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ABSTRACT

Transformers achieve state-of-the-art accuracy and robustness across many tasks,
but an understanding of their inductive biases and how those biases differ from
other neural network architectures remains elusive. In this work, we identify
the sensitivity of the model to token-wise random perturbations in the input as a
unified metric which explains the inductive bias of transformers across different
data modalities and distinguishes them from other architectures. We show that
transformers have lower sensitivity1 than MLPs, CNNs, ConvMixers and LSTMs,
across both vision and language tasks. We also show that this low-sensitivity bias
has important implications: 1) lower sensitivity correlates with improved robustness;
it can also be used as an efficient intervention to further improve the robustness
of transformers; ii) it corresponds to flatter minima in the loss landscape; and iii)
it can serve as a progress measure for grokking. We support these findings with
theoretical results showing (weak) spectral bias of transformers in the NTK regime,
and improved robustness due to the lower sensitivity.

1 INTRODUCTION

Transformers, originally introduced for language problems (Vaswani et al., 2017), have become a
universal backbone across machine learning — including applications such as vision (Dosovitskiy
et al., 2021) and protein structure prediction (Jumper et al., 2021). Several recent works have
also found that not only do transformers achieve better accuracy, but they are also more robust to
various corruptions and changes in the data distribution (Shao et al., 2021; Mahmood et al., 2021;
Bhojanapalli et al., 2021; Paul & Chen, 2022). Despite their practical success, relatively little is
understood about what distinguishes transformers from other neural network architectures. If a
transformer and an alternative neural network architecture (such as a CNN or an LSTM) are trained
to obtain similar training accuracy on a dataset, then how do the models differ in terms of the
functions they learn? Equivalently, what inductive biases do transformers have which distinguish
them from other architectures?

Recently, for the setting of Boolean inputs, Bhattamishra et al. (2023b) and Hahn & Rofin (2024)
suggest using the notion of sensitivity to distinguish transformers from other candidate architectures.
The sensitivity of a function measures how likely the output is to change for random changes to the
input. Bhattamishra et al. (2023b) and Hahn & Rofin (2024) show that transformers are biased to
learn functions with low sensitivity on Boolean inputs. Sensitivity has several desirable properties as
a notion of inductive bias. It is closely related to the Fourier representation of the function and various
other notions of Boolean function complexity such as the degree of the function and the size of the
smallest decision tree which represents the function (O’Donnell, 2014). Low sensitivity functions
correspond to low complexity functions based on all these notions of Boolean function complexity,
and hence an inductive bias towards low-sensitivity functions is regarded as an instance of ‘simplicity
bias’ of the model (Valle-Perez et al., 2019; Bhattamishra et al., 2023b). Sensitivity also has deep
connections to well-studied notions of inductive biases such as spectral bias (Rahaman et al., 2019b),
which is a bias towards ‘simple’ functions such as low frequency functions in the Fourier space.
Sensitivity has also been found to correlate with better generalization for fully-connected networks
(Novak et al., 2018). (See Appendix C for a detailed discussion of the related work.)
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Our results. Sensitivity is a promising notion of inductive bias, but has mainly been investigated
for Boolean functions so far. Given the numerous modalities of data across which transformers are
successful in practice, the goal of our work is to examine if appropriate extensions of the notion of
sensitivity for Boolean functions help understand the inductive bias of transformers across varied
data modalities — and if these notions help explain properties of transformers such as their improved
robustness. We now provide an overview of the main claims and results of the paper. We begin our
investigation with the following question:

What are appropriate notions of sensitivity beyond Boolean data?

To provide a concrete starting point where we can understand the properties of sensitivity with theo-
retical analysis, we rst consider the Boolean setup and place the low-sensitivity bias of transformers
on a rmer theoretical foundation in that setting (Section 2). Using prior work on spectral bias in
neural networks (Yang & Salman, 2020) we prove that transformers show a low-sensitivity bias on
Boolean functions, and also prove that low sensitivity leads to better robustness. We then consider the
above question, and propose a suitable notion of sensitivity which takes into account the underlying
metric space (Section 3). To investigate if sensitivity is a suitable notion beyond the Boolean case,
we rst consider a synthetic dataset where we can tease apart sensitivity from related notions which
can coincide for Boolean functions — such as a preference towards functions that depend on a sparse
set of tokens. We show that transformers prefer to learn low-sensitivity functions (even if they are not
sparse). Subsequently, we examine if this low-sensitivity bias is widely present across different tasks:

Does low-sensitivity serve as a uni ed notion of simplicity across vision and language tasks, and
does it distinguish between transformers and other architectures?

