single-cell to single-cell translation task. Finally, we show in Section 5.3
that OT-FM performs competitively on unpaired image-to-image translation tasks, while its unbal-
anced formulation (UOT-FM) further improves performance and helps to preserve characteristic input
features. We utilize entropy-regularized UOT witk 0:01 (Appendix B.1) and peform a small grid
search over. Note that while we train estimators to learn an unbalanced Monge map, i.e. Monge
maps between the rescaled distributieand ~, we evaluate them on balanced distributionasnd .

5.1 SNGLE-CELL TRAJECTORYINFERENCE

OT has been successfully applied to

model cell trajectories in the discrete set-

ting (Schiebinger et al., 2019). The need

for scalability motivates the use of neu-

ral Monge maps. Hence, we leverage

OT-ICNN to model the evolution of cells

on a single-cell RNA-seq dataset com- (a) OT-ICNN (b) UOT-ICNN

prising measurements of the developing

mouse pancreas at embryonic days 14fgure 3: Velocity stream embedding plots (Ap-
and 15.5 (Appendix F.5.1). To evaluat@endix F.5.6). The orange box highlights the direction of
how accurately OT-ICNN recovers bioNgn3 EP cells. With OT-ICNN these move to the “right”,
logical ground truth, we rely on the eswhich contradicts biological ground truth. This is due to
tablished single-cell trajectory inferencéhe distribution shift shown in Appendix F.5.1 and demon-
tool CellRank (Lange et al., 2022). strates the need to incorporate unbalancedness.

The developing pancreas can be divided into two major cell lineages, the endocrine branch (EB), and
the non-endocrine branch (NEB) (Appendix F.5.4). It is known that once a cell has committed to
either of these lineages, it won't develop into a cell belonging to the other lineage (Bastidas-Ponce
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etal., 2019). The Ngn3 EP cluster is a population of early development in the EB, and hence cells
belonging to this population are similar in their gene expression pro le to cells in the NEB branch.
Thus, when measuring the performance of OT-ICNN, we consider this cell population isolatedly. We
evaluate OT-ICNN and UOT-ICNN by considering the predicted evolution of a cell.

We report the mean percentage of correct cell trangible 1: Evaluation of unbalancedness
tions for each lineage in Table 1, with full results in Agn OT-ICNN based on correct cell type
pendix C.5. While UOT-ICNN consistently outperformgransitions.

its balanced counterpart, the effect of the unbalanced neu- —

ral Monge map estimator is particularly signi cant in the Correct transitions

Ngn3 EP population. This improvement is visually con- Model EB Ngn3EP NEB
rmed in Figure 3. To demonstrate the biological relé- o1 jcNN 54% 7% 67%
vance of our proposed method, we compare the resul

attained with OT-ICNN and UOT-ICNN with established Bor-ionn 579 69% 85%
trajectory inference methods in single-cell biology (Appendix C.5).

5.2 MODELING PERTURBATION RESPONSES

In-silico prediction of cellular responses to

drug perturbations is a promising approach

to accelerate the development of drugs.

Neural Monge maps have shown promising

results in predicting the reaction of cells to

different drugs (Bunne et al., 2021). Since

Uscidda & Cuturi (2023) show that OT-MG

outperforms OT-ICNN in this task, we con-

tinue this line of research by applying un-

balanced OT-MG (UOT-MG) to predict cel-

lular responses to 35 drugs from data pro- . .

led with 4i technology (Gut et al., 2018)_F|gure 4: Fitting of a transport map to predict the .
We leverage distribution-level metrics tg&SPONses of cell populations to cancer treatments on 4i
measure the performance of a mBymod- (upper plot), using balanced (O‘_I'—MG) and unbalanced
eling the effect of a drug. More preciselyonge maps (UOT-MG) tted with the Monge gap. A
given a metric , we keep for each drugPoint below the diagonal indicates that unbalancedeness
a batch of unseen control cells.s; and Improves performance.

unseen treated cellgs:and compute( ‘f] test tesD -

We measure the predictive performances using the Sinkhorn divergence (Feydy et al., 2019) and the
L2 drug signature (Bunne et al., 2021, Sec. 5.1). Figure 4 shows that adding unbalancedness through
UOT-MG improves the performances for almost all 35 drugs, w.r.t. to both metrics. Each scatter
plot displays pointg; = ( X;;y;) wherey; is the performance obtained with UOT-MG axdthat of

OT-MG, on a given treatment and for a given metric. A point below the diagorak refers to an
experiment in which using an unbalanced Monge map improves performance. We assign a color to
each treatment and plot ve runs, along with their mean (the brighter point). For a given color, higher
variability of points along the axis means that UOT-MG is more stable than OT-MG, and vice versa.

