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ABSTRACT

Developing autonomous agents that can interact with changing environments is an
open challenge in machine learning. Robustness is particularly important in these
settings as agents are often fit offline on expert demonstrations but deployed online
where they must generalize to the closed feedback loop within the environment.
In this work, we explore the application of recurrent neural networks to tasks of
this nature and understand how a parameterization of their recurrent connectivity
influences robustness in closed-loop settings. Specifically, we represent the recur-
rent connectivity as a function of rank and sparsity and show both theoretically and
empirically that modulating these two variables has desirable effects on network
dynamics. The proposed low-rank, sparse connectivity induces an interpretable
prior on the network that proves to be most amenable for a class of models known
as closed-form continuous-time neural networks (CfCs). We find that CfCs with
fewer parameters can outperform their full-rank, fully-connected counterparts in
the online setting under distribution shift. This yields memory-efficient and ro-
bust agents while opening a new perspective on how we can modulate network
dynamics through connectivity.

1 INTRODUCTION

Building models that are robust under natural distribution shift has long been a goal in artificial
intelligence (Taori et al., 2020). Existing techniques have sought to address this challenge through
various approaches, including domain adaptation (Farahani et al., 2020), transfer learning (Zhuang
et al., 2019) and data augmentation (Perez & Wang, 2017). However, these techniques come with
drawbacks: domain adaptation and transfer learning can be computationally expensive, and data
augmentation often suffers from robustness gains that are not uniform across corruption types (Ford
et al., 2019). More generally, machine learning systems tend to perform poorly under distribution
shift because approaches like these only serve to ameliorate a problem that is rooted in the model
architecture itself.

Natural learning systems serve to address this problem by interacting with their environment to
understand the world. They make use of biologically-inspired frameworks that account for distri-
bution shifts by modeling temporal structure (Hasani et al., 2020b). These models are particularly
well-suited in a paradigm where they are fit on offline, passive datasets using imitation learning, but
deployed in closed-loop, active testing settings (de Haan et al., 2019). This domain is commonly re-
ferred to as the open-loop to closed-loop causality gap (Lechner et al., 2022) in which generalization
requires the agent to learn a coherent representation of its world (Lechner et al., 2020). One par-
ticularly effective framework known as closed-form continuous-time neural networks (CfCs) were
shown to outperform many state-of-the-art recurrent models in closed-loop settings (Hasani et al.,
2021). These models leverage a sparse wiring structure induced at initialization, yielding compact
and interpretable networks (Chahine et al., 2023). However, the reason as to why sparse connectivity
is useful in closed-loop systems is poorly understood. In this work, we will address this question by
proposing and analyzing an interpretable parameterization of connectivity in CfCs.

To do so, we turn to another class of models: low-rank recurrent neural networks (low-rank RNNs).
A low-rank RNN is a network whose recurrent connectivity matrix is low-rank. Deriving inspiration
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from neural activity in the brain, these networks have provably low-dimensional patterns of activity
which makes them successful in many simple neuroscience-based tasks (Mastrogiuseppe & Ostojic,
2018). In this paper, we leverage ideas from previous work on CfCs and low-rank RNNs in order
to devise a novel parameterization of recurrent connectivity that improves robustness in closed-loop
settings and offers interpretable measures for the network dynamics it incites. In doing so, we show
the following:

• Parameterizing recurrent connectivity as a function of rank and sparsity yields provable and
interpretable network dynamics (Section 3.1)

• Low-rank and sparse recurrent neural networks can outperform their full-rank, fully-
connected counterparts under distribution shift in closed-loop environments (Section 4.1)

• Pruning by inducing sparsity and pruning by enforcing a low-rank structure are distinct in
the types of network dynamics each induces (Section 4.3)

• CfCs are more amenable to a low-rank and sparse connectivity prior than other canonical
recurrent architectures such as LSTMs (Section 4.4)

2 RELATED WORK

In this section, we describe previous works that are closely related to the core findings of the paper.

