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ABSTRACT

Generating graphs from a target distribution is a significant challenge across many
domains, including drug discovery and social network analysis. In this work, we
introduce a novel graph generation method leveraging K ?—tree representation,
originally designed for lossless graph compression. The K >~tree representation
encompasses inherent hierarchy while enabling compact graph generation. In addi-
tion, we make contributions by (1) presenting a sequential K ?>—tree representation
that incorporates pruning, flattening, and tokenization processes and (2) introducing
a Transformer-based architecture designed to generate the sequence by incorporat-
ing a specialized tree positional encoding scheme. Finally, we extensively evaluate
our algorithm on four general and two molecular graph datasets to confirm its
superiority for graph generation.

1 INTRODUCTION

Generating graph-structured data is a challenging problem in numerous fields, such as molecular
design (Li et al., 2018; Maziarka et al., 2020), social network analysis (Grover et al., 2019), and public
health (Yu et al., 2020). Recently, deep generative models have demonstrated significant potential
in addressing this challenge (Simonovsky & Komodakis, 2018; Jo et al., 2022; Vignac et al., 2022).
In contrast to the classic random graph models (Albert & Barabdasi, 2002; Erdés et al., 1960), these
methods leverage powerful deep generative paradigms, e.g., variational autoencoders (Simonovsky &
Komodakis, 2018), normalizing flows (Madhawa et al., 2019), and diffusion models (Jo et al., 2022).

The graph generative models can be categorized into three types by the graph representation the
models generate. First, an adjacency matrix is the most common representation (Simonovsky &
Komodakis, 2018; Madhawa et al., 2019; Liu et al., 2021). Secondly, a string-based representation
extracted from depth-first tree traversal on a graph can represent the graph as a sequence (Ahn
et al., 2022; Goyal et al., 2020; Krenn et al., 2019). Finally, representing a graph as a composition
of connected motifs, i.e., frequently appearing subgraphs, can preserve the high-level structural
properties (Jin et al., 2018; 2020). We describe the representations on the left of Figure 1.

Although there is no consensus on the best graph representation, two factors drive their development.
First is the need for compactness to reduce the complexity of graph generation and simplify the search
space over graphs. For example, to generate a graph with NV vertices and M edges, the adjacency
matrix requires specifying N2 elements. In contrast, the string representation typically requires
specifying O(NN + M) elements, leveraging the graph sparsity (Ahn et al., 2022; Goyal et al., 2020;
Segler et al., 2018). Motif representations also save space by representing frequently appearing
subgraphs by basic building blocks (Jin et al., 2018; 2020).

The second factor driving the development of new graph representations is the presence of a hierarchy
in graphs. For instance, community graphs possess underlying clusters, molecular graphs consist of
distinct chemical fragments, and grid graphs exhibit a repetitive coarse-graining structure. In this
context, motif representations (Jin et al., 2018; 2020) address the presence of a hierarchy in graphs;
however, they are limited to a fixed vocabulary of motifs observed in the dataset or a specific domain.

Contribution. In this paper, we propose a novel graph generation framework, coined Hierarchical
Graph Generation with K2-Tree (HGGT), which can represent not only non-attributed graphs
but also attributed graphs in a compact and hierarchical way without domain-specific rules. The
right-side table of Figure 1 emphasizes the benefits of HGGT. Since the K ?—tree recursively redefines
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Method Repr. H A DA
GraphRNN Adi. 7 7 3
GraphGen Sting 7 3 3
JT-VAE Motif 3 3 7
GDSS Adj. 7 3 3
HGGT (ours) K2-tree 3 3 3

Figure 1:(Left) Various representations used for graph generation. (Right) Comparing graph
generative methods in terms of used graph representatiort.he comparison is made with respect
to a method being hierarchical (H), able to handle attributed graphs (A), and domain-agnostic (DA).

a graph intcK 2 substructures, our representation becomes more compact and enables consideration
of hierarchical structure in adjacency matriées.

Speci cally, we model the process of graph generation as an autoregressive construction of the
K 2—tree. To this end, we design a sequerkig-tree representation that recovers the original

K 2—tree when combined sequentially. In particular, we propose a two-stage procedure where (1) we
prune theK 2—tree to remove redundancy arising from the symmetric adjacency matrix for undirected
graphs and (2) subsequently atten and tokenizekHetree into a sequence to minimize the number

of decisions required for the graph generation.