Here, we rst conduct experiments on vision datasets. We empirically compare (Vision-)Transformers
with MLPs, CNNs, and ConvMixers, and observe that transformers have lower sensitivity compared
to other candidate architectures (see Section 4). Similarly, we conduct experiments on language tasks
and observe that transformers learn predictors with lower sensitivity than LSTM models. Furthermore,
transformers tend to have uniform sensitivity to all tokens while LSTMs are more sensitive to more
recent tokens (see Section 5). Given this low-sensitivity bias, we next examine its implications:

What are the implications of a bias towards low-sensitivity functions; is it helpful in certain settings?
We study this in three contexts: robustness, properties of the loss landscape, and training dynamics.

1. Lower Sensitivity Correlates with Better Robustness We show that transformers have lower
sensitivity and are more robust to corruptions when tested on the CIFAR-10-C dataset, compared
to CNNs (Section 6). We also demonstrate that sensitivity is not only predictive of robustness
but also has prescriptive power: We add a regularization term at training time to encourage the
model to have lower sensitivity. Since sensitivity is ef cient to measure empirically, this is easy to
accomplish via data augmentation. We nd that models explicitly trained to have lower sensitivity
yield even better robustness on CIFAR-10-C. These results sholotihaensitivity correlates
with the improved robustness of transformers

2. Lower Sensitivity Correlates with Flatter Minima : We explore the connection between sensi-
tivity and a property of the loss landscape that has been found to correlate to good generalization —
the sharpness of the minima. We compare the sharpness of the minima with and without sensitiv-
ity regularization, and our results show thaver sensitivity correlates with atter minimd his
indicates that sensitivity could serve as a uni ed notion for both robustness and generalization.

3. Sensitivity Serves as a Progress Measure for Grokking/Me examine if sensitivity can be used
to understand the training dynamics of transformers, speci cally from the perspective of the
phenomenon afrokkingwhere test accuracy abruptly improves long after the training loss or
accuracy saturates. We consider modular addition, a task where transformers exhibit grokking.
We show thasensitivity provides a progress measure that decreases even when the training loss
does not reduce and is indicative of stages of grokking

2 SENSITIVITY AND WEAK SPECTRALBIAS

In this section, we theoretically show that transformers with linear attention exhibit (weak) spectral
bias to learn lower-order Fourier coef cients, which in turn implies a bias to learn low-sensitivity
functions. We start with an overview of Fourier analysis on the Boolean cube and sensitivity.
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Fourier analysis on the Boolean cube (O'Donnell, 2014)lhe space of real-valued functions on
the Boolean cube ¢ forms a2?-dimensional space. Any such function can be writton asique
multilinear polynomial. Speci cally, the multilinear monomial functionsy (x):= xY := x;, for
i2U
eachU [d], form a Fourier basis of the function spdde: Rg, i.e, their inner products
satisfyE, pe [ u(X) v(x)]= 1[U=V]. Consequently, any functidn: 9! R can be written
asf (x)= f(U) u(x), for a unique set of coef cient§(U); U  [d], where[d]= f1;:::;dg.
U [d]

d

Sensitivity in Boolean function analysis. Sensitivity is a common complexity measure for
Boolean functions. Intuitively, it captures the changes in the output of the function, averaged
over the neighbours of a particular input. Formally, lef := f 1g® denote the Boolean cube

in dimensiond. Thepsensnwlty of a Boolean functioh : 9 1 f 1gatinputx 2 %is
given by S(f; x) = 1 1[f (x) 6 f(x )], wherel[] denotes the indicator function and
X = (Xg;ir0% 13 x.,x.+1;::"xd) denotes the sequence obtained after |pp|ng|t‘H®o-

ordinate ofx. Note that in the Boolean case, the neighbor of an input can be obtained by ipping
a bit, we will de ne a more general notion later which holds for more complex data. The average
sensitivity is measured by averagiBgf; x) across all inputs,

s(f)= E [S(f;x)]= % S(f; x): 1)
X x2 d
Following Bhattamishra et al. (2023b), when comparing inputs of different lengths, we consider the
average sensitivity normalized by the input lendsf ) = %S(f ). The sensitivity of a function
f is known to be related to the degrBdf ) of the multilinear polynomial which represerits