Robustness in closed-loop settings. A class of continuous-time recurrent models known as liquid
neural networks (Hasani et al., 2020a) have been shown to achieve state-of-the-art performance un-
der distribution shift by explicitly accounting for external interventions to environment conditions.
Liquid neural networks are a prime example of natural learning systems that learn robust, and prov-
ably causal, representations (Vorbach et al., 2021). CfCs are a specific instance of liquid neural
networks that can leverage sparse connectivity to learn robust representations in the closed-loop
causality gap setting.

Figure 1: Open-loop systems re-
ceive ground-truth observations xi.
Closed-loop systems receive observa-
tions xi(ai�1) that are a function of the
previous actions the agent takes. There
is no external feedback to correct the
agent in the closed-loop setting.

Outside of modifying the model itself, other approaches to
training robust models under an imitation learning frame-
work include augmentation strategies, human interven-
tions (Ross et al., 2010), goal-conditioning (Codevilla
et al., 2017), reward conditioning (Srivastava et al., 2019),
task-embedding (James et al., 2018) and meta-learning
(Finn et al., 2017). These advances fail to consider the
structure of the underlying policy; in contrast, liquid
neural networks improve the robustness of the decision-
making process in autonomous agents, leading to better
generalization under the same training distribution (Vor-
bach et al., 2021).

Relating connectivity and network dynamics. A long-
standing goal in computational neuroscience is to under-
stand the relationship between structure and function in
the brain (Sporns, 2013). We can ask the analogous ques-
tion in the context of artificial neural networks: what role
does model connectivity at initialization play in learned
network dynamics? Amongst recurrent neural networks,
echo state networks (Goodfellow et al., 2016) present one
example of a model that induces static sparsity in order
to modulate the complexity of dynamics along the recur-
rent dimension. However, unlike in our case, echo state
networks fix their recurrent connectivity during training.
Other works have found that sparse networks can yield
provably more robust models (Guo et al., 2018) that gen-
eralize across many tasks (Chen et al., 2022) outside the
recurrent setting. With respect to modulating network rank, the advent of the low-rank RNN frame-
work (Mastrogiuseppe & Ostojic, 2018) is one of the first attempts at explicitly modeling the low-
dimensional dynamics of the brain. Some follow-ups on this work include examining how low-rank
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connectivity arises in full-rank settings (Schuessler et al., 2020) and an analysis of how some tasks
are more amenable to low-rank connectivity than others (Dubreuil, 2022). Our work borrows ap-
proaches and intuition from many of these prior studies, but is distinct with respect to the proposed
connectivity, analysis of network dynamics and task setting.

Pruning at initialization. Neural network pruning typically either removes connections in a costly
iterative training-retraining paradigm (Frankle & Carbin, 2018) or modifies the objective function to
promote sparsity (Goodfellow et al., 2016) which can lead to difficulties in optimization. Recently,
pruning at initialization has emerged as an approach to resolve these issues. Pruning at initialization
attempts to take a randomly initialized network and remove weights before training (Wang et al.,
2021). Various approaches include using connectivity sensitivity (Lee et al., 2018), maintaining
dynamical isometry (Lee et al., 2019) and training on supermasks (Ramanujan et al., 2019). Gener-
ally, these techniques outperform sparsity induced randomly at initialization. Another approach to
pruning is using rank decomposition. One example is low-rank matrix factorization, which is good
at reducing size but at the cost of performance (Sainath et al., 2013). The most effective low-rank
compression techniques usually leverage a low-rank approximation on the full-rank matrix either
during or after training (Xu et al., 2020). In contrast, in this work, we propose a parameterization of
connectivity that randomly induces sparsity and leverages a low-rank decomposition of the recurrent
weights at initialization – the most straightforward and least costly form of pruning.

Alternative RNN parameterizations. Existing works proposed other recurrent architectures such
as Lipschitz RNNs (Erichson et al., 2021), antisymmetric RNNs (Chang et al., 2019) and Cay-
ley RNNs (Helfrich et al., 2018) which, like us, propose alternative parameterizations of recurrent
connectivity. However, unlike our study, these works introduce changes to the underlying network
architecture, whereas our work focuses on the applications of low-rank and sparse recurrent connec-
tivity in more canonical recurrent networks. This is in line with previous works in the closed-loop
causality gap setting (Chahine et al., 2023) which also restrict the scope of their models as such.