We employ the Transformer architecture (Vaswani et al., 2017) to generate the sedténtiak
representation of a graph. To better incorporate the positional information of each node in a tree,
we design a new positional encoding scheme specialized # théree structure. Speci cally, we
represent the positional information of a node by its pathway from the root node; the proposed
encoding enables the reconstruction of the Kufi-tree given just the positional information.

To validate the effectiveness of our algorithm, we test our method on popular graph generation
benchmarks across six graph datasets: Community, Enzymes (Schomburg et al., 2004), Grid, Planar,
ZINC (Irwin et al., 2012), and QM9 (Ramakrishnan et al., 2014). Our empirical results con rm that
HGGT signi cantly outperformed existing graph generation methods on ve out of six benchmarks,
verifying the capability of our approach for high-quality graph generation across diverse applications.

To summarize, our key contributions are as follows:

« We propose a new graph generative model based on adoptir§ ¥hEee as a compact,
hierarchical, and domain-agnostic representation of graphs.

« We introduce a novel, compact sequentiad—tree representation obtained from pruning,
attening, and tokenizing th& °—tree.

+ We propose an autoregressive model to generate the sequiefitimbe representation using
Transformer architecture with a specialized positional encoding scheme.

« We validate the ef cacy of our framework by demonstrating state-of-the-art graph generation
performance on ve out of six graph generation benchmarks.

2 RELATED WORK

Graph representations for graph generation.The choice of graph representation is a crucial aspect

of graph generation, as it signi cantly impacts the ef ciency and allows faithful learning of the
generative model. The most widely used one is the adjacency matrix, which simply encodes the
pairwise relationship between nodes (Jo et al., 2022; Vignac et al., 2022; You et al., 2018; Liao et al.,
2019; Shi et al., 2020; Luo et al., 2021; Kong et al., 2023; Chen et al., 2023). However, several
methods (Vignac et al., 2022; You et al., 2018; Jo et al., 2022) suffer from the high complexity in
generating the adjacency matrix, especially for large graphs.

1This differs from the conventional hierarchical community structure. We provide the discussion in Ap-
pendix H.
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Figure 2: K >~tree with K = 2. The K ?—tree describes the hierarchy of the adjacency matrix
iteratively being partitioned t& K submatrices. It is compact due to summarizing any zero- lled
submatrix with a size larger thdn 1 (shaded in grey) by a leaf nodewith labelx, = 0.

To address this issue, researchers have developed graph generative models that employ alternative
graph representations such as motif-based representations and string-based representations. For
instance, Ahn et al. (2022); Segler et al. (2018) proposed to generate molecule-speci ¢ string
representations, and Jin et al. (2018; 2020); Yang et al. (2021) suggested generative models that
extract reasonable fragments from data and generate the set of motifs. However, these methods rely
on domain-speci ¢ knowledge and are restricted to molecular data.

Lossless graph compression. Lossless graph compression (Besta & Hoe er, 2018) aims to
reduce the size and complexity of graphs while preserving their underlying structures. Speci cally,
several works (Brisaboa et al., 2009; Raghavan & Garcia-Molina, 2003) introduced hierarchical
graph compression methods that compress graphs leveraging their hierarchical structure. In addition,
Bouritsas et al. (2021) derived the compressed representation using a learning-based objective.

3 K Z2—TREE REPRESENTATION OF AGRAPH

In this section, we introduce th€2—tree as a hierarchical and compact representation of graphs, as
originally proposed for graph compression (Brisaboa et al., 2009). In essenke?-thee is &K 2-ary

ordered tree that recursively partitions the adjacency matrixknto K submatrice$. Its key idea is

to summarize the submatrices lled only with zeros with a single tree-node, exploiting the sparsity
of the adjacency matrix. From now on, we indicate the tree-node as a node. The representation is
hierarchical, as it associates each parent and child node pair with a matrix and its corresponding
submatrix, respectively, as described in Figure 2.

To be speci ¢, we consider thi€ —tree representatiofT ; X ) of an adjacency matrih as aK 2-ary
treeT = (V;E) associated with binary node attributés= fx, : u 2 Vg. Every non-root node

ordered so that evely; j )-th child node is rankel (i 1)+ j among its siblings. Then tH¢ >~tree
satis es the following conditions:

« Each nodeu is associated with a submatdx") of the adjacency matri.

