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A PROPERTIES OF THE SCORE FUNCTION AND PROCESS DENSITY

Let us recall the setup of SGMs. We are given samples from a high-dimensional probability distribu-
tion pg, and we wish to learn additional samples. We define the forward process X as the solution
to the SDE
{dXt = —Xydt + V2dW,;, 0 <t < T,
X 0 ~ Do,

and we note that the marginal distribution p; of X at time ¢ quickly approaches the standard normal
distribution 7,4. The reverse process X; = Xr_; happens to satisfy the SDE

dX, = (X; + 2V, logpr_,)dt + V2dW,, 0 <t < T,
- (10)
Xo = Xr,
and so to sample the data distribution pg, we run the SDE in equation but with X as a standard
normal and with the score function V log pr—; replaced by an empirical estimator §(¢, ). This
is made possible by a technique known as score matching (Hyvérinen and Dayan| 2005}, [Vincent,
2011])), which frames the score estimation as a supervised learning problem.

. . e . . ll=)1?
The key assumption of our analysis is that the data distribution py is proportional to e~ =2 +7/(®),
where f has "low-complexity’ in the sense of Assumptions [T and 2] Under this assumption, we
can explicitly compute the score function and derive sub-Gaussian bounds on the forward process
density.

Lemma 1. Let v4(du) denote the standard Gaussian probability measure on R®. Then under As-
sumption the §" component of the score function of the diffusion process is given by

1 Fl(z)
| == | g et 11
(v ngt(z))] 1 —e—2t ( Lj te Gt(l')) ’ ( )
where FtJ (x) — fRd (e_txj 4+ V1= e—2tuj)ef(e*tar—i-\/1—ef2tu),yd(du) and Gt(l‘) —

J eI VI ),
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Proof of Lemmall] The forward process density is given by

1 _olle—ety)?
pelx) = 7/6 B P2 ) gy,

Zy
where Z; is the normalization constant. We therefore have
1 B M _
(Ver(0); = 70— =) (—l‘jpt(aﬁ)Jre t/yje 2= el /2+f(y)dy>
and thus
—llz—e"ty)?
1 . [yje TT2(-e2%) ¢ —llylI? /2+f(y)dy
(Vo logpe(2)); = =5 | ~%i te s =

[e 2ien I ol /245 W dy

By completing the square, we have

_llz—e"ty)? _ly—eta)?
e 201—e~2 e—HUH /2 — — e 201—e—2t) e—HTH /2

and therefore, after cancellation and an appropriate change of variables, we arrive at

_—ly—e—te)?

1 _ [yje 2a=eT e —lle||? /24 ( v dy
(Vo logpe(w)); = 7— =5 | —%i te Lo e tol?
fe 2(1-e—28) e—llz|? /2+f(y)dy
_=ly=e=te?
1 7tfy] 2(1-c=7%) efWdy
T1-e T e _lly—e—te?
f@ 2(1—e=2%) ef(y)dy

,tf ety 4+ /1 — e 2ty )ef (7 et VI=eTT ) ()
- [ el e T, ()

ot F] a:)

The following pointwise sub-Gaussian bounds are used throughout this work.
Proposition 6. Under assumption|[l|for all t > 0, ||z|| > 7,

—d/2 (s a2
pe(r) S (27r (1- 25)*1) - a=2lel?

(12)

Proof. By completing the square as in Lemma[I] we have

_llz—ety) 2

1
pule) = 5 (2m(1 = 7))~ 12 /Rd BT W) gy
For ||| < r¢, we then use the quadratic growth and a change of variables to bound p;:

1 Tt —t
pe(x) = 267”””“2/2 /Rd ef (VImemtutea) ) (du)

1 —|lz]|? —e—2tyte tg|?
el /2/deﬂ\|\/172 el ()
R
1
elel 2 /R AP I1) g
_98) 2 e
(1 —-28) ™" _a-age)®

Z
—d/2 _ (1-28)|e?
2

< (277(1 - 25)—1) e

IN

IN
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The following lemma control the growth of th and G;.

Lemma 2. Let F} and G, be as defined in Lemma Let R > max(ry, \/% SUP g <r |f(2)])-
Then

sup |Ff ()] = O ((1-28) " *R)
lz[|[<R
and for ||z|| < R,

(1+20) Y2 e < Gy(2) < (1 —28) Y2 e PR
Proof. For the lower bound on Gy, for ||z|| < R, R sufficiently large, we have

Gi(z) = / eI TR 0 (du)
R,

—t —57. |12
> / 6706”6 z+vV1—e u” '}/d(du)
Rd

2/ eIl +1l®) )
Rd
>(1+ 20z)_d/2 ek

The upper bound on G; is proven similarly. For the upper bound on th , the proof is similar: we
have for ||z|| > R,

|F} (z)] = ’/d (e_t%‘ +V1- 6‘2%) el (7T EVIZET Oy (du)
R

< [ (el )y 2041 3

2 llul® 2
<o ([t + [ e )
R Re
=0 ((1-28) " ")

B HIGH-LEVEL PROOF SKETCH
Before delving into the details of the proof, we give an overview of the proof technique.

B.1 PROOF OVERVIEW OF APPROXIMATION ERROR BOUND

Recall that the ;™ component of the score function takes the form (t,z)
o (g e B where B (x) = [(etay + VI = e Tuy)ef VIS0 (dy)

and Gy(z) = [ ef (7 e+ VI=e=2 u)  (da)). We break our approximation argument into two main
steps.

F} (z)

Step 1- approximation of e

on the ball Br: The first step of the proof is to approximate
Fl(x)
Gi(x)
as a composition of three simple functions, namely the function 2 — f(z), the one-dimensional
exponential map x — e%, and the two-dimensional product map (z,y) — xy. By assumption, f
can be approximated by a shallow neural network ¢; with low path-norm. It is well known that
the latter two maps can be approximated on bounded domains by a shallow neural networks ¢z,
and ¢,,0q; see the Appendix for details. We note that the complexity of the neural network needed
to approximate the exponential map = — ¢* on the interval [—C, C] grows exponentially with
C. However, the fast tail decay of the data distribution ensures that we can restrict attention to an
interval which is not too large and still achieve good approximation bounds.

on a bounded domain. For the function th , note that the integrand can be viewed

function
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In turn, this allows us to approximate the integrand in the definition of FtJ by a deep neural network
T Gprod(Tj, Pexp(@r(x))). We then discretize the integral with respect to 4 (du) using a Monte
Carlo sampling argument, and the resulting neural network is

m

; 1 _ -
(I)%,t(x) =m Z Gproa(e”"xj + V1= e (w1, bexp(py (e w + V1 = e72uy))),
i=1

for Monte Carlo sample points {u;},. The procedure for G:(x) works very similarly, since
Gy(x) = [ef (7 wtVI=e=Tu), (dy). This gives us neural networks @%,t and ®¢ ,; that approxi-
mate th and G} on the ball Br. By approximating the quotient map (x,y) — % by another shallow
network ¢g.,0, We obtain a deep neural network approximation @] := gzbquot(@%_’t(x), O () for

Fi (x)
al(x)

, valid on Bpg.

