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ABSTRACT

We introduce a novel generative modeling framework grounded in phase space
dynamics, taking inspiration from the principles underlying Critically damped
Langevin Dynamics and Bridge Matching. Leveraging insights from Stochas-
tic Optimal Control, we construct a more favorable path measure in the phase
space that is highly advantageous for efficient sampling. A distinctive feature
of our approach is the early-stage data prediction capability within the context
of propagating generative Ordinary Differential Equations or Stochastic Differ-
ential Equations. This early prediction, enabled by the model’s unique structural
characteristics, sets the stage for more efficient data generation, leveraging addi-
tional velocity information along the trajectory. This innovation has spurred the
exploration of a novel avenue for mitigating sampling complexity by quickly con-
verging to realistic data samples. Our model yields comparable results in image
generation and notably outperforms baseline methods, particularly when faced
with a limited Number of Function Evaluations. Furthermore, our approach rivals
the performance of diffusion models equipped with efficient sampling techniques,
underscoring its potential in the realm of generative modeling.

1 INTRODUCTION

Diffusion Models (DMs;Song et al. (2020a); Ho et al. (2020)) constitute an instrumental technique
in generative modeling, which formulate a particular Stochastic Differential Equation (SDE) linking
the data distribution with a tractable prior distribution. Initially, a DM diffuses data towards the
prior distribution via a predetermined linear SDE. In order to reverse the process, a neural network
is used to approximate the score function which is analytically available. Subsequently, the approx-
imated score is utilized to conduct time reversal (Anderson, 1982; Haussmann & Pardoux, 1986) of
this diffusion process, ultimately generating data. Recently, the Critical-damped Langevin Dynam-
ics (CLD;Dockhorn et al. (2021)) extends the SDE framework of DM into phase space (whereas
DMs operate in the position space) by introducing an auxiliary velocity variable, which is defined
by tractable Gaussian distributions at the initial and terminal time steps. This augmentation induces
a trajectory in position space exhibiting enhanced smoothness, as stochasticity is solely introduced
into the velocity space. The distinctive structure of CLD is shown to enhance the empirical per-
formance and sample efficiency. However, despite the success of CLD, inefficient sampling still
persists due to unnecessary curvature of the dynamics (Fig.1) as it has to converge to equilibrium
for sampling from the tractable prior.

The remarkable accomplishments of DM have also catalyzed recent advancements in generative
modeling, leading to the development of Bridge Matching (BM;(Peluchetti, 2021; Liu et al., 2022;
2023)) and Flow Matching (FM;models(Lipman et al., 2022)). These models leverage dynamic
transport maps underpinned by the utilization of SDEs or ODEs. Unlike DM, Bridge and Flow
Matching relaxes the reliance on a forward diffusion process with an asymptotic convergence to a
prior distribution over an infinite time horizon. Moreover, they exhibit a heightened degree of ver-
satility, enabling the construction of transport maps between two arbitrary distributions by drawing
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Figure 1: The pixel-wise trajectories comparison with CLD(Dockhorn et al., 2021). Left figures cor-
respond to the trajectories over time w.r.t random sampled 16 pixels, for position and velocity. Our
model is able to learn straighter trajectories which is beneficial for reducing sampling complexity.

upon insights from domains such as optimal transport (Pooladian et al., 2023), normalizing flow
(Tong et al., 2023b), and optimal control (Liu et al., 2023).

In this paper, we focus on enhancing the sample efficiency of velocity based generative modeling
(eg, CLD) by utilizing the Stochastic Optimal Control (SOC) theory. Specifically, we leverage the
outcomes of stochastic bridge within the context of linear momentum systems (Chen & Georgiou,
2015) to construct a path measure bridging the data and prior distribution. The resulting path ex-
hibits a more straight position and velocity trajectory compared to CLD (fig.1), making it more
amenable to efficient sampling. Within the broader landscape of dynamic generative modeling (ie,
ODE/SDE based generative models), data point can often be represented as linear combinations of
scaled intermediate data of dynamics and Gaussian noise. In our work, we re-establish this property,
enabling the estimation of target data points by leveraging both state and velocity information. In
the case of DM and FM, the estimation of target data is exclusively reliant on position information,
whereas our method incorporates the additional dimension of velocity data, enhancing the preci-
sion and comprehensiveness of our estimations. It is also worth noting that our model exhibits the
capacity to generate high fidelity images at early time steps (fig.2). In addition, we propose a sam-
pling technique which demonstrates competitive results with small Number of Function Evaluations
(NFEs), eg, 5 to 10. Table.1 demonstrates the design differences among aforementioned models. In
summary, our paper presents the following contributions:

1. We propose Acceleration Generative Modeling (AGM) which is built on the SOC theory, en-
abling the favorable trajectories for efficient sampling over 2nd-order momentum dynamics gen-
erative modeling such as CLD.