3 PARAMETERIZATION OF CONNECTIVITY

Consider a standard RNN whose input is denoted by xt 2 Rn and hidden state is given by ht 2 Rh
for time step t, hidden size h and input size n. Then the functional form of the RNN is given by

ht = tanh(Wrecht�1 + Winpxt + b) (1)

such that Wrec 2 Rh�h denotes the recurrent weights, Winp 2 Rn�h denotes the input weights
and b denotes the bias. We now propose an alternative parameterization of connectivity for the re-
current weights. Consider a singular value decomposition of Wrec given by Wrec = U�V T . The
canonical rank r approximation of Wrec is Ur�rV

T
r such that �r consists of the top-r singular

values and Ur and V T
r consist of the corresponding singular vectors. Using this low-rank approxi-

mation, we can construct the following parameterization of the recurrent weights for a given rank r
and sparsity level s:

Wrec(r; s) = W1(r)W2(r)�M(s) (2)

where W1 = Ur(�r)
1=2, W2 = (�r)

1=2V T
r and M 2 F2 is a random binary mask such that

each entry Mij � 1 � Bernoulli(s). This low-rank and sparse parameterization of Wrec is a
generalization of the parameterization studied in Herbert & Ostojic (2022) to recurrent connectivity
of arbitrary rank and trainable weights W1;W2 as opposed to restricting ourselves to the setting of
rank-1 matrices and fixed weights in which dynamical analysis is more tractable, but the network is
constrained in expressivity. Note that the random mask M is fixed throughout training.

3.1 NETWORK DYNAMICS AT INITIALIZATION

We propose this parameterization of recurrent connectivity as it allows us to modulate aspects of the
network that instill an inductive bias, which proves to be beneficial for performance in the closed-
loop setting, particularly under distribution shift. We care about three measures of Wrec(r; s) in
particular: the spectral radius, the spectral norm and the rate of decay of the singular value spectrum.
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Figure 2: Parameterization of recurrent connectivity as a function of rank and sparsity.

The spectral radius� max of W rec (r; s) is widely accepted as a proxy for the rate at which the gradi-
ent evolves backwards in time (Pascanu et al., 2012). Namely, if� max < 1, an RNN has a vanishing
gradient (refer to A.5.1 for details). In many time series applications, having a constant error �ow
is a desirable property, as arbitrary data sequences may have long-term relations. However, in the
case of many closed-loop systems, learning long-term dependencies can be detrimental in the on-
line setting due to the short-term causality inherent to the task (Lechner et al., 2020). To put this
into context, in this work we consider agents learning to play games in various Arcade Learning
Environments (ALEs). Agents that perform well in ALEs often use frame stacking (Horgan et al.,
2018a) which enforces a strict short-horizon temporal prior by leveraging a look-back window of
only a few input frames. Hence, networks like LSTMs or GRUs may capture spurious long-term
dependencies and thus learn inadequate models. In contrast, the vanishing of gradients that tends to
be more pronounced in RNNs counterintuitively enhances the performance of the agent, as it places
a short-horizon prior on the temporal attention span of the network.

We will motivate the importance of the singular values in the distribution shift setting. Consider an
SVD on the recurrent weights given byW rec (r; s) = U � V T . Furthermore, consider a perturbation
e sampled uniformly at random from the set of norm-1 vectors. If we apply this perturbation to the
hidden stateh t , then to measure robustness we want to quantify the deviation betweenW rec (r; s)h t
andW rec (r; s)(h t + e). This is given byW rec (r; s)e = U � V T e. Note that bothU andV T

are unitary matrices and thus do not affect the magnitude ofe. This means that� captures the
nature of the transformation one. The two relevant aspects of the transformation are its magnitude
and direction. The spectral norm, the maximum singular value, measures the former (i.e. smaller
spectral norm implies better robustness). To quantify the latter, we examine the rate at which the
singular values decay. This provides a proxy for the effective number of directionse is expanded in
(i.e. faster decay implies better robustness). For details on this argument, refer to A.5.2.