(Huang, 2019; Hatami et al., 2011), and low-degree functions have lower sensitivity. Speci cally, a
breakthrough result (Huang, 2019) showed Dét)  S2., (f) , whereSmax (f) := mzaxd S(f; x).
X

Attention Layer. The output of a single-head self-attention layer, parameterized by key, query, value
matricesW q; W 2 RT %:wy 2 RT & forinputX 2 RT Twith T tokens ofd dimension, is
ATTN( X ;Wo;Wi ;Wy) == ' (XW gW g X 7 )XW v, where' (XW oW X )2 R"T Tis

the attention map with the softmax mag ) : R" ! RT applied row-wise.

Main Results. Consider any model with at least one self-attention layer, witeris obtained

by reshapingc 2 9, d = Td Instead of applying the softmax activation, we consider linear
attention and apply an identity activation element-wise with a scaling facrBf. The following

result shows that the conjugate kernel (CK) or neural tangent kernel (NTK) (see Appendix B for an
overview) induced by transformers with linear attention exhibit a weak form of spectral bias, where
the eigenvalues do not decrease as the degree of the multi-linear monomials increases, separately for
even and odd degrees; see Appendix B for the proof.

Proposition 2.1. LetK be the CK or NTK of a transformer with linear attention on a Boolean

cube 9. Foranyx;y 2 9 we canwriteK (x;y) = (hx;yi) for some univariate function
:R! R. Further, foreveryd [d], y is an eigenfunction dk with eigenvalue
P
wj= E xYK(x;1) = E xY d' x
x d x d i

wherel :=(1;:::;1)2 ¢, and the eigenvalues, k 2 [d], satisfy

0 2 2k i 1 3 2k+1

Note that for a givetJ, the eigenvalue j,;; only depends omY andP i Xj by de nition, and hence,

it is invariant under any permutation fof]. Larger eigenvalues for lower-order monomials indicate
that simpler features are learned faster. Since low sensitivity implies learning low-degree polynomials,
Proposition 2.1 also implies a weak form of low sensitivity bias.

We now show a connection between lower sensitivity and better robustness. Given axamnplé

and some 2 (0; 1), consider a n0|sy sampi€’, wherex? = x; with probability and uniformly

random, otherwise. It can be veri ed that the p@crxo) has correlatlon The following result
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shows that iff has a lower sensitivitgmax (f ), then there is a lower probabili§r[f (x) & f (x9] of
inconsistent predictions on the péic; x% ; see Appendix B for the proof.

Proposition 2.2. Given -correlated pair(x; x%, where 2 (0;1), and functiorf : 9!f  1gwith
maximum sensitivitgmax (f ), 0 ( Pro) [f(x)6F(x9] 051 (Smax (D7)
X ;X

Together, Propositions 2.1 and 2.2 imply that transformers have low sensitivity and hence, better
robustness. In Section 6, we present experimental evidence showing that the low sensitivity of
transformers correlates with their improved robustness.

3 MEASURING SENSITIVITY BEYOND BOOLEAN DATA

While sensitivity appears to be a promising metric to understand the inductive biases of transformers,
it is only de ned for Boolean data. In order to investigate the inductive biases in real-world image
and language tasks, we need an equivalent metric for high-dimensional, real-valued data.

We de ne the sensitivity metric for high-dimensional data, which is an analog of Eq. (1) as follows.
De nition 3.1. Given a model , dataseD and distributiorP, sensitivity is computed as:
" #

1[sienNC ( ;X)) & siGN( (X)) s )

sO= 7,
=1

E
D
x P
whereX is obtained by replacing theé" token inX with x.