2. As a result of AGM structural characteristics, it becomes possible to estimate a realistic data point
at an early time point, a concept we refer to as sampling-hop. This approach not only yields a
significant reduction in sampling complexity but also offers a novel perspective on accelerating
the sampling in generative modeling by leveraging additional information from the dynamics.

3. We achieve competitive results compared to DM approaches equipped with specifically designed
fast sampling techniques on image datasets, particularly in small NFE settings.

2 PRELIMINARY

Notation: Let xt ∈ Rd and vt ∈ Rd denote the d-dimensional position and velocity variable of a
particle mt = [xt;vt]

T ∈ R2d at time t. We denote the discretized time series as 0 ≤ t0 < :::tn <
tN < 1. The Wiener Process is denoted as wt. The identity matrix is denoted as Id ∈ Rd×d. We
define �t as the covariance matrix of xt and vt at time step t.

2.1 DYNAMICAL GENERATIVE MODELING

The generative modeling approaches rooted in dynamical systems, including ODE and SDE, have
garnered significant attention. Here, we present three noteworthy dynamical generative models:
Diffusion Model (DM), Flow Matching (FM) and Bridge Matching (BM).
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Table 1: Comparison between models in terms of boundary distributions p0 and p1. Our AGM
generalizes DM beyond Gaussian priors to phase space, similar to CLD. However, unlike CLD,
AGM does not need to converge to the Gaussian at equilibrium which causes curved trajectory(see
Fig.1), instead, velocity distribution will be the convolution of data distribution with Gaussian.

Models DM/FM CLD AGM(ours)
p0(·) pdata(x) pdata(x) ×N (0; Id) N (0;�0 × I2d)
p1(·) N (0; Id) N (0; Id) ×N (0; Id) pdata(x) × pdata(x) ∗ N (0;�1 ⊗ I2d)

Diffusion Model: In the framework of DM, given x0 drawn from a data distribution pdata, the
model proceeds to construct a SDE,

dxt = ft(xt)dt+ g(t)dwt x0 ∼ pdata(x) (1)

whose terminal distributions at t = 1 approach an approximate Gaussian, i.e. x1 ∼ N (0; Id). This
accomplishment is realized through the careful selection of the diffusion coefficient gt and the base
drift ft(xt). It is noteworthy that the time-reversal (Anderson, 1982) of (1) results in another SDE:

dxt =
�
ft(xt) − g2t∇x log p(xt; t)

�
dt+ g(t)dwt; x1 ∼ N (0; Id) (2)

where p(·; t) is the marginal density of (1) at time t and ∇x log pt is known as the score function.
SDE (2) can be regarded as the time-reversal of (1) in such a manner that the path-wise measure
is almost surely equivalent to the one induced by (1). As a consequence, these two SDEs share
identical marginal over time. In practice, it is feasible to analytically sample xt given t and x0.
Additionally, we can leverage a neural network to learn the score function by regressing scaled Stein
Score Ext;t∥s�t (xt; t; �)−∇x log p(xt; t|x0)∥22 for the purpose of propagating (2). This learned score
can then be integrated into the solution of the aforementioned SDE(2) to simulate the generation of
data that adheres to the target data distribution from the prior distribution. Meanwhile, (2) also
corresponds to an ODE which shares the same path-wise measure:

dxt =

�
ft(xt) −

1

2
g2t∇x log p(xt; t)

�
dt; x1 ∼ N (0; Id) (3)

which motivates the popular sampler introduced in (Zhang & Chen, 2022; Zhang et al., 2022; Bao
et al., 2022) to solve the ODE (2) efficiently.