Now that we have motivated the spectral properties ofW rec (r; s), we next aim to understand how
they change as a function of rank and sparsity. We consider two random initialization schemes for
W rec (r; s): Glorot uniform spectral initialization (GU-spec) and orthogonal spectral initialization
(ortho-spec). To thoroughly motivate the proposed parameterization, we provide theoretical proof
of the relationships between rank/sparsity and spectral radius/spectral norm for both initialization
schemes where possible. For the cases we do not prove, we provide an empirical analysis instead.

Theorem 1. Given recurrent weights with parametrization shown in Equation (2) and initialization
scheme speci�ed in parentheses, we prove the following:

• The spectral radius ofW rec (r; s) decreases as a function ofs (GU-spec)

• The spectral radius ofW rec (r; s) increases as a function ofr (ortho-spec)

• The spectral norm ofW rec (r; s) decreases as a function ofs (GU-spec)

• The spectral norm ofW rec (r; s) is constant as a function ofr (ortho-spec, GU-spec)

For proofs of the above properties and an empirical analysis for the unproven cases (which follow
the same trends as the proven cases), refer to A.6. And since our theoretical arguments do not readily
extend to the full singular value spectrum, we provide an empirical analysis as a function of rank and
sparsity for this as well (A.7) which shows that the rate of singular value spectrum decay increases
as a function of rank and decreases as a function of sparsity.
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Figure 3: Online performance of recurrent networks under different ranks and sparsities in Seaquest
environment. For of�ine performance, refer to A.9. a) In-distribution rewards in the online, closed-
loop setting normalized by the rewards obtained by the expert in-distribution. b) Rewards averaged
across 5 distribution shifts, normalized by the rewards obtained by the expert under distribution shift.

4 EXPERIMENTS

Experimental setup. We study the of�ine-online generalization gap of various recurrent architec-
tures parameterized by low-rank, sparse connectivity under an imitation learning framework. In par-
ticular, we measure the performance of our models in the Arcade Learning Environment (Bellemare
et al., 2012) and MuJoCo (Todorov et al., 2012). For ALEs, we run experiments in the Seaquest and
Alien environments and for MuJoCo we explore the HalfCheetah environment. For each environ-
ment, we train a deep-Q network to generate expert trajectories that we then use to �t our recurrent
networks in an of�ine setting. We evaluate the recurrent networks online, closed-loop when de-
ployed into the environment, both in-distribution and under distribution shift. For more details on
the experimental framework, refer to A.11.

Models. We examine the following recurrent architectures: RNNs, LSTMs, GRUs, CNNs and
CfCs. RNNs, LSTMs (Hochreiter & Schmidhuber, 1997) and GRUs (Cho et al., 2014) refer to
their canonical implementations. CNNs serve to address whether supervision along the recurrent
dimension is even necessary. CfCs (Hasani et al., 2021) are a modi�ed version of an RNN that
admit the following functional form:

h(t) = � (F (h t � 1; x t ; � F )) � G(h t � 1; x t ; � G ) + [1 � � (F (h t � 1; x t ; � f )] � H (h t � 1; x t ; � H )

Here,H andG are vanilla RNNs andF can be interpreted as an adaptive gating mechanism that
interpolates between the state-space trajectories ofH andG on a per-element basis in the hidden
vectorh(t) (refer to A.4 for details). Finally, recall in Section 3.1 that we proposed a low-rank,
sparse parameterization of connectivityW rec (r; s) for the recurrent weights in a vanilla RNN. We
generalize this parameterization to the other recurrent architectures by simply parameterizing all
recurrent weights in the network in the form ofW rec (r; s). For speci�cs, refer to A.11.

