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ABSTRACT

Symmetry learning has proven to be an effective approach for extracting the hid-
den structure of data, with the concept of equivariance relation playing the cen-
tral role. However, most of the current studies are built on architectural theory
and corresponding assumptions on the form of data. We propose Neural Fourier
Transform (NFT), a general framework of learning the latent linear action of the
group without assuming explicit knowledge of how the group acts on data. We
present the theoretical foundations of NFT and show that the existence of a linear
equivariant feature, which has been assumed ubiquitously in equivariance learn-
ing, is equivalent to the existence of a group invariant kernel on the dataspace. We
also provide experimental results to demonstrate the application of NFT in typical
scenarios with varying levels of knowledge about the acting group.

1 INTRODUCTION

Various types of data admit symmetric structure explicitly or implicitly, and such symmetry is often
formalized with action of a group. As a typical example, an RGB image can be regarded as a
function defined on the set of 2D coordinates RZ2 — R?®, and this image admits the standard shift
and rotation on the coordinates. Data of 3D object/scene accepts SO(3) action (Chen et al., 2021}
Yu et al.|, |2020), and molecular data accepts permutations (Raghunathan and Priyakumar, [2021) as
well. To leverage the symmetrical structure for various tasks, equivariant features are used in many
applications in hope that such features extract essential information of data.

Fourier transform (FT) is one of the most classic tools in science that utilizes an equivariance relation
to investigate the symmetry in data. Originally, FT was developed to study the symmetry induced by
the shift action ao f(+) := f(-—a) on a square-integrable function f € Lo(R). FT maps f invertibly
to another function ®(f) = f € Ly(R). It is well known that FT satisfies (a o f)(w) = e~ f(w)
and hence the equivariant relation ®(ao f) = ¢! ®(f). By this equivariant mapping, FT achieves
the decomposition of L2(R) into shift-equivariant subspaces (also called frequencies/irreducible
representations). This idea has been extended to the actions of general groups, and extensively
studied as harmonic analysis on groups (Rudin, [1991)). In recent studies of deep learning, group
convolution (GC) is a popular approach to equivariance (Cohen and Welling| [2017; [Finzi et al.,
2021; |Cohen and Welling, 2014 2016; [Weiler and Cesal [2019), and the theory of FT also provides
its mathematical foundation (Kondor and Trivedi, 2018; |/Cohen et al.,[2018};2019).

One practical limitation of FT and GC is that they can be applied only when we know how the group
acts on the data. Moreover, FT and GC also assume that the group acts linearly on the constituent
unit of input (e.g. pixel). In many cases, however, the group action on the dataset may not be linear
or explicit. For example, when the observation process involves an unknown nonlinear deformation
such as fisheye transformation, the effect of the action on the observation is also intractable and
nonlinear (Fig.[I] left). Another such instance may occur for the 2D pictures of a rotating 3D object
rendered with some camera pose (Fig. [I] right). In both examples, any two consecutive frames are
implicitly generated as (x, g ox), where g is a group action of shift/rotation. They are clearly not
linear transformations in the 2D pixel space. To learn the hidden equivariance relation describing the
symmetry of data in wider situations, we must extend the equivariance learning and Fourier analysis
to the cases in which the group action on each data may be nonlinear or implicit.
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