An important consideration here is to de e While

one can replace a token with a randomly selected to-

ken to measure sensitivity, this may not ensure that

the new token lies in a neighbourhood of the original

token. Capturing how the output changes with local

perturbations according to the metric of the underlying

space is an important aspect of the sensitivity de nition

for Boolean functions (as discussed in Gopalan et al.

(2016), for e.g.), and appropriate extensions of sensi-

tivity beyond Boolean functions should capture this

property. For input spaces such as natural images or

text embeddings, there is more structure in the tokens,

and a randomly selected token can lie far from thﬁigure 1: Measuring Sensitivity in Vi-
original token's neighborhood. Therefore, instead ion Tasks A patch is rst selected to add
replacing a token with a random token, we inject smaf 5 \<sian noise corruptions. Then the orig-
perturbations into the token to evaluate sensitivity. Thiﬁﬁal image and the corrupted image are fed
allows us to control the size of the neighbourhood b?’hto thesameneural network to make pre-

selecting the strength of the noise perturbation. dictions. If the predictions are inconsistent,

Formally, for each tokee of an inputX , letx :=  thenthe neural network is sensitive to this

e + be aperturbed token, whereN (0; 21)is patch. The process is repeated for every

an isotropic Gaussian with varianc®. We measure Patch to measure the overall sensitivity.
sensitivity by replacing with x as per De nition 3.1, withP asN (0; 21). For image data, each
tokene corresponds to different patches (see Section 4 for further details), while for language
data, the tokens correspond to embeddings of sub-words (see Section 5 for more details). Figure 1
illustrates the measurement for images.

The important characteristics of this metric are that it is a uni ed notion of complexity across
vision and language tasks, and as we will see later, it distinguishes transformers from various other
architectures. For instance, we compare the sensitivity measured with token-wise perturbations as
mentioned above, with random perturbations across the input in Appendix A.3 and nd that the gap
in the latter metric is not as large as the proposed metric.

We also note that while for Boolean data, sensitivity aligns with other notions of complexity, such as

sparsity, this may or may not be the case in settings with high-dimensional or real-valued data. In
the following section, we present experimental results for a self-attention model, in a synthetic data
setting to demonstrate this. Speci cally, we show that in the synthetic dataset, the related notion of
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using a sparse set of input tokens may or may not align with low-sensitivity, but the model learns the
low-sensitivity function in both cases.

3.1 EXPERIMENTS ONSYNTHETIC DATA

We construct a synthetic dataset to examine the inductive bias of a single-layer self-attention model.
We show that in the presence of two solutions with the same predictive power but different sensitivity
values, this model learns the low-sensitivity function. We begin by describing the experimental setup
and then discuss our results.

Setup. We compose a single-head self-attention layer with a linear be@dRY ¢ to obtain the
nal prediction, and write the full model as

(;X)= U;" (XW QW X7)XW y (3)

where :=concat(Wq; Wk ; Wy ;U). We consider this model for the experiments in this section,
with all the parameters initialized randomly at a small scale. Next, we describe the process to generate
the dataset. We rst de ne the vocabulary as follows:

Figure 2: Visualization of the synthetic data gen-
eration process (see Section 3.1 for details). For
simplicity, we represent eadrdimensional token
with a square. Middle row: In each case, given a
labely, we randomly sampl& = 11 tokens, with
ns tokens fromV,,.e B(Ns + Ng)=2c tokens from

Viequent Nt b (Nt + ng)=2c tokens fromV gy, ...and
the remaining tokens froMigievan: NOte that in the
rst example, sincens =3 andng =1, a predictor that
relies (only) on the sparse tokens is less sensitive com-
pared to the one that relies on the frequent tokens. On
the other hand, in the second example, simge 1
andng =3, the predictor that relies on the frequent
tokens is less sensitive. Bottom row: We include two
sentiment analysis-based examples to illustrate the
synthetic data samples in the second row, using

e . . .
same colors as the st two rows. ?—llgure 3: Train and test dynamics for a

single-layer self-attention model (Eq. (3))
sing the synthetic data visualized in Fig. 2;
e Section 3.1 for detailkeft column: the
MR dictor that usesparsetokens has lower
sensitivity (Ex. 1 in Figure 2)Right col-
— _ _ umn: the predictor that usdsequenttokens
e e i g SParsetokens Using PRauentokens has lower sensitivity (Ex. 2 in Figure 2); see
(1;17,7; 20); Fig. 3 right col. 0:0339 0 Appendix A.1 for more examples.