« If the submatrixA(") for a nodeu is lled only with zeros,x, = 0. Otherwisex, = 1.

+ Anodeu is a leaf node if and only ik, = 0 or the matrixA(") isal 1 matrix.

2By default, we assume the number of nodes in the original graph to be the pol¢ér of
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Figure 3: lllustration of the sequential representation for K >~tree. The shaded parts of the
adjacency matriA and theK >~treeT denote redundant parts, which are further pruned, while
the purple-colored parts & andT denote non-redundant parts. Also, same-colored tree-nodes of
prunedK ?—tree are grouped and tokenized into the same colored parts of the seguence

The generated >—tree is a compact description of gra@has any nodes with x, = 0 and

du < max, dy whered, is the distance from the root. summarizes a large submatrix lled only
with zeros. In the worst-case scenario, the size ofidRetree isMK ?(logy - (N2=M) + O(1))
(Brisaboa et al., 2009), wheM andM denote the number of nodes and edges in the original graph,
respectively. This constitutes a signi cant improvement overitfesize of the full adjacency matrix.

Additionally, theK 2—tree is hierarchical ensuring that (1) each tree node represents the connectivity
between a speci ¢ set of nodes, and (2) nodes closer to the root correspond to a larger set of nodes. We
emphasize that the nodes associated with submatrices overlapping with the diagonal of the original
adjacency matrix indicate intra-connectivity within a group of nodes. In contrast, the remaining nodes
describe the interconnectivity between two distinct sets of nodes.

We also describe the detailed algorithms for constructihg?atree from a given graps and
recovering a graph from th€ >—tree in Appendices A and B, respectively. It is crucial to note that the
ordering of the nodes in the adjacency matrix in uencesKife-tree structure. Inspired by Diamant

et al. (2023), we adopt Cuthill-McKee (C-M) ordering as our ordering scheme. We empirically
discover that C-M ordering (Cuthill & McKee, 1969) provides the most compacttree® Our
explanation is that the C-M ordering is speci cally designed to align the non-zero elements of a
matrix near its diagonal so that there is a higher chance of encountering large submatrices lled only
with zeros, which can be ef ciently summarized in tké—tree representation.

4 HIERARCHICAL GRAPH GENERATION WITH K 2-TREES

In this section, we present our novel method, hierarchical graph generatioK #itinees (HGGT),
exploiting the hierarchical and compact structure ofKite-tree representation of a graph. In detail,

we transform thé 2—tree into a highly compressed sequence through a process involving pruning and
tokenization. Subsequently, we employ a Transformer enhanced with tree-based positional encodings,
for the autoregressive generation of this compressed sequence.

4.1 SEQUENTIAL K 2~TREE REPRESENTATION

Here, we propose an algorithm to atten tKe&—tree into a sequence, which is essential for the
autoregressive generation of tké—tree. In particular, we aim to design a sequential representation
that is even more compact than tké—tree to minimize the number of decisions required for the
generation of th& >~tree. To this end, we propose (1) pruniig—tree by removing redundant
nodes, (2) attening the pruned >~tree into a sequence, and (3) applying tokenization based on the
K 2—tree structure. We provide an illustration of the overall process in Figure 3.

We provide the results in Section 5.3.



Published as a conference paper at ICLR 2024

Figure 4:lllustration of the tree-node positions of K 2—tree. The shaded parts of the adjacency
matrix denote redundant parts, e, < d,. Additionally, colored elements correspond to tree-
nodes of the same color and the same-colored tree-edges signify the root-to-target downward path.
Blue and red tuples denote the order in the rst and second levels, respectively. The treeimode
non-redundant g3, > q, while v is redundant ap, < qy.

Pruning the K ?—tree. To obtain the prune# 2—tree, we identify and eliminate redundant nodes

due to the symmetry of the adjacency matrix for undirected graphs. In particular, without loss of
generality, such nodes are associated with submatrices positioned above the diagonal since they
mirror the counterparts located below the diagonal.

To this end, we now describe a formula to identify redundant nodes based on the position of a

be a sequence of nodes representing a downward path from the roat rodgto the nodeu = v .
With (iy. ;jv. ) denoting the order of among itk K siblings, the node position can be represented

KL KU' partitions of the adljja\cency matri. The row ia_.pd column indexes of the subma#ki%)

are derived as thu; qu) = ( —, K- (i, 1)+1; -, KL '(j,. 1)+1) asillustrated

in Figure 4. As a result, we eliminate any node associated with a submatrix above the diagonal, i.e.,
we remove node whenpy < qy.