Here, it is crucial that our approximation for the individual functions F}, G; is in the sup norm,; this
ensures that the neural network approximation to G; is bounded away from zero (since G itself is
bounded away from 0), which in turn allows us to control the approximation error of the quotient
map (z,y) ~ £.

Step 2 - approximation on the unbounded domain L?(p; ), for fixed ¢: The approximation metric
we care about is ultimately not the uniform metric on Bg, but the L?(p; ) metric on all of R%. To deal
with the unbounded approximation domain, we bound the tail of the density p; and use a truncation
argument; in particular, p; is sub-Gaussian by Lemmal6] so that the truncation error depends mildly
on the radius of the ball Br from Step 1. By choosing the optimal R, this gives an approximation
of % in L?(p;) for a fixed time, thus completing the second step of the proof.

B.2 PROOF OVERVIEW OF GENERALIZATION

Recall that our goal is, for each ¢, to bound the population risk R () at the minimizer of the empirical
risk over a class of neural networks (to be specified in the detailed proof). For technical reasons, we
work with the minimizer's of a truncated version R’}{ of the empirical risk, where the data is assumed
to be uniformly bounded along the forward process. However, we choose the truncation radius R
large enough so that the error incurred by this step is marginal. If we define R%, as the corresponding
R-truncated version of the population risk, then the generalization error can be decomposed as

R(8) = (R'(8) = RR(8)) + (RR(8) = Ri(sk)) + (Re(sk) — R'(s") +  R'(s")
——

truncation error generalization error <0 approximation error

Here, s* is the minimizer of the population risk over the hypothesis class and s7, is the minimizer of
the R-truncated risk. The first term represents the error we create from working with the truncated
risk rather than the true risk, and we bound it using existing large deviation bounds on the OU
process from |Oko et al.| (2023). Term II represents the generalization error of the truncated risk.
In order to bound the Rademacher complexities of some relevant function classes, we need the
individual loss function £! to have certain properties (such as boundedness and Lipschitz-continuity).
Unfortunately, the loss fails to have these properties fail for the loss ¢, but they do hold for it’s
truncated counterpart ¢4, and this is our primary motivation for working with the truncated risk
rather than the true risk. In turn, it allows us to apply existing generalization results for neural
networks with bounded complexity to our setting.

Term 3 is actually non-negative, because R%(-) < R!(-) for any R, and hence min RL(-) <
min R(-). Term 4 is the approximation error, and thus it will be of order €2, provided the complex-
ity of the hypothesis class is scaled as a suitable function of €. The proof concludes by balancing the
truncation radius R? and sample size IV as suitable functions of e.

B.3 PROOF OVERVIEW OF DISTRIBUTION ESTIMATION
There are several existing works that bound the distribution estimation error of score-based genera-

tive models in terms of the generalization error of the score function. We apply results from |[Benton
et al.|(2023) which state that if the score generalization error is O(e?) then, provided the parameters
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of the sampling algorithm are chosen accordingly and the reverse process is stopped at time 1" — ¢,
the learned distribution p satisfies TV (p, pt,) = O(€), where p, is the distribution of the forward
process at time ¢y < 1. All that remains is to bound TV (py,, p:) and choose to as an appropriate
function of e. For this, Lemmashows that TV (pt,, po) = O(+v/t0).

C PROOFS FOR APPROXIMATION

The following lemma is a general approximation error bound in the sup norm for functions defined

by certain integral representations. We use it to approximate the functions F} and Gy, since they
admit natural integral representations. The proof adapts the proof of Theorem 1 in |Klusowski and
Barron|(2018). Though the proof idea seems well known, we have not found the general version of
the result in the literature, so we state it here in case it may be of interest to others.

Lemma 3. Let g : R x R? — R be a function such that for all K, R > 0,
1. Li,r = supjg<x |90 O Lip(pr) < o0,
2. Cgg:= SUP|g||<K, |z||<R 9(x,0)] < occ.

Here, || - || Lip(By) is the Lipschitz constant of a function when restricted to the ball of radius R. Let
f: R? — R be a function of the form

f(a) = /| 112 SO,

where  is a Radon measure on {||0|| < K}. Then, for any R > 0, there exist (a;,0;)_, with

a; € {£1} and ||0;|| < K such that
24 /
< w . CK,R . leg(mLKJ%R),

Proof. Notice that by normalizing ¢ and decomposing it into positive an negative parts, we can write

f(@) = v / ag(, 0)fi(da, db),

{F13x{lI0lI<K}

ellrv
sup (f(z) — —— ) aig(z,0;)
llz|| <R m ;

where [i is a probability measure. Let (a;, §)1™ ; be ani.i.d. sample from ™, and define f,,(x; ©) =

W St aig(z,0;). We can view f,,(z;©) as an empirical process on the parameter space
O = (a;,6;), indexed by = € Bp. Let i denote the empirical measure associated to the samples,
and notice that for any x, 2’ € Bp, it holds that

1 m
lz = 2|22 @) < - > lg(w,0:) — g(2',6:)]* < L gllz —a'|*.
i=1

This proves that the covering number of Bp under the L?(1i) norm is O(L g r(R/€)?). By Dudley’s
Theorem for empirical processes, it holds that

24\ ullrv . /5/2
E su z) — z;0)| < ———~ inf log N'(Bg, || - 7)), €)de,
swp [f(e) = fm(ei0)| < =0 int [y og MBI )

where § = sup|,<g |7 z2(n). We can bound § by Ck g, and by choosing ¢ = O(1/m) in the
infimum in the bound from Dudley’s theorem, we find that

E sup |f(x) — fm(x;0)| < 2A|pllry inf /CK’R \/log(LK r) + dlog(R/t)dt
lzl|<R TS T m 0<t<Cxor J, :
_0 (H/j%v Crn - \Jlos(Lic 1) + log( Rm))
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The following lemmas prove that the functions th and G, can be well-approximated by neural
networks. An important feature of the result is that the approximation is done uniformly on the ball
of radius R, as opposed to in L?. The main idea of the proof is to discretize the Gaussian integrals

defining F} and G, via Lemma and then exploit the compositional structure of the integrands.

Lemma 4. Foranyt € (0,00) and 1 < j < d, let G¢(x) be as defined in Lemma Then for any
€ > 0and any R > ry, there exists a neural network ¢, () such that

sup |op.a(x) — Gy(z)] = O (&Rz <e +(1— 25)01/2@“‘25“2)) :

llzll<R

In addition, it holds that |G i || pan = O (eﬁR2 -n(R, e))

Proof. Recall that
Gt(l‘) = /ef(e*tx-f—\/l—e*ztu)’Yd(du).

