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ABSTRACT

This paper introduces oco-Diff, a generative diffusion model defined in an infinite-
dimensional Hilbert space, which can model infinite resolution data. By training on
randomly sampled subsets of coordinates and denoising content only at those loca-
tions, we learn a continuous function for arbitrary resolution sampling. Unlike prior
neural field-based infinite-dimensional models, which use point-wise functions
requiring latent compression, our method employs non-local integral operators to
map between Hilbert spaces, allowing spatial context aggregation. This is achieved
with an efficient multi-scale function-space architecture that operates directly on
raw sparse coordinates, coupled with a mollified diffusion process that smooths
out irregularities. Through experiments on high-resolution datasets, we found that
even at an 8 subsampling rate, our model retains high-quality diffusion. This
leads to significant run-time and memory savings, delivers samples with lower FID
scores, and scales beyond the training resolution while retaining detail.

1 INTRODUCTION

Denoising diffusion models (Song and Ermon, 2019; Ho et al., 2020) have become a dominant
choice for data generation, offering stable training and the ability to generate diverse and high quality
samples. These methods function by defining a forward diffusion process which gradually destroys
information by adding Gaussian noise, with a neural network then trained to denoise the data, in turn
approximating the data distribution. Scaling diffusion models to higher resolutions has been the topic
of various recent research, with approaches including iteratively upsampling lower resolution images
(Ho et al., 2022a) and operating in a compressed latent space (Rombach et al., 2022).

Deep neural networks typically assume that data can be represented with a fixed uniform grid, however,
the underlying signal is often continuous. As such, these approaches scale poorly with resolution.
Neural fields (Xie et al., 2022; Sitzmann et al., 2020; Mildenhall et al., 2021) address this problem by
directly representing data as a mapping from coordinates to intensities (such as pixel values), making
the parameterisation and memory/run-time from resolution independent from resolution, thereby
allowing training on data that would not usually fit in memory. Neural field-based generative models
(Dupont et al., 2022a;b; Bond-Taylor and Willcocks, 2021; Du et al., 2021) have been developed
to take advantage of these properties. Being inherently independent between coordinates, these

/)

Sample at any resolution
(trained at resolution of red box)

p(xo|x:)

Figure 1: We define a diffusion process in an infinite dimensional image space by randomly sampling
coordinates and training a model parameterised by neural operators to denoise at those coordinates.

Source code is available at https://github.com/samb-t/infty-diff.


https://github.com/samb-t/infty-diff

Figure 2: Modelling data as functions allows sampling at arbitrary resolutions using the same model
with different sized noise. Leftto righB84 64, 128 128 256 256(original),512 512 1024 1024

approaches condition networks on compressed latent vectors to provide global information. However,
the sample quality of these methods is signi cantly lower than nite-dimensional generative models.

In this work we develop an approach that substantially improves upon the quality and scaling of
existing in nite dimensional generative models, reducing the gap to nite-dimensional methods,
while retaining the bene ts of in nite dimensional models: subsampling coordinates to decouple
memory/run-time from resolution, making scaling more computationally feasible, while also allowing
training and sampling at arbitrary resolutions. We achieve this by designing a Gaussian diffusion
model in an in nite dimensional state spac&Ve argue that compressed latent-based neural elds
cannot effectively be used to parameterise such diffusion models due to the reliance on compression,
going against standard diffusion architecture design, with it also being impractical to compress states
to latents at every step. Instead, we propose using non-local integral operators to model the denoising
function, aggregating both global and local information in order to effectively denoise the data.

Speci cally, we proposd. -Diff, addressing these issues:

* We introduce a Gaussian diffusion model de ned in an in nite-dimensional state space that
allows complex arbitrary resolution data to be generated (see Fig. 2)

» We design a powerful and scalable, function-space architecture that operates directly on raw
sparsely subsampled coordinates, enabling improvements in run-time and memory usage.

» We achieve state-of-the-art FID scores on multiple high-res image datasets, trained with up
to8 subsampling, substantially outperforming prior in nite resolution generative models.

2 BACKGROUND

Here we review Gaussian diffusion models (Section 2.1) and generative neural elds (Section 2.2).

2.1 DIFFUSIONMODELS

Gaussian diffusion models (Sohl-Dickstein et al., 2015; Ho et al., 2020) are formed by de ning a
forward process|(x 1:7jX o) that gradually adds noise to the datg, q(xo), overT steps, resulting

in a sequence of latent variabbes; :::;xt such thag(xt) N (xt;0;1). The reverse of this
process can also be expressed as a Markov @i’y ). Choosing Gaussian transition densities
chosen to ensure these properties hold, the densities may be expressed as
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a(x 1:1jX0) = a(xXtjXt 1); a(x¢jxt 1) = N(X¢; 1 Xe 15 ¢l ); 1)
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P(Xo:T) = P(XT)  P(Xt 1)Xt); p(Xt 1jXt) = N(X¢ 15 (Xi;t); (Xest)); (2)
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whereO< 1;:::; 1 < lisa pre-de ned variance schedule and the covariance is typically of the
form  (x(;t)= 2l whereoften 2 = . Aiding training ef mency,&(xtjx 0) can be expressed
in closed form ag|(X{jXg) = N (xt, TiXo; (1 ¢)I)where = ~_, sfor ¢=