Bridge Matching and Flow Matching: An alternative approach to exploring the time-reversal of a
forward noising process involves the concept of ’building bridges’ between two distinct distributions
p0(·) and p1(·). This method entails the learning of a mimicking diffusion process, commonly
referred to as bridge matching, as elucidated in previous works (Peluchetti, 2021; Shi et al., 2022).
Here we consider the SDE in the form of:

dxt = vt(x; t)dt+ gtdwt s:t: (x0; x1) ∼ �0;1(x0;x1) := p0 × p1 (4)

which is pinned down at an initial and terminal point x0; x1 which are independently samples from
predefined p0 and p1. This is commonly known as the reciprocal projection of x0 and x1 in the
literature (Shi et al., 2023; Peluchetti, 2023; Liu et al., 2022; Léonard et al., 2014). The construction
of such SDE is accomplished by meticulous design of vt. A widely adopted choice for vt is vt :=
(x1 − xt)=(1 − t), which induces the well-known Brownian Bridge (Liu et al., 2023; Somnath
et al., 2023). Similar to the approach in DM and owing to the linear structure of the dynamics,
one can efficiently estimate this drift by employing a neural network parameterized by weights �
for regression on: Ext;t∥v�t (xt; t; �) − vt(xt; t)∥22 given x1 and t. As extensively discussed in
previous studies (Liu et al., 2023; Shi et al., 2022), this bridge matching framework takes on the
characteristics of FM (Lipman et al., 2022) when the diffusion coefficient gt tends to zero.

Remark 1. The practice of constraining a stochastic process to specific initial and terminal condi-
tions is a well-established setup in SOC. For a gentle introduction of it’s connection with Brownian
Bridge, Schrödinger Bridge please see Appendix.C. From this perspective, one can derive Brownian
Bridge, as elaborated in Appendix.D.1 for comprehensive elucidation. It is imperative to note that
the SOC framework will serve as the fundamental basis upon which we will develop our algorithm.
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3 ACCELERATION GENERATIVE MODEL

We apply SOC to characterize the twisted trajectory of momentum dynamics induced by
CLD(Dockhorn et al., 2021). It becomes evident that the mechanisms encompassing �ow matching,
diffusion modeling, and Bridge matching collectively facilitate the construction of an estimated tar-
get data point, denoted asx1, by utilizing the intermediate state of the dynamics,x t . Our additional
objective is to expedite the estimation of a plausiblex1 by incorporating additional dynamics-related
information, such as velocity, thereby curtailing the requisite time integration.

In this section, we introduce the proposed method, termed as the Acceleration Generative Model
(AGM), rooted in SOC theory. Building upon (Chen & Georgiou, 2015), we extend the frame-
work by incorporating a time-varying diffusion coef�cient and accommodating arbitrary boundary
conditions, ultimately arriving at an analytical solution suited for the generative modeling. We
demonstrate its ef�cacy in rectifying the trajectory of CLD, concurrently showcasing its aptitude for
accurately estimating the target data at an early timestept i , thereby enabling expeditious sampling.

As suggested by BM approach, there is a necessity to formulate a trajectory that bridges the two data
points sampled fromp0 andp1 respectively. Desirably, the intermediate trajectory should exhibit
optimal characteristics that facilitate smoothness and linearity. This is essential for the ease of
simulating the dynamics system to obtain the solution. In our endeavor to tackle this challenge and
enhance the estimation of the data pointx1 by incorporating velocity components, we encapsulate
the problem within a SOC framework, speci�cally formulated in the phase space which reads:

De�nition 2 (Stochastic Bridge problem of linear momentum system (Chen & Georgiou, 2015)).

min
a t

Z 1

�
kat k2

2dt + ( m 1 � m1)T R (m 1 � m1) s:t
�
dx t
dv t

�

| {z }
dm t

=
�

v t
at (x t ; v t ; t)

�

| {z }
f (m ;t )

dt +
�
0 0
0 gt

�

| {z }
g t

dw t ;

m � :=
�
x �
v �

�
=

�
x �
v�

�
; R =

�
r 0
0 r

�

 I d; x1 � pdata :

(5)