Consequently, the prundd®—tree maintains only the nodes associated with submatrices devoid of
redundant nodes, i.e., those containing elements of the adjacency matrix positioned at the diagonal
or below the diagonal. Notably, following this pruning process, Kite-tree no longer adheres

to the structure of & K -ary tree. Additionally, consider a non-leaf nodés associated with

a submatrixA(Y) that includes any diagonal elements of the adjacency matriXhen the node

u possesK (K + 1) =2 child nodes after pruning (K  1)=2 child nodes associated with the
redundant submatrices. Otherwise, the non-leaf nodgenains associated with K child nodes.

Note that our framework can be extended to directed graphs by omitting the pruning process.

Flattening and tokenization of the prunedK 2—tree. Next, we explain how to obtain a sequential
representation of the prunéd®tree based on attening and tokenization. Our idea is to atten
aK ?—tree as a sequence of node attribidites : u 2 Vg using breadth- rst traversal and then to
tokenize the sequence by grouping the nodes that share the same parent node, i.e., sibling nodes.

For this purpose, we denote the sequence of nodes obtained from a breadth- rst traversal of non-

sequentially in the breadth- rst traversal.
Next, by grouping the sibling nodes, we tokenize the sequeneées a result, we obtain a sequence

allows representing the whole?—tree usingM (logy - (N2=M) + O(1)) space, wher&l andM
denote the number of nodes and edges in the original graph, respectively.

We highlight that the number of elements in each togemay vary due to the prunegi>~tree
no longer being & K -ary tree, as mentioned above. With this in consideration, we generate a

vocabulary of2€ * + 2% = potential con gurations for each token. This vocabulary size is
small in practice since we set the valieto be small, e.g., setting = 2 induces the size 4.
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Figure 5: An example of featuredK ?—tree representation. The shaded parts of the adjacency

matrix andK ?—tree denote the redundant parts. The black-colored tree-nodes denote the normal
tree-nodes with binary attributes while other-colored feature elements in the adjacencyAnatrix
denote the same-colored featured tree-nodes and sequence elements. The node features (i.e., C and
N) and edge feature (i.e., single bondl of the molecule are represented within the leaf nodes.

In particular, we remark that a token wikh(K + 1) =2 elements carries different semantics from
another token withk 2 elements. The former corresponds to a submatrix situated on the adjacency
matrix's diagonal, thus indicating connectivityithin a set of nodes. In contrast, the latter relates to a
submatrix illustrating connectivitpetweerpairs of node sets. This supports our decision to assign
distinct values to a token witk (K + 1) =2 elements and another with? elements, even when the
tokens might represent the same combination of node features in the unpruned tree.

Generating featured graphs. We also extend our HGGT to graphs with node and edge-wise
features, e.g., molecular graphs. At a high level, we apply our algorithm to the featured adjacency
matrix, where each diagonal element corresponds to a node feature and each non-diagonal element
corresponds to an edge feature. node attributes of leaf no#e$-itree correspond to node and edge
features, while attributes of non-leaf nodes are the same with the non-attribditdrkes (i.e., ones

and zeros). See Figure 5 for an illustration and Appendix C for a complete description.

4.2 CENERATING K 2—TREE WITH TRANSFORMER ANDK 2—TREE POSITIONAL ENCODING

To improve the model's understanding of the tree structure, we devise a tree-positional encoding. We
also offer an algorithm to construct the’>—tree from the sequence generated by the Transformer.

Transformer with K 2—tree positional encodingWe rst introduce the Transformer architecture to

trained with self-attention, and during inference, it generates the sequence one token at a time, relying
on the previously generated sequence. To account for tree structural information, we incorporate
tree-positional encodings for each time-step

During training, we mask the attention layer to ensure that predictions at each step are not in u-
enced by future tokens of the sequence. The objective function is maximum likelihood, denoted
by maxlogp(y), wherep(y) = p(y1) {-, P(Vtjyzt 1). This objective aims to maximize the
probability of predicting the next token correctly based on the preceding tokens.