4.1 PERFORMANCE IN CLOSED-LOOP SETTINGS

We �rst explore the impact of our proposed connectivity parameterization for various ranksr and
sparsitiess in the Seaquest environment in the online, in-distribution setting. We observe that the
best performing models in-distribution tend to be low-sparsity, high-rank CfCs and LSTMs (Figure
3a). GRUs, on the other hand, tend to perform poorly for most(r; s) which aligns with previous work
which also shows that GRUs are not particularly well-suited for closed-loop settings (Chahine et al.,
2023). Due to the poor performance of GRUs relative to LSTMs, we will restrict most of our dis-
cussion and analysis to CfCs, LSTMs and RNNs. The most notable �nding from the in-distribution
results is observed in the high-sparsity models; in particular, we �nd that LSTMs tend to perform
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Figure 4: a) Spectral radius of recurrent weightsW rec (r; s) in trained CfC and LSTM networks
across ranks and sparsities (� 1 SE). b) Frobenius norm of recurrent gradientsG t as a function of
time (� 1 SE). Note that the norms are plotted in log space and translated to decay from0 to enable
easier comparison. For details on the computation, refer to A.11.

much better than CfCs at high sparsities. Analogously, RNNs, which in general tend to perform
worse than CfCs, show similarly worse performance at high sparsities relative to LSTMs. We offer
intuition for these �ndings in Section 4.2 where we explore the relationship between sparsity and
the recurrent memory horizon of the network.

Under distribution shift, we �nd that the best performing models are low-rank, low-sparsity CfCs.
More generally, across all recurrent architectures, we �nd that the low-rank models tend to perform
on par with, and in many cases actually outperform, higher rank ones. This demonstrates that
we can construct models with fewer parameters at initialization yet still learn more robust models.
Interestingly, however, we �nd that the means through which we prune at initialization matters: in
particular for high-sparsity models, we do not achieve the same robustness that we observe in low-
rank ones. We will provide justi�cation for the apparent disparity between pruning by increasing
sparsity and pruning by decreasing rank in Section 4.3. For analogous results in the Alien and
HalfCheetah environments, refer to A.9.

4.2 MODULATING RECURRENT MEMORY

Here, we aim to gain intuition for the results we observed in the online, in-distribution setting and
in particular offer an explanation as to why the only effective form of pruning in-distribution was
inducing sparsity in LSTMs. Recall in Section 3.1 we motivated the parameterizationW rec (r; s)
with respect to three measures, one of which was spectral radius, a proxy for a model's attention span
across time. In particular, we showed at initialization that the spectral radius ofW rec (r; s) decreases
as a function of sparsity and increases as a function of rank. We �rst note that these trends persist
after training (Figure 4a). In particular, in both CfCs and LSTMs, the low-rank and highly-sparse
models tend to admit solutions with recurrent weights of low spectral radius.

Comparing CfCs and LSTMs, we note that CfCs tend to admit solutions with signi�cantly lower
spectral radii. This is perhaps not surprising considering that LSTMs explicitly promote a more
consistent error �ow over time (Jozefowicz et al., 2015) via their forget gate, and are thus more
likely to attend to distant observations. So, assuming that the spectral radius is a reasonable proxy
for the recurrent memory-horizon of a model, it appears that LSTMs tend to have longer-term mem-

ory than CfCs. However, note that the quantity we care about in practice is





 @h k

@h k � 1






 = kJ k k as

this is the true measure of gradient propagation backwards in time. SincekJ k k depends not only
on the recurrent weights but also on the hidden state (for details, refer to A.4), it is possible that
the disparate functional forms of CfCs and LSTMs mitigates the ef�cacy of spectral radius as a
proxy for attention across time (for more details on this intuition, refer to A.5.1). Let us de�ne
G t = J k J k � 1 : : : J k � t +1 . Assuming that timek represents the end of the time series,G t repre-
sent the gradient backpropagatedt steps in time, which when analyzed as a function oft provides
a direct measure of how much importance a model assigns to inputs as a function of the time that
has passed since it last observed them. In particular, we compute logkG t k as a function oft and
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