In this context, the matrixR is recognized as the terminal cost matrix, serving to assess the proximity
between the propagatedm 1 and the ground truthm1 at the terminal timet = 1 . As the parameter
r approaches positive in�nity, the trajectory converges toward the statex1, prompting a transition to
constrained dynamics wherein the system becomes constrained by two predetermined boundaries,
namelym0 and m1. This con�guration aligns seamlessly with the principles of constructing a
feasible bridge, as advocated by the tenets of BM. It is worth noting that this interpolation approach
essentially represents a natural extension (Chen & Georgiou, 2015) of the well-established concept
of the Brownian Bridge (Revuz & Yor, 2013), which has been employed in trajectory inference
(Somnath et al., 2023; Tong et al., 2023a) and image inpainting tasks (Liu et al., 2023) and its
connection with Diffusion has been discussed in Liu et al. (2023). Indeed, it is evident that the target
velocity lacks a precise de�nition within this problem, allowing for �exibility in the design space
for our approach. To address this, we opt for the linear interpolation of the intermediate point and
the target point, represented asv1 = ( x1 � x t )=(1 � t), as the chosen terminal velocity, which
also is the optimal control in the original space (see Appendix..D.1). This choice is made due to
its ability to construct a trajectory characterized by straightness. Conceptually, the accelerationat
continually guides the dynamics towards the linear interpolation of the two data points, serving to
mitigate the impact of introduced stochasticity. In contrast to previous bridge matching frameworks,
the velocity's boundary condition in our approachvaries over timesince it depends on the state
x t andt. The velocity variable serves solely as an auxiliary component aimed at straightening the
trajectories. Regarding this SOC problem formulation, the solution is,

Proposition 3 (Phase Space Brownian Bridge). Whenr ! + 1 , The solution w.r.t optimization
problem 5 is,

a� (m t ; t) = g2
t P11

�
x1 � x t

1 � t
� v t

�
where: P11 =

� 4
g2

t (t � 1)
: (6)

Proof. Please see Appendix.D.2.
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Figure 2: Data estimation comparison with EDM (Karras et al., 2022). When the network is en-
dowed with supplementary velocity, AGM gains the capacity to estimate the target data point during
the early stages of the trajectory. One can use estimated image~x1 at t i < t N as generated results
and allocated more NFE between time[0; t i ] which results to smaller discretization error.

Remark 4. P11 denotes the second diagonal component in the matrixPt , a solution derived from
the Lyapunov equation (see Lemma.9), serving as an implicit representation of the optimality of the
control. This value is dependent upon the uncontrolled dynamics, whereat is set to the zero vector
in (5), and will vary accordingly when uncontrolled dynamics change.

3.1 TRAINING

By plugging the optimal control (6) back to the dynamics (5), we can obtain the desired SDE.
As been suggested by (Song et al., 2020b; Dockhorn et al., 2021), such SDE has a corresponding
probablistic ODE which shares the same marginal over time in which the drift term will have an
additional score termr v logp(m t ; t). Here we summarize the force term for SDE and ODE as:

�
dx t
dv t

�
=

�
v t
F t

�
dt +

�
0 0
0 ht

�
dw t s.t m 0 :=

�
x0
v0

�
� N (� 0; � 0);

Bridge Matching SDE: F t := Fb
t (m t ; t) � a�

t (m t ; t); h(t) := g(t);

Probablistic ODE: F t := Fp
t (m t ; t) � a�

t (m t ; t) �
1
2

g2
t r v logp(m; t); h(t) := 0 :

(7)

Henceforth, we refer to the dynamics associated with the Bridge Matching SDE as AGM-SDE, and
its corresponding ODE counterpart as AGM-ODE. Meanwhile, the linearity of the system implies
the intermediate statem t and the close form solution of score term are analytically available. In par-
ticular, the mean� t and covariance matrix� t of the intermediate marginalpt (m t jx1) = N (� t ; � t )

of such a system can be analytically computed with� t =
�
� xx

t � xv
t

� xv
t � vv

t

�

 I d, and� t =

�
� x

t
� v

t

�
, pro-

vided we have the boundary conditions� 0 and� 0 in place, as outlined in S̈arkkä & Solin (2019).
Please see Appendix.D.3 for detail. In order to sample from such multi-variant Gaussian, one need
to decompose the covariance matrix by Cholesky decomposition, andm t is reparamertized as:

m t = � t + L t � = � t +
�

L xx
t � 0

L xv
t � 0 + L vv

t � 1

�
; r v logpt := � ` t � 1 (8)

where� t = L t L T
t ,� =

�
� 0
� 1

�
� N (0; I 2d) and` t =

q
� xx

t
� xx

t � vv
t � (� xv

t )2 .
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