De nition 3.2 (Synthetic Vocabulary)Consider a vocabulary &fl distincttokens/:=fei;:::eu g,
wheree; 2f 0; 1g° denotes thé" basis vector. We de ne smaller subsetssparsetokens and larger
subsets ofrequenttokens for each labgl = 1, as well as a subset ofelevanttokens:

Vgparse: feiq; Vsparse:z fe20; Virelevant:= f€2am+ziiii;em g

Table 1: Comparison of sensitivity values for mode
that use only sparse or frequent tokens for the setti
considered in Figure 3.

+ — . . —— . .
Vfrequent-_ fe31 €5l eom+1 G Vfrequent-_ fe4| €6, il €2m+2 0

Let T denote the sequence length of each data pejngndng denote the number of frequent and
sparse tokens, respectively, such thatn¢ < min(m; T ng), andng be a parameter satisfying
ng n;. Next, we describe the process of generating the dafasste Fig. 2 for an example.
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De nition 3.3 (Dataset Generation)Consider the vocabulary in De nition 3.2. To generate a data
point (X ;y), we rst sample the labey 2 f 1g uniformly at random. We divide the indic¢E]
into three sets$ frequent | sparse@Nd| irrelevans @Nd sample each set as follows:

* | frequent iS composed of(ns + ng)=2c tokens uniformly sampled fronvﬁﬁequem and n¢
b(ns + ng)=2c tokens uniformly sampled fror\vffrei’wem

* | sparseCoOntainsns tokens uniformly sampled from@’parse

e Theremainingr ns ngtokens inl jreevantare uniformly sampled froMielevant

To determine if the tokens MsparseOr those inViequenthave a more signi cant impact on the model's
predictions, we adapt the test set generation process by altering the second step in De nition 3.3: we
sample the sparse tokens frafg,),instead oV, . If this modi cation leads to a noticeable drop

in the test accuracy, it suggests that the model relies on the sparse feature(s) for its predictions.

We consider two other metrics to examinegthe rolg of the attengion head and the linear predictor.
De ne three vectorsvgy:= €1 €3; Vieq = € €i; Virel := ei. We plot the average
i2v} i2v i 2V irrelevant

frequent frequent

alignment (cosine similarity) between the rowd bV ,; and these vectors to see what tokens the
prediction head relies on. Similarly, we plot the sum of the softmax scores for the three types of
tokens to see which tokens are selected by the attention mechanism.

We setP in Def. 3.1 as the uniform distribution ov&ffor computing sensitivity in our experiments.

Results.Figure 3 shows the train and test dynamics of the model in Eq. (3) using synthetic datasets
generated by following the process in De nition 3.3 (details in Table 1). We consider two cases: in
the rst case (left column), using the sparse token leads to a function with lower sensitivity, whereas

in the second case (right column), using the frequent tokens leads to lower sensitivity (see Table 1
for a comparison of the sensitivity values). We observe that in the rst case, the OOD test accuracy
drops to0, the alignment wittvs, is close tol and the attention weights on the sparse tokens are

the highest. These results show that the model relies on the sparse token in this case. On the other
hand, in the second case, the test accuracy remains high, the alignmewayithclose tol and the
attention weights on the frequent tokens are the highest, which shows that the model relies on the
frequent tokens. These results show that the model exhibits a low-sensitivity bias. Note that in both
cases, the model can learn a function that relies on a sparse set of inputs (using the sparse tokens),
however, it uses these tokens only when doing so leads to lower sensitivity.

4 INVESTIGATIONS ONVISION TASKS

In this section, we test whether our notion of sensitivity captures the inductive bias of transformers on
vision tasks. We consider Vision Transformers (ViT, Dosovitskiy et al., 2021) which regard images
as a sequence of patches instead of a tensor of pixels.