Fix R > 0. We break G into two parts:

Gule) = [[ 17 P TTT u)+ [el T )
lull >R

= Gt,R(l‘) + 5G,R($);
where 74, r(du) = Ijjy<r(u)va(du). To proceed, we approximate the local part Gy g(x) of G¢(x)
and then control the error term Eq g(z) using the tail decay of the data distribution. We apply
Lemma |3| with g(z,u) = exp(f(e 'z + V1 — e~2!u)) and p(du) = 74 r(du). In this case, we
have Il/J TV < 1,
sup g(z,u) < 28R (by the choice of R),
l=lI<E|ull<R
and

2 2
sup [lgC )l Lip(sr) < lef Lip(s g, < € sup ||Vf(2)]| = > Dy .
lull<R lzll<R

The conclusion of Lemma states that there exist uy, . . ., U, With sup; <;<,, [lu;]| < R such that
2 [ d

sup =0 (625R \/)
m

lz|| <R m

m
/ ef(e_ter\/ lfefztu),yd R(du) - H’Yd,R“TV Z ef(e_f’:zﬁLv 1—e—2tu;)
R 7 i=1

Now, by Lemma 14} there exists a ReLU neural network ¢ .., (2) such that

Sup |@f,eap(T) — ef @) < PR,

lzl<R

and ¢, cqp satisfies ||@f capllpan = O (). We define ¢ () = % S Gfeaple e +
V1 — e—2tu;), which satisfies the approximation bound

<0 e25R2\/£ + sup
m [=zl<R
< 0| 28R 4 + sup |o _ oS
>~ p f,e:rp(y) €
m lyll<3R
=0 eQﬂRQ\/iJreBRQe .
m

If we set m = Q(e~2de?PR”), then

m

1Va.rllTv g T
¢fve””p(x)_TZef(€ zt+vI—e=Zru;)

i=1

sup |dg(x) — ef @)
lz[|[<R

_J@ ] = O(GBRZG)

sup | t(x)
lzll<r
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It remains to bound the error term g, g (x):

SG,R(x) _ / ef(eftw-l-\/l—e—%u),yd(du)
llul>R

< / AU HI) o, )
lull>R

< 6532 (1- 25)_d/2 e,%.
We conclude that
— 2
sup_|¢r.6(2) — Ge(2)] = O (eBRQ (e +(1- 25)—d/2e—“2§”*>) .
lz|<R

To see the path norm bounds on ¢¢ ;, we have

m
4Rl TV _ -
PG tllpan = % Z G exple” T+ V1 — e 2tu,)

=1

path

IN

1 & B
— ¥ ofeaple™ e+ V1 — e 20u;) [ pan
m

=1

< (14 2R)||¢f,expllpan  (Behavior of path norm under scaling/translation)
<(142R)- PR n(R,€) (path norm of ¢ exp)
=0 (eBRzn(R, e))

This proves the claim. O

Lemma 5. Foranyt € (0,00) and 1 < j < d, let F/(x) denote be as defined in Lemma Then
forany € > 0 and any R > ry, there exists a neural network ¢>{’F(m) such that

sup ¢z’F(ac) - th(m)‘ =0 (eﬁRQ (e +(1- 2/@)—(1/26_(12213)1%2)) ,

lzl<R

In addition, it holds that ||<;S§;7t||pmh =0 (63BR2 -n(R, e))

Proof. Recall that
Fl(z) = / B (e ta 4+ 1 — e=2tu)yy(du),
Rd

where b7 (y) = y; e/ ) The proof is very similar to that of Lemma Define local and global parts
F] p(z) and €7, p(x) of F to as in the proof of Lemma (but with G replaced by F}). Noting

that sup),, | <r P (e~ + V1 — e72tu) < V2Re?R and that b7 is (Re2PP Dy p + e28R°) =
O(e2ﬁR2)_Lipschitz on B 5, we can apply Lemmato guarantee the existence of uy, ..., uy, €

B, such that
<0 eQﬁR\/i .
~ m

Lemma guarantees the existence of a neural network (IDJf- (z) such that

sup
llzl[ <R

)

FJ p(x) — 7”7’*;;2”” > (et + /1 - e2tu)
=1

sup ‘q)ic(x) - hj(x)‘ < PR e,
lzll<R

If we define the ReLU network (b%,t(x) = % S @g}(e_ta: + v/1 — e=2ty), then an ap-
plication of the triangle inequality shows that

j j d 2 2 2
sup |F} p(z) 7(?5%,15(1)‘ =0 <\/;62ﬁR + PR e) — O(PRe),

lzl<R
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for m = Q(e2de®PE”). To conclude, we bound the error term E z () for ||| > R, as in Lemma

4
Epr(z) = / (et 4+ VT — e 2tuy)ed (VIR (du)
lull> £

< / (e tRHVI=e= ) Bl P +ul)
lull>R

=0 (eBRz(l —98) 2 ) :

This gives the result. The path norm bound follows a similar argument to that in Lemma [4] and

uses the path norm bound for the neural network approximant for x +— x; ef®) proved in Lemma
O

Lemma 6. Lett € [0,00), and let th and G be defined as in Lemma‘ Let € > 0 be small enough
and R > 0 large enough. Then there exists a ReLU neural network q[); F.G Such that

¢g7F7G(x) - gtgg

sup

=0 ((1 +20)4(1 — 28) 22+ (e +(1— 26)—d/26—“25m)> .
lzll<R

In addition, we have

] 2
167 .l = O (14 20)%(1 = 28) /2 T+, ) )

Proof. Throughout this proof let us denote FY(x) by F(z), G¢(z) by G(z), and ¢17F7G(x) by
¢r c(z), since none of the estimates will depend on ¢ or j. Recall from Lemma [5| and Lemma
[ that there exist ReLU neural networks ¢z and ¢ which approximate F' and G on the ball of

radius R to error
(eﬂR2 <e +(1-28)"%2%~ (s >)

with respect to the uniform norm, and that in addition the networks satisfy |@p|lpan =
O(e*P R (R, €)) and || ¢ |lpan = O(e?F (R, €)) The proof proceeds in two steps:

1. Show that i—g approximates g on the ball of radius R;

2. Show that g—g can be approximated by a neural network ¢ ¢ on the ball of radius 2.

Notice that

su F(x) _ M su L su 7 — .
Hw\lgR G(z) o¢a(x) = HIHER G@)| £R|F( ) — ¢r(x)]
+IIEF£R G(z)pa () \|x\|£R|G( ) — da(@)]-

By Lemmal[2] we have for ||z|| < R that F and G satisfy the bounds
F@)l =0 ((1-28)725) | (1420) 27 < G(a) < (1 - 28) "2,