For inference, we begin the process with a begin-of-sequence (BOS) token as the input to our trained
Transformer decoder. The model then computes the distribution of potential tokens for the next
step, denoted bg(y:jy1:t 1), and the next token is sampled from this distribution. This token is
appended to the input sequence, and the extended sequence is fed back into the model to generate
the subsequent token. This iterative procedure is terminated when a prede ned maximum length is
reached or an end-of-sequence (EOS) token emerges.

To enhance the inpyt, we incorporate the positional encoding forAs outlined in Section 4.1,
the node attributes ig; are associated with child nodes of a particular nadeTherefore, the
encoding is based on the downward path from the root modey, to the nodeu = v, , represented

denoted as a tupl@,. ;jv. ). Subsequently, we further update the input feayureith positional
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Table 1:Generic graph generation performance.The baseline results are from prior works (Jo
et al., 2022; Liao et al., 2019; Martinkus et al., 2022; Luo et al., 2022) or public codes (marked by *).
For each metric, the best number is highlightetdahd and the second-best number is underlined

Community-small Planar Enzymes Grid
12 jVj 20 jiVj=64 10 j Vj 125 100 j Vj 400

Method Deg. Clus. Orb. Deg. Clus. Orb. Deg. Clus. Orb. Deg. Clus. Orb.
GraphVAE 0.350 0.980 0.540 - - 1.369 0.629 0.191 1.61®000 0.919
GraphRNN 0.080 0.120 0.040 0.005 O. 278 1.254 0.017 0.062 0.046 0.064 0.043 0.021
GNF 0.200 0.200 0.110 -
GRAN* 0.005 0.142 0.090 _0.001 0. 043 0.00: 001 0. 023 0. 031 0. 169 0. 001 0. 004 0. 002
EDP-GNN 0.053 0.144 0.026 - - 0.023 0.268 0.082 0.455 0.238 0.328
GraphGen* 0.075 0.065 0.014 1.762 1. 423 1.640 0.146 0.079 0.054 1550 0.017 0.860
GraphAF 0.180 0.200 0.020 - - 1.669 1.283 0.266 - -
GraphDF 0.060 0.120 0.030 - 1503 1.283 0.266 -
SPECTRE - - - 0.010 O. 067 0.010 -
GDSs 0.045 0.086 0.007 0.250 0.393 0.587 0.026 O 061 O 0])]911 0. 005 0. 070
DiGress* 0.012 0.025 _0.0020.000 0.002 0.008 0.011 0.039 0.010 0.016 0.000 0.004
GDSM 0.011 0.015 0.001 - - 0.013 0.088 0.010 0.0020.000 0.000

HGGT (ours) 0.001 0.006 0.003 0.000 0.001 0.000 0.005 0.017 0.000 0.000 0.000 0.000

(a) Train (b) GraphGen (c) GDSS (d) DiGress (e) HGGT (ours)

Figure 6:Generated samples for Community-small (top), and Grid (bottom) datasets.

P
encoding, which is represented BE(u) = L_l “(iy.;jv.), where denotes the embedding

function that converts the order tuple into vector representation§(@ndljv,);:::; (iv, ;jv. ) IS
the sequence of orders of a downward path frofmu.

Constructing K ?—tree from the sequential representation. We next explain the algorithm to
recover &K ?—tree from its sequential representationin particular, we generate tte—tree simul-
taneously with the sequence to incorporate the tree information for each step of the autoregressive
generation. The algorithm begins with an empty tree containing only a root node and iteratively
expands each “frontier” node based on the sequence of the decisions made by the generative model.
To facilitate a breadth- rst expansion approach, the algorithm utilizes a rst-in- rst-out (FIFO) queue,
which contains node candidates to be expanded.

To be speci ¢, our algorithm initializes & >~treeT = (frg; ;) with the root node associated with
the node attribute, = 1. It also initializes the FIFO queu@ with r. Then at eaclt-th step, our
algorithm expands the nodepopped from the queu@ using the tokery;. To be speci c, for each
node attribute in y;, our algorithm adds a child nodewith x, = x. If x = 1 and the size oA(") is
larger thanl 1, the child noder is inserted into the queu@. This algorithm is designed to retrieve
the pruned tree, which allows the computation of positional data derived froy thisrmation.

5 EXPERIMENT

5.1 GENERIC GRAPH GENERATION

Experimental setup. We rst validate the general graph generation performance of our HGGT on
four popular graph benchmarks: @pmmunity-small, 100 community graphs, (Blanar, 200
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