Training is possible by optimising the evidence lower bound on the negative log-likelihood, expressed
as the KL-divergence between the forward process posteriors and backward transitions at each step
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1A number of parallel works including Kerrigan et al. (2023); Lim et al. (2023); and Franzese et al. (2023)
also developed in nite-dimensional diffusion models that use non-local integral operators, see Sec. 6 for more.



for q(x: 1jXt;Xo0) = N (Xt 1; ~(Xt;Xo0); t!), where~, and ; can be derived in closed form.

It is typical to reparameterise to simplify the variational bound, one example of such found to
improve visual quality is  (X¢;t) = %(xt P (xt;1)), where the denoising network instead
predicts the added noise. Diffusion models are closely connected with score-matching models; this
can be seen by making the approximation (De Bortoli et al., 2021),

P(Xt 1JXt) = P(XtjXt 1p)exp(logp(xt 1) logp(xt)) (4)

N (Xt 15 1 tX¢+ «f x logp(Xt); tl); (5)
which holds for small values of;. Whiler 4, logp(x+) is not available, it can be approximated using
denoising score matching methods (Hyvéarinen, 2005; Vincent, 2011). Given thdg p(x:) =
Epxojx) [ x. l0gp(XtjXo)] we can learn an approximation to the score with a neural network
parameterised by, s (x¢;t) r logp(x:) (Song and Ermon, 2019), by minimising a reweighted
variant of the ELBO (Eq. 3). One problem with diffusion models is the slow sequential sampling;
to speed this up, denoising diffusion implicit models (DDIMs) transform diffusion models into
deterministic models allowing fewer steps to yield the same quality, replacing the sampling steps with

P
X 1 Xt p——
Xt 1= P - P ¢ (Xab) + 1 1 (Xgt): (6)

Tt
2.2 GENERATIVE NEURAL FIELDS

Neural elds (Xie et al., 2022; Mildenhall et al., 2021; Sitzmann et al., 2020) are an approach for
continuous data representation that map from coordiratesaluesv (such as RGB intensities),

f (c) = v. This decouples the memory needed to represent data from its resolution. The mapping
function, f , typically an MLP network, is optimised by minimising a reconstruction loss with
ground truth values at each coordinate. The local natufe aflows the loss to be Monte-Carlo
approximated by evaluatirfg on subsets of coordinates, allowing higher resolution data than would

t in memory to be trained on. Sinck is independent per coordinate, being unable to transform
over multiple points like convolutions/transformers, to represent spaces of functions approaches
generally also condition on compressed latent vectarsed to describe single data poirfts(c; z).

Dupont et al. (2022a) rst uses meta-learning to compress the dataset into latent conditional neural
elds, then approximates the distribution of latents with a DDPM (Ho et al., 2020) or Normalizing
Flow (Rezende and Mohamed, 2015). Bond-Taylor and Willcocks (2021) form a VAE-like model
with a single gradient step to obtain latents. Zhuang et al. (2023) design a diffusion model with a
small subset of coordinates used to provide context. Finally, some approaches use hypernetworks to
output the weight of neural elds: Dupont et al. (2022b) de ne the hypernetwork as a generator in an
adversarial framework, and Du et al. (2021) use manifold learning to represent the latent space.

3 INFINITE DIMENSIONAL DIFFUSION MODELS

In this section we extend diffusion models to in nite dimensions in order to allow higher-resolution
data to be trained on by subsampling coordinates during training and permit training/sampling at
arbitrary resolutions. We argue that application of conditional neural elds to diffusion models is
problematic due to the need to compress to a latent vector, adding complexity and opportunity for
error, instead, the denoising function should be a non-local integral operator with no compression. A
number of parallel works also developed diffusion models in in nite dimensions, including Kerrigan

et al. (2023); Lim et al. (2023); and Franzese et al. (2023); we recommend also reading these works,
which go further in the theoretical treatment, while ours focuses more on design and practical scaling.

To achieve this, we restrict the diffusion state space to a Hilbert dgpaetements of whichx 2 H ,

are functions, e.gx: R" | RY. Hilbert spaces are equipped with an inner product and
corresponding norrk kg . For simplicity we consider the case wheteis the space of 2 functions

from [0; 1]" to RY although the following sections can be applied to other spaces. As such, a point
in H could represent an image, audio signal, video, 3D model, etc. A Gaussian measurée

de ned inH in terms of its characteristic functioh(Da Prato and Zabczyk, 2014),

A(x) = exp ihgmi + hCx; i ; )
where the meam lies inH, m 2 H and the covariance opergtd® ( H ! H ) is self-adjoint
(denotedC = C ), non-negative (i.,eC  0), and trace-class (| kxkqyd (x) = tr(C) < 1)
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