It follows from the fact that ¢ and ¢ approximate F' and G uniformly on B (and the choice of
R and €) that

b (x) > =(1+20) H2e R

N |
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and ¢ is bounded above by O ((1 - 26)*d/26ﬂ32>. It follows that

Fz)  ¢r(z) d/2 aR? B
lai<r | G(T)  dac(x) S (L+20)% e \|§|u£R|F(x) or(z)|
+(1+20)7(1 = 28)"2eCHDT sup |G() — de(a)|

lzl<R

S (14 20071 - 20) 2 (g (1 2) 2 )

and this concludes the first step of the proof. To approximate 2—2 by a neural network, Lemma
states that there exists a neural network @gqot R? — R which satisfies

sup
z€[—r,r],y€la,b]

X
¢quot(xuy) - y’ 5 €,

where the path norm of ¢gyet is O(ba™2M), where M = max(r?,b%a~*). We apply this lemma
with r = O ((1 - 25)_61/26[”{2), a = (1+20) %2R and b = (1 — 28)"4/2eSR°. We
conclude that the network ¢ ¢ () := Pquot (Pr(x), dc(x)) satisfies

F(z) ¢r(x) ¢r(z)  F(z)

G| = 0% " bol@) oc(x) G

< et (142a)4(1 — 28)" /22 +AR? (e T (1- 25)—d/2e—“25m2>

sup
lzll <R

dra(x) —

drc(r)

llzll<R

-0 ((1 +20)%(1 — 28)~Y2e2+BR® <e +(1- 25)—d/2e—“2§m>)

To conclude, we note that ||dguot|/pan = O ((1 —28)734/2(1 + 2a)3de(35+6a)R2), and hence by
the definition of the path norm,
— a 2
6 r.cllpan = O (1 = 28)72(1 + 20)*eE+5IR . mmax (| gl s 6 )
= 0 ((1+20)%9(1 — 28)"S/2 S ()

O

We are now in position to prove Proposition[7] which controls the approximation error for the func-
J
tion IC% in the L?(p;) norm by leveraging the tail decay of p;.

Proposition 7. Let F] .Gy be defined as in Lemma Let € > 0 be small enough. Then there exists
a neural network ¢%7G’t(x) such that, with (s;); = 14> R =27 (—xj + e_tQS%’G’t), we have

1 Ca 1
/Rd Is¢—V ¢ log pi(2)||°pe(2)dz = O (max (W(l + 201) 220 me(0), (1_6_%)351/2)) ;

. 4A(atB)
T (1-28)

||¢§,F,G||pazh =0 ((1 + 20) e3Py ( Ry, 6)) )

where Ry = ©(y/d + log(e™1)).

where ¢(a, 3) . In addition, we have

Proof. Let us again write ng% ar = ¢r.Gs Ft] = F and G; = G for ease of notation. Let ¢ ¢ be
the neural network constructed in Lemma@ Then, for any fixed R, it follows from the definition of
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s; that

., .
1 j F (x)
- V,1 2 dr < ————5 j el ’
/Rd I|s¢ og pi(x)||*pe(z)dx < A=) 2 wSEHER 9F,c.(%) Gi(2) |
1
=l A GICT S

The first term is approximation error on the bounded domain, and we have
I=0 <(1 +2a)%(1 — Qﬁ)—de4(a+ﬂ)R2 <€2 . 2,6)‘de‘(1‘2’3)R2))

by Lemma@ The second term is truncation error, and we have

1/2
HSmemwmwT”</ mwm)
lzl=R
1 _(=2p)R?
—e 4
~ (1 _ e—2t)2 ’

where the bound E,, [||V, logp:(2)]|*]'/? < ﬁ follows from Lemma 21 in |Chen et al.
(2023a) and the bound for the second factor follows from the tail decay of p; derived in Lemma
To optimize over the cutoff radius R, let us choose R > Ry = Q(+/d + log(e~1)), so that

(1 —2B)~%e~(1=2F* — (2 Then it follows that term I satisfies

1
I=0 ((1 ETE (1+ 2a)2d62(1—0<aﬁ>>)

1 1/2

This gives the bound as stated in the proposition. The path norm follows by setting R = Ry in the
path norm bound from Lemma 6] O

and

D GENERALIZATION ERROR OF SCORE ESTIMATE

Recall that we are to study the estimation properties of a hypothesis class of the form

NN

score

(LK) ={x — ﬁ (—z+e'onn(2)) : onn € NN(L,K)},

1

where NN (L, K) is the class of L-depth ReLU networks from R¢ to R? with path norm bounded
by K. It follows from the definition of the path norm that functions in NN (L, K) are K-Lipschitz
continuous. We also restrict attention to functions in NN (L, K') which satisfy |¢(0)| < K. This
mild [H assumption ensures that the ReLU networks we consider satisfy ||¢(z)| < 2K, which we
make frequent use. We will later bound the path norm K in terms of the number of training samples
for some concrete examples. We defined the individual loss function at time ¢ by

(¢, ) = Ex, | xo=x [[|0(t, X2) = Ue(Xe| X0) %]
and the associated population risk
R ((b) = EmNPo [Et((bv J?)}
For 0 < S < R, define
,5(9,7) = Tja<sEx, | xo=a [[6(t, Xe) = Wu(Xe| Xo)[* - Tovy]

"The assumption that ||¢(0)|| < K is mild because the network constructed to approximate the score is uni-
formly close to the score function around the origin. Therefore, provided K is large enough, the approximating
network will satisfy ||¢(0)|| < K anyways.
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and
Us(d,2) = Lz <sEx, xo=e [|0(t, X2) — Ui (Xy| Xo)|IP]
where W is the event {sup, ;<7 [| X¢| < R+ || Xol|}. We also define

Rﬁzs((b) = Ezrp, [€%7S(¢, )]

and R () = Epnp, [£5(¢, x)]. In other words, R, ¢ is the truncated version of the population risk,
where the expectation is restricted to the event that the process begins in the ball of radius S and
remains in the ball of radius R + S throughout the relevant time interval. We will use the following
large deviation bound on the OU process from Theorem A.1 in|Oko et al.[(2023).

Lemma 7. Let X; denote the OU process. Then there is a universal constant C' > 0 such that for
any 0 < S < R,

(R=5)2

T
P (|| X¢|| > R for some t € [to, T||| Xo]| < S) < t—e_ BIe
0

The following regularity bounds on the truncated loss function will be used later to prove a general-
ization error estimate.

Lemma 8. Let s (t,z), s2(t, %) € Fscore and write s;(t,z) = — (—x + e '¢;()) fori = 1,2
and ¢; € Fnn. Then forany 0 < S < R and any x € R%, we have

¢ 2
st o)~ son| = { OO+ (550) Eximrln(s) = ool =€ 5
0, [lz]l > 5.

In addition, the truncated loss function is bounded: for any x € R® and any ¢ € Fyn, we have

M s(s,2) = O ((1_6:;%)2 K2R+ 5)2> .

where s(t,2) = == (—x + e~ '¢()).