De nition 4.1 (Tokenization for Vision Transformerslet X 2 R"™ " "¢ pe the image with
heightny,, width n,,, and number of channelg. A tokenization ofX is a sequence of image
patched eq; ; er g where each tokeg; represents an image patch of dimengion n,, nync=T.

Sensitivity is measured on thiining set because our goal is to understand the simplicity bias of the
model at training time, to see if it prefers to learn certain simple classes of functions on the training
data. Since different models could have different generalization capabilities, the sensitivity on test
data might not re ect the model's preference for low-sensitivity functions at training time. Further,
since the choice of optimization algorithm could in principle introduce its own bias and our goal
is to understand the bias of the architecture, we train both the models with the same optimization
algorithm, namely SGD; see Fig. 11 in the App. for a comparison with Adam.

We consider three datasets in this section (see Appendix D for details), namely CIFAR-10 (Krizhevsky,
2009), ImageNet-1k (Russakovsky et al., 2015) and Fashion-MNIST (Xiao et al., 2017). We use
2=1, 15and5, respectively. We use a variant of the ViT architecture for small-scale datasets
proposed in Lee et al. (2021), referred to as ViT-small here onwards; see Appendix D for more details
and Appendix A.3 for additional results where we show that varying model depths and number of
heads does not affect the sensitivity of ViT models. We also compare the sensitivity of the ViT-small
model and a ResNet-18 (He et al., 2016) CNN on the SVHN dataset wih in Appendix A.3,
which leads to the same conclusion.
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Transformers learn lower sensitivity
functions than CNNs. Figure 4 shows
the train accuracies as well as the sen-
sitivity comparison between two VIiTs:
the ViT-small model and a ViT-simple
model (Beyer et al., 2022), two CNNs: a

ResNet-18 and a DenseNet-121 (Huanggure 4: Sensitivity on CIFAR-10. Comparison of

et al., 2016), and a ConvMixer mode{ne sensitivity of two CNNs, two ViTs, and ConvMixer
(Trockman & Kolter, 2022a). Note thatyrained on the CIFAR-10 dataset, as a function of training
the train accuracies are comparable fQihochs. For a fair comparison, the gure also shows the
all architectures, which allows for a fairyain accuracies (see App. Fig. 13 for full train dynamics).

comparison of sensitivity. We observe| models have similar accuracies but the ViTs have sig-
that the ViTs have signi cantly lower sen+;; cantly lower sensitivity.

sitivity compared to the CNNs and the
ConvMixer model. At the end of the training, the sensitivity valuesta3é73for DenseNet-121,
0:0827for ResNet-180:0829for ConvMixer, 0:0050for ViT-small and0:0014for ViT-simple.

Do Transformers have lower sensitivity than CNNs because these models process inputs dif-
ferently? ViTs process inputs as a sequence of patches whereas CNNs do not, and hence a natural
question to ask is if the difference in sensitivity between the two architectures is due to this difference
in processing the inputs as opposed to differences in the architecture. To investigate this, we compare
ViTs with ConvMixer (Trockman & Kolter, 2022b). Similar to ViTs, ConvMixer processes the input
data in a patch-wise manner, but has two key differences: it does not use the self-attention mechanism,
which is the core component of transformers, and it relies on convolutions for the feedforward part
as well. The higher sensitivity of the ConvMixer model indicates that the low sensitivity simplicity
bias of the transformers is not because they process inputs patch-wise, but rather a result of other
components of the architecture.

Do these observations generalize to pre-trained modelsm study this, we consider the ImageNet-

1k dataset (Russakovsky et al., 2015). We compare the sensitivity values of pre-trained ConvNext (Liu
et al., 2022) and ViT/L-16 (Dosovitskiy et al., 2021) models. For comparable accuracies, ViT/L-16
has a sensitivity 00:0191, which is lower than that of ConvNext 80342 This shows that the
observations on small-scale models studied in this section transfer to large-scale pretrained models.

Transformers learn lower sensitivity functions than MLPs. Next, we consider the Fashion-MNIST
dataset and compare the sensitivity of ViT-small, a 3-hidden-layer CNN, an MLP with LeakyRelLU
activation and an MLP with sigmoid activation (see Fig. 15 in the Appendix for the training curves).
At the end of training, the sensitivity values &@559for the MLP with LeakyReLUQ:0505for the

MLP with sigmoid,0:0453for the CNN and):0098for the ViT.