5.3 UNPAIRED IMAGE TRANSLATION

Metrics. To evaluate the generative performance in the image translation settings, we
employ the Fechet inception distance (FID) (Heusel et al.,, 2018). In image translation,

it is generally desirable to preserve certain attributes across the learned mapping. How-
ever, FID computed on the whole dataset does not take this into account. Hence, we
also compute FID attribute-wise to evaluate how well relevant input features are preserved.

Moreover, we consider the transport cost (T-Cosq—able 2: FID on EMNISTdigits! letters
i 1(X0) Xojj2 induced by the learned ow ;. Full ’ '

details are described in Appendix F.2.2. Method 0! O 1! | 8! B Average
EMNIST. To illustrate why unbalancedness can be=M 30.1 212 1228 58.0

crucial in unpaired image translation, we comparéT-FM 92 186 831 36.9
the performance of FM, OT-FM, and UOT-FM on the YOT-FM 125 139 426 230
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Figure 5: CelebA 256x256 translated test samples with FM, OT-FM, and UOT-FM.

EMNIST (Cohen et al., 2017) dataset translatingdfugts f0; 1; 8g to letters f O;1; B g. We select

this subset to obtain a desired class-wise mappdhgO; 1! |; 8 Bg. As seenin Appendix F.2.1
samples of clasB and| are underrepresented in the target distribution. Because of this class
imbalance, not all digits can be mapped to the correct corresponding class of letters. Figure 1 sketches
how unbalanced Monge maps can alleviate this restriction. Indeed, Table 5 con rms this behavior
numerically, while Figure 6 visually corroborates the results. The difference is especially striking
for mapping class8 to B, where the largest distribution shift between source and target occurs.
While this class imbalance is particularly noticeable in the considered task, these distribution-level
discrepancies can be present in any image translation task, making unbalancedness crucial to obtain
meaningful mappings with OT-FM.

CelebA. To demonstrate the applicability of our

method on more complex tasks in computer vi-

sion, we benchmark on four translation tasks in the

CelebA dataset (Liu et al., 2015), naméhale !

Female, Female! Male, Remove Glasseand

Add GlassesHere, the distribution shift occurs be-

tween image attributes. For example, when translat- ,

ing from Male to Female, samples of males with Figure 6: Samples from EMNIST translating

hats (0:1%) signi cantly outnumber female onesdigits ! letters with different FM methods.
(3:1%). Roughly speaking, this implies that when satisfying the mass conservation constraint, over
half of the males with hats will be mapped to females without one. To compare to established methods,
we use a common setup in high-dimensional image translation (Torbunov et al., 2022; Nizan & Tal,
2020; Zhao et al., 2021) where images are cropped and reshaped to 256x256. Due to computational
reasons, we employ latent FM (Dao et al., 2023) leveraging a pretrained Stable Diffusion (Rom-
bach et al., 2022) variational auto-encoder (VAE), which compresses imagesifroM/  C to

% ‘% 4. We run FM, OT-FM, and UOT-FM in latent space, based on which we also compute
the minibatch OT couplings. We compare UOT-FM against FM, OT-FM, CycleGAN (Zhu et al.,
2017), and UVCGAN (Torbunov et al., 2022), which achieves current state-of-the-art results. While
UOT-FM only requires training one network and the selection of one hyperparameter, established
methods require more complex model and network choices as described in Appendix E.3.

We report generative performance as well as transport cost results in Table 3. UOT-FM outperforms
CycleGAN and OT-FM across all tasks with respect to the FID score while lowering the learned
transport cost. Table 4 reports the attribute-wise FID between different FM methods. As expected,
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