Proof. Using the definition of é%, 4> we have, for any = € R4,

Vﬁz,s(slal‘) - EtR,s(S%ﬂ?)‘

¢ 2
10 0) (1o ) Evasomsarallon (X0) = Xl = fon(Xs) - Xon?]‘

—t

2
¢ ) Ex, ixoe a1 (X0) — 62(X0)]

<22K(R+8)+ S)lp,(x) (16

Note that for the first inequality, we have used that the map = ~ ||z||? is 2R Lipschitz on B, and
that sup;_; o 4, <i<7 [[9:(Xt) — Xol| < 2K (R + S) + S under the given assumptions. The proof
of boundedness follows similarly: for ¢ € Fyy ands = == (—z + e~ '¢(z)), we have by the
Cauchy-Schwarz inequality that

et 2
|th.s(s,2)| = 1—6_2t> Ex, xo=z[|0(X¢e) — Xol* - Tw,)

1, (o)

—t

S1pg(x) (1_1%)2 (K*(R+5)*+5%) =0 ((1_6;%>2 K?*(R+ S)2> .
O

Before proving the main generalization error bound, we need to control the truncation error incurred
from using RY%, ¢ in place of R".
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Proposition 8. Foranyr; < S < Rand anys € NN**"'(L, K), we have

IR, s(s) ~ RY(s)| = O <(16_t2>2 * (oo re 5 e—“25>“2)> |

Proof. Lets(x) = ==z (—x + e '¢(x)) with ¢ € NN(L, K). We have
Ri.s(s) = RY(s) = (RR,s(s) = Ri(s)) + (RR(s) = R'(s)) = I+ II.

For the first term, we have

_t 2
I= (15 o [120(0) - Exprome (10 = 600017 Ty

et ?
< () Eompn |I35(2) - POVR)Y2 - E [ X0 - 6(X0)I]]

1—e 2

et 2 _(R-5)? 1/2
N (162)5> A(T/to)"? e 50T - Eqgrp, {HBs(m)]EXAXU:z (1 X0 — ¢(Xe)[1*] } :

To bound the last term, we have
1/2
Eonpo [Los @)Ex, 1xo= [1X0 = 6(XDI']*] £ Ean [Lns (@), xome I X0l + 0(X0)117/2]

(Eonpo [Las (@) (l2]* + Ex, o l6(X0)[1]]))
(Eompolllzll* - Is (@)] + Exnp [ll(2)]4) "2
(8" + K Eany, 1))

O(K?).

et 2 1/2 _(B=5?2
I=0 <1_62t) -(T'/to) K2
et 2 ,
IT = (1—e—2t> /lzleExtxo_z[HXo — &(X)||2po(x)dx

et 2
5<1_) (/ Jelpo(e)is + K2||m2pt<x>dx>
¢ Nzl >S5 ]l >S5
et Y (=282 (1-28) ||z
S(15mm) etz ([ el e [ e
e EER lall>S
< ( et >2K2€—(1—2ﬁ)322
~MA\l—e2 :

where we have used the uniform-in-time sub-Gaussian upper bound on the process density from
Lemmal6] Combining the bounds for terms I and I gives the bound as stated in the lemma. O

1/2

IZANN VAN VAN

This proves that

For term 11, we have

The following lemma controls the Rademacher complexity of our hypothesis class.

Lemma 9. Fort > 0, R > 0, let ./\/Nmr”(L K) be as defined in Section @ and let S =
{x1,..., 2N} be a collection of points in RY. Then

Rady (eR,S o N scorE,t(L’ K),S) = ]Eei~Ber({j:1}) l sup N Z ER S OS .731)
<2LdKX(R+ 8)? [ —— Tl
~ 1 —e2t \/N
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Proof. We can assume that S C Bg, because £ s(z,s) = 0 forany x ¢ Bg and any s. By Lemma
and Lemma|[TT](a vector version of the contraction inequality for Rademacher complexity), it holds
that

—t 2
Rady (g5 o NN*"*!(L,K),S) < V2dK(R+S) (1_66%> ‘Rady (NN*¥'(L, K),S).

Then, since NAV*"Y(L, K) = {z — =25 (—z + e '¢(z)) : ¢ € NN(L, K)}, it holds by the
scaling and translation properties of Rademacher complexity that
—t

Rady (NAV*Y(L, K),S) <Exi|x -Rady (WN(L, K),S%),

o*IuWRl _ o2t

where St = {X}, ..., XV} are now random variables. It is well-known(e.g., Lemma 3.13 in Woj-
towytsch et al.| (2020a))) that
2log(2d +2)

N .

Note that on the event W, we have max; || X}||oo < (R+S). Putting everything together gives the
desired bound. O

Rady (MN(L, K),S") < max || X/||o - 27K -

The following lemma bounds the error between pg and p;, the forward process at time ¢, by bounding
the derivative of the the function ¢t — K L(p; || po). We emphasize that the estimate is only useful
for short times.

Lemma 10. Define Mg(f) := [pa
po) S Mp(f)t.

2
\%i (ﬁ)“ va(dx). For any t > 0, we have Dy (p: ||

Proof. 1t suffices to prove that the time derivative of the KL divergence satisfies

W Dxr(pt | po) S Mp(f). (13)
To prove inequality (13| we differentiate the relative entropy:

oD | ) =0 [ i(o)to () ) a

= /at (pe) (2) log (Z)(@) d + /ptat <log (ﬁé(@)) dz.

But the second term is equal to zero, because

/ptat (log <pt>) dr = /pt . %dz
Do Dt

where the last line follows because p; is a probability density function for all ¢, and hence f prdx =1
for all . Now, recall that p; satisfies the Fokker-Planck equation dyp;(z) = V - (xps(x)) + Aps(z)
for t > 0. This means that, with v,4(z) as the standard Gaussian density,

0Dxcs( o) = [ (7 (i) + Bu(2) o (jj;@c)) s

/V (V log (p > > log pt(x)) dx.
Y 0
Integrating by parts, we have

9 Drr(pe | po) = /V- (V log (:;(w)) pt(w)) log (pé(x)) dx
/v1og (pt ) V log (i; (x)) pe(2)dz,
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since the Gaussian tail decay of p; ensures that the boundary term vanishes. Now, note from the
Cauchy-Schwarz inequality that

- /v1og (Z(@) - Vlog (Z(@) pe(2)dz
- 7/ <<Vlog (;;(9:)) + Viog (po(a:)>> - Vlog <§;(x))> pe(@)dz

Yd
100 |l o) + v/ Tor T o0 - ( [ |7ioe (260)) th(mdx) "

Il = | ng (2) 2

is the relative Fisher information of p; with respect to po. Using the inequality az — a® < 122 for

a > 0, it follows that
0Dk r(pt || po) < /HVIO (po )

But recall that py(z) = Le~1#1°/2+)_ Therefore

/HVIog (po )H pe( d:v_/”vf W2 pe(x)da

where

pe(x)dx

2
pi(x)de.

I (5 ) oeo
This proves the inequality [I0]and hence the original claim as well. O

We are now in position to prove the main generalization bound. The following result is the same
content as Proposition 2] but stated more precisely.

Proposition 9. Let R! denote the population risk functional at time t, let R' denote the
associated empirical risk functional, and let RY = RE R and RL = Ri r,r denote

the truncated risk functionals as defined in Section @ Let s denote the minimizer of ﬁ%
over the neural network class NN°"“'(L,K). Then, with L = L; + 5 and K =

0 ((1 + 2a)3de=3e(@By((/d + Tog(e~1), e)), we have

RLE) = O((1 + 2a) 2421 —e(@))),
with probability 1 — poly(1/N), provided the number of training samples is

N=0Q (22Lf+10d2t66€—4—80(a,6)n4 (Ro, €>) _

We note that, evidenced by Lemma Rt = ﬁtR with high probability.

Proof. Lets* = argmingg prscore.t(1, oy R'(S) and s = argmingg yprecore. (1, ) R(8). Then we
have

RY(S) = (RY(S) — RR(S)) + (RR(S) — Ri(sk)) + (Ri(sk) — RY(s*)) + RY(s*) =T+ 1T+ I1I + V.

Term I is the truncation error; by Lemmal[§] we have

et 2 _ R2 —(1-28)R?
= <(1_e—zt> K2(T/tg)' e 3ca e 2 |
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Term II is the generalization error for the truncated risk; by Lemmas [0 and [§] (controlling the
Rademacher complexity of the relevant function class and uniformly bounding the loss ¢z) and
Theorem 26.4 in|Shalev-Shwartz and Ben-David| (2014), we have

et ’ Lo2pe |1 et ? 2p2 [ 2log(2/6)

with probability at least 1 — 6. Term III is nonpositive, because R%(-) < R'(-) for all
R,t > 0, and hence inf R%(-) < infR'(-). Term IV is the approximation error; by The-

orem it is O ((1 + 2a)?22(1=c(@8)) | where we recall c(a,3) = 4&7;5), provided that

K = O((1420a)%e3@fn(Ry,€)) for Ry = © (\/dJrlog(e*l) and L = Ly + 5 (recall

that (R, €) is the path norm of the network needed to approximate f to accuracy Re uniformly over
Bp).

To balance terms I, I1 and IV, let us first choose R large enough that term [ is the same order as
the approximation error term /V. Due to the exponential decay in R of term I, this holds for R only
logarithmic in all relevant parameters. Let us also take ¢ to be polynomial in 1/N. It then suffices
to balance N and e so that terms I and I'V are of the same order, and up to logarithmic factors this
amounts to solving

et ’ Lit5 702 | L 1 2d _2(1 1
_ —c(a,B 1/2
(1—62t> QMRS N—®<max<(1_62t)2(1+204) 2l )),7(1_67215)36/ ))

Since (%) = Ot ) and K = O ((1 + 2a)*%e3(*Fy(Ry, €)) , it therefore holds that if
we have

N=Q (max (22Lf+10d2t56(1 + 2a) 24yt (Re, (1+ 2a)2d62(1_20(0‘*m)> ,

22Lf+10(1 + 2a>12dt—6—72c((x,,6)6—4—48(:(04,,8)774(Rﬂ t6€4)>

samples (where R, = \/d + - log ((ltff)d) and R, = +/d — log(%¢%)), our score estimation
error is O(€?). O

We now employ existing sampling guarantees to prove that the distribution returned by the SGM is
close to the true data distribution.

Proof of Proposition[3] By Proposition[9](which controls the score estimation error) and Theorem 1
in|Benton et al.|(2023) (which controls the sampling error of SGMs in terms of the score estimation
error) we have that

KL(pey | 5) < (1+ 20020 4 2aM 4 wdT + de~T,

where [tg, T is the time interval of the forward process, « is the maximum step size for the expo-
nential integrator, and M is the number of iterations of the exponential integrator. Choosing M, x,
and T to scale with € as described in the statement of Prop [3]yields that each term is of order at most

(1 + 20)24e2(0=c(5) "and hence TV (py,, D) = O((1 + 2a)%e!=*(®A) It now remains to bound
TV (pt,, o), and Lemma[10|shows that

TV (pry,p0) S M ([t

It follows that if we scale ¢, so that the above expression is O((1 + 2a)2de2(1=¢(:8))) then we get
TV (D,po) < TV (P, piy) + TV (pto,po) < (14 2a)%e' =¢(:5) The number of samples N required
to achieve this error was derived in the proof of Proposition [0

O
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E DISTRIBUTION ESTIMATION AND PROOFS FOR CONCRETE EXAMPLES

We give the proofs of the distribution estimation bounds for the general case and for the concrete
examples discussed. These proofs are quite short and follow easily from the score estimation results.

Proof of Theorem[3] By Proposition 2} we know that with N' > N, ; samples, our score estimator
st is O(e)-close to the true score at time ¢ in L? (pt). By Theorem 1 in Benton et al.| (2023)), the
exponential integrator scheme with parameters as defined in Theorem [3] produces a distribution p
which satisfies TV (p, pi,) = O(€). All that remains then is to bound 7'V (po, py, ). By Lemma[10]
we have under Assumption (1| that TV (p;,,po) S Mgto. It follows that choosing ¢ as defined in
Theorembalances TV (P, pt,) and TV (py,, po), so that TV (p, pg) = O(e). O

Proof of Theorem[d] We note that a Barron function f grows linearly with a constant ¢y < || f|5,
and therefore, for any R > 0, we have for all ||z|| > R that |f(z)| < cf||z| = ¢ H;\IH2 < El=l?.
This shows that f satisfies that quadratic growth/decay condition of Assumption [I| with constants

o = 3 = % We choose R. = Q(/d + log(t6€*)) to be the optimal cutoff radius for the approx-
imation error argument. In addition, we know (Ma et al.| |2020; Klusowski and Barron| 2018]) that
for Barron f, there exists a shallow ReL.U neural network ¢ such that

sup |f(z) — ¢(x)| < Re

lzll<R

and [|@||pan S || f||5- The result essentially follows from the estimates in Theoremby replacing
a and (8 with %—f and replacing 7(R, €) with || f||5; note that in this case ¢(«, 8) < 8}§f < § by

€

assumption. O

For the Gaussian mixture example, we first need to show that the log-likelihood has the local ap-
proximation property, which is the content of the following Lemma. The approximating network
has two hidden layers; the inner layer approximates the density and the outer layer approximates
log(x) on the image of the density.

le—=q1?  lz—=all?

Lemma 11. Suppose that po(z) = % Z%e 2min Z%e 20 fhax ) . Then for any R > 0, there

exists a ReLU network fxn with two hidden layers such that

sup |f(z) — fan(z)] <e
lz[|[<R

Moreover, fx satisfies || f|lpan = O (d - 0ty - max || <r Py (2)).

Proof. By the theory of spectral Barron functions (e.g., Barron| (1993) and |Klusowski and Barron
(2018)) there exists a shallow ReLU network fy;; such that supy < g | fmiz () — po(z)| < € and
| fnizllpan = O(doi,). We also know from Wojtowytsch et al,| (2020b) that = + log(z) can
be locally approximated to error € on [a, b] by a network fiog With | fiog|[pan = O(a™!). We set
a = min|z|<g po(x) and b = max, < po(). Itis then clear that the network fxn = fiog © fmiz
satisfies supy < g [10g(po(z)) = fyn ()] < eand || f v |lpan = O (d - Ooin) MaX, <p Py (7)) -
To conclude, we note that by Lemma|[12] the map x ~ ||z||?/2 can be approximated on {||z|| < R}
by a network fy,orm to accuracy €, and fporm can be taken to satisty || frorm |[pan = O(dR?). In

turn, the network fyny = f]\; N + frnorm satisfies

sup |f(z) — fan(z)] <€
lz]|[<R

and || fx v |fpan = O (d . O';]iln~) maX”wHSRpal(x)) . O

We are now equipped to give a simple proof of the distribution estimation result for Gaussian mix-
tures.

28



Proof Of Proposition[5] Suppose
1 1 7\\27;1\\2 1 =z
= - | — T min —_ 202 ax
po(x) 5 <Z1€ +Z2e

is a mixture of two Gaussians. Fix some 0 < ¢ < 1. Then there exists an r(d) > 0 (depending on
T1,X2, Omin, Umax) such that

146 1-9
_ <202> |22 < log po () < — <202 ) lzll?, V]l > ro(8) (14)

min max

and therefore we can write po(z) = %e*”x'|2/2+f(z), where f(z) satisfies

1+6—U?nin Jr2nax+6_1
“allzl? = - () lall? < F(z) < Ble|? = () ol

2 2
2Crmin 2Gn1ax

whenever ||x| > r¢. For ¢ small enough, the assumption the ¢(c, 5) < 1 holds, for instance,
whenever 02. > % and 02, < 1. If € > 0 is small enough that ro(§) < min (RE, Re) , then the

result then follows from Theorem [3|by using the above values of o and 5 and using the complexity
measure determined in Lemma [11[in place of 1(R, €). In the special case that o2, = o2, = 1,
we have o = § = /2 and ¢(a, §) < 44. In addition, in this case we also have SUp, < . p54(x) <

~

ed/2t=3¢2, O

F BACKGROUND ON NEURAL NETWORKS

F.1 PATH NORMS

Recall that a shallow ReLU neural network is a function ¢ : R? — R* whose j® component is
given by

(8);(2) = a(wl e +0:)), w; €RY, ay,b €R, 1<j <k,
i=1
and a deep ReLU neural network is a composition of shallow ReLLU networks. For scalar valued
networks, we define the path norm by

16 lpan = int Y Jas] (flwill + [bi])

i=1
where the infimum is taken over all choices of parameters (a;,w;,b;) such that ¢(z) =
S ai(wl@ + b;)F). We extend the path norm to vector-valued shallow networks by

191lpan = f%agk 1(0)lpatns R? — R”

and to deep networks by

||¢||path = inf H¢1Hpalh T ||¢L||patha
¢1,..-9L

where the infimum is over all representations of ¢ as a composition of shallow networks. A more
thorough study of path norms can be found in [Wojtowytsch et al.|(2020a)).

The path norm captures how large the weights are in an average (i.e., /') sense. Intuitively, a network
with a large path norm is not likely to generalize well to unseen data, because its pointwise values
depend on large cancellations. In contrast, networks with small path norm provably generalize well,
in the sense of Rademacher complexity. The following result due to [Wojtowytsch et al.| (2020a)
makes this precise.

Proposition 10. Let NN 1, i denote the set of L-layer ReLU networks whose path norm is bounded

by K. Let S = {x1,... xn} denote a set of points in R%. Then the empirical Rademacher com-
plexity of NN ik is bounded by

N
1 [210g(2d + 2)
Rad = E., wBer — if(xi) < illoo - 284 )
ad(NNL K, S) cirBe ({il})feﬁfljax ~ > " eif (x) < max [[a| N

i=1
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F.2 APPROXIMATION OF HELPER FUNCTIONS

We will need to approximate some simple functions by shallow ReLU neural networks; the next
result shows that we can do this efficiently (in the sense of path norms). We emphasize that these
results are known (e.g., in[Wojtowytsch et al.| (2020b)), but we provide the full proofs for the sake
of completeness.

Lemma 12. Lete >0, R > 0, and —00 < a < b < oo.

1. There exists a shallow ReLU neural network ¢, : R — R with O(e=2€2%) neurons such
that Sup ¢ p) |Peap(x) — €%| = O(€). In addition, ey satisfies ||Pexp|lpan = O(eb).

2. There exists a shallow ReLU neural network ¢pyoq R? — R with 0(6_2R4) neurons such
that

sup | Pproa(e,y) — zy| = O(e).
($7y)€[7R)R]2
In addition, ¢pyoq satisfies ||Gprodllpan = O(R?).

3. If a > 0, then exists a shallow neural ¢;n,, : R — R with O(e’Qan"l) parameters, such

that
sup |pino(z) — (1/2)[ = O(e).
z€Ja,b]
In addition, ¢;ny satisfies ||Gino||pan = O(ba™?).

Proof. For 1), note that for any = € [a, b], we have

e +e(z—a+1) :/ (z —t)edt

b
:/ (x —t)+,uempdt,

where fio.,dt = etdt (note that ||fieqpll7y < €’. We apply Lemmawith the function g(z,t) =
(x — t)T. The Lipschitz constant is bounded at 1 (since ReLU is I-Lipschitz) and the function

values of g over (a, b) are bounded at 2b. We conclude that there exist t1, ..., ¢, € [a, b] such that
the function ¢eyp () := W S (x—t;) 7T satisfies
€+ €0 = a+ 1) — Gerp(a)] S oz max(b, —a)y/Tog(md) = O (=
su e e \r—a — X —= Imax —a oglm = ——1 N
xe[fb] exp ~ T m ) g \/TTL

If we set m = O(e~2e2?), then the approximation error is O(€) We note that ¢, (7) — (e%(z —
a + 1)) is also a ReLU network, so that (upon renaming ¢e,,) we have obtained a neural network
approximation to e® on [a, b]. Finally, up to an O(1) summand, we have

el — et & b b
Z |ti] < max(b,—a)(e” —e®) = O(e”).

i=1

”Qbewp”palh =

For 2), first observe that we can approximate the one-dimensional map = ~ 22 by a shallow ReLU
neural network ¢,(z) on [—2R, 2R] with O(e~?R?) neurons. Indeed, for z € [—R, R], we can

write
x 2R
:(;2:/ 2(x—t)dt:/ 2(x — t)*dt.
0 0

Using Lemma [3|(in a similar fashion to part 1) above), we conclude the existence of such an approx-
imating ¢sq(z) = 22 3™ (2 —t;)(*). The path seminorm of ¢, can be bounded by O(R) using
the same argument as in part 1). It follows that zy = % ((x + y)? — ( — y)?) can be approximated
by Gproa(,y) = (dsq(z + y) — dsq(z — y)) on [-R, R]*>. The number of neurons (and path
norm constant) of ¢,..q is bounded by the number of neurons (and path norm constant) of ¢,,, up
to a constant multiple.

30



For 3), the idea is very similar, so we omit some of the details: if = € [a,b] with a > 0, then we

have
1 2 1 b 2
_ +
E*g“”gl’—/a(x*t) ﬁdt

The conclusion then follows from another application of Lemma [3] noting that the total variation of
the parameter measure above is f; Z=0(a"?). O

As a consequence of Lemma , we can approximate the map (x,y) — % by a neural network,
provided that the domain of the second coordinate is bounded away from O.

Lemma 13. Lete > 0, R > 0, and 0 < a < b < co. Let M = max(R, ;). Then there exists a
ReLU neural network ¢qyot with 2 layers and O(a=*e~*R*M?) parameters such that

sup
z€[—R,R],y€[a,b]

T
quuot(x»y) - ‘ = O(G)

Yy
Moreover, we have ||¢quot || pan = O(M?ba=2).

Proof. Leté = (R+1)"'e. By Lemma we can find shallow neural networks ¢ and 1) satisfying

aﬁ(y)—;’Se

sup
y€(a,b]

and

sup  |[Y(z,y) —xy| <€
(x,y) €[~ M, M]

Let ¢quot(m7 y) = w($7 (b(y)) Then

T T
sup ¢quot(x7 y) - ’ S sup - J)(ﬁ(y)‘

z€[—R,R],y€la,b] Yl x€[-R,Rlyelab] | Y

+ sup [2¢(y) — @(x,y)|.
z€[—R,R],y€la,b]
For the first term, we have
T 1 _
sup - = :vcb(y)‘ <R sup |- — ¢(y)’ < Re.
z€[—R,R],y€[ab] | Y y€Ela,b] | Y

For the second term, note that an inspection of the proof of Lemma [12] shows that ¢ is O(a~2)-
Lipschitz, so that, up to a constant factor, we have

a2

b b
10,8 < [6(0) = 23.00)+ 3.
This guarantees that

sup lzo(y) — ®(z,y)| == sup lz¢(y) — ¥(z, ¢(y))]
z€[—R,R],yE€la,b] z€[—R,R],y€[a,b]
< sup |z — (, 2)|
16[—R7R],y6[¢(0)—a%7¢(0)+a%]
< sup |z —¢(z2)]
(z,y)€[-M,M]?

This proves that

Bquot (T, ) — z’ <(R+1é=¢e

sup
z€[—R,R],y€la,b]
To conclude, we have that ||@guot [|patn < [|%][path * [|@]|par = O(ba®M?). O
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Lemma 14. Let f satisfy AssumptionH. Then for any R > max(ry, \/% SUP| <, |f(2)]) and
€ > 0, there exists a ReLU neural network ¢ ¢ ez, with (Ly + 1) layers such that

2
sup o, eap() — f(2)] S e e.
llzl|<R

. e . 2
In addition, ¢ exp satisfies || O ¢ eapllpan = 0P . n(R,¢€)).

Proof. By Assumption |Z|> there exists an L ;-layer ReLU neural network ¢y with
sup |f(z) —or(z)| <e.

lzll<R

By Lemma there exists a shallow neural network ¢¢;;, : R — R such that

sup |peap(T) —€*| Se
z€[—aR?,8R?]

and || Peap || path = 0(65R2). In turn, the (L s + 1)-layer ReLU network ¢ czp = @eap © ¢ satisfies

SUp [o,eap(®) — '@ < sup [dfeap(@) = (Gexp © (@) + sup |(Geap 0 f)(z) — /@]

lz]|[<R lz[|[ <R lz]|[<R
2
S e sup |op(z) — f(2) + sup |Peap(2) — €]
lz[|[ <R z€[—allz]|2,8]|z||?]
< PR e,

In addition, it follows that

2
||¢f,ech||path < ||¢exp||path : ||¢emp”path N e’ (R, e).

Lemma 15. Let f satisfy Assumption Then for any R > max(ry, \/% SUP|z<r, | f(2)]) and

€ > 0, there exists a ReLU neural network @?(m) such that

sup “I’;(.ﬁ) —zef @] < PR e,
lzll <R

In addition, we have ||<I>?c || path = 0(63532 -n(R,€)).

Proof. Let ¢ crp denote the ReLU network constructed in Lemma @ so that
SUP| < O f.cap(z) — 7P| < e and || ¢feapllpan < € - n(R,€). This also implies
that sup| < g [ f,exp(®)] < CePR’ for a universal constant C' > 1. By Lemma there exists a
shallow ReLU neural network ¢4 : R? — R such that

sup |¢prod<yv z) —yz| Se
ly|<R,|2|<CesR?

and || ¢prodllpatn = O(2PF*).  In tumn, the (L; + 2)-layer ReLU network @Jf(a:) =
. ; 2 2
Gprod(Tj, df,cap(x)) satisfies H(bjf”path SR 167 capllpan < SR (R, €) and

sup [@%(z) — ;¢! | < sup [@%(2) = 256 p.eap(@)| + S |57 cap() — wjel )]

lzll <R Izl <R lzl| <R
S Sup |¢PT‘0d(y7 Z) - yZ‘ + R Sup M)feabp(x) - ef(m)”
ly|<R,|z|<CeBR? lz[|<R
<e+ RePR < AR e,
[
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F.3 CONTRACTION INEQUALITY FOR VECTOR-VALUED FUNCTIONS
We present the contraction inequality for vector valued functions, which is a slight modification of
Theorem 3 in Maurer| (2016). The proof of this result can be found in the aforementioned paper.
Proposition 11. Let F be a separable class of functions from R% to R, let {z1,...,xx} C Bg
and let U : F x R* — R satisfy

U(f,2) = U(f',2) < LEx,|xo=x,If (X:) = [/ (X0l V. /' € F, w € RY.

Then it holds that
N

Ee, sup Y &V (f, i) < V2LExi xi_p, Besup Y €infi(X}),
fer i=1 4 fer i,k

where {€;x }1<i<N1<k<a are independent Rademacher random variables and f, denotes the k-th
component of f.
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