Thus, transformers learn lower sensitivity functions compared to MLPs, ConvMixers, and CNNSs.
5 INVESTIGATIONS ONLANGUAGE TASKS

In this section, we investigate the sensitivity of transformers on natural language tasks, where each
datapoint is a sequence of tokens. Similar to the comparison of ViTs with MLPs and CNNs in
Section 4, we compare a RoBERTa (Liu et al., 2019) transformer model with LSTMs (Hochreiter &
Schmidhuber, 1997), an alternative auto-regressive model, in this section. Recall that we consider
a transformer with linear attention for the results in Section 2. Aligning with this setup, we also
consider a RoBERTa model with ReLU activation in the attention layer (eplacing () in Eq. (3)

with ReLU( )) for our experiments.

We use the usual RoBERTa-like tokenization procedure to process inputs for all the models so that they
arerepresented &s>e;;  ;er </s> where eacle; represents tokens that are usually subwords and
<s>represents the classi cation (CLS) tokénthe sequence length, arés> the separator token.

We denote, = <s>ander,; = </s>. For each tokee , a token embeddinge ():[M]! R%is

trained during the process, wheve denotes the vocabulary size. For transformers, we also train a
separate positional encodes ():[N]! RY, whereN denotes the maximum sequence length. We
denotee;°™ = he™ (g ) ande[*®= "= hg*®=K{g ) + hE***'{j) as the embedding tokens of LSTM

and RoéERTa, respectively. We omit the superscript for convenience.

To control the relative magnitude of noise, the embeddangs LayerNorn{e ) are rst layer-
normalized (Ba et al., 2016) before the additive Gaussian corruption. To better control possible
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(&) MRPC (b) QQP (&) MRPC (b) QQP

Figure 5:Sensitivity over Datapoints Trained Figure 6: Sensitivity over Token Position On

On both datasets, the Transformer-based mdui¢h datasets, LSTMs are more sensitive to later
RoBERTa displays much lower sensitivity comekens than early ones, while ROBERTa's sensitiv-
pared to LSTMs during the entire training procei$g, regardless of the activation function, is more
RoBERTa with ReLU activation has lower senahiform across token positions, except for a few
tivity compared to its Softmax counterpart at latearly bumps in early tokens which come from the
stages of training. CLS token<s>.

confounders, we limit both LSTM and RoBERTa to having the same number of layers. Both models
are trained from scratchyithoutany pretraining on larger corpora, to ensure fair comparisons.

We consider two binary classi cation datasets, MRPC (Dolan & Brockett, 2005) and QQP (lyer et al.,
2017) (see Appendix D for details), which are relatively easy to learn without pretraining (Kovaleva
etal., 2019). Empirically, we set? =15 (results with 2=4 in App. A.4 yield similar observations

as the results in this section). Similar to Section 4, we measure sensitivity on the train set (results on
the validation set in App. A.4 yield similar observations). We include results with different depth
values for ROBERTa as well as using GPT-2 in App. A.4 and they lead to similar conclusions.

Transformers learn lower sensitivity functions than LSTMs. As shown in Figure 5, both ROBERTa
models have lower sensitivity than LSTMs on both datasets, regardless of the number of datapoints
trained. Even at initialization with random weights, LSTMs are more sensitive. At the end of training,
the sensitivity values on the MRPC dataset@fé, 0:002and0:001for the LSTM, the ROBERTa

model with softmax activation and the ROBERTa with ReLU activation, respectively. On the QQP
dataset, LSTM, RoBERTa-softmax and RoOBERTa-RelLU have sensitivity valige830D:03 and

0:02, respectively. Interestingly, ROBERTa with ReLU activation also has lower sensitivity than its
softmax counterpart. This may be because softmax attention encourages sparsity because of which
the model can be more sensitive to a particular token; see Ex. 2 in Fig. 2 and bottom row of Fig. 3 for
an example where sparsity can lead to higher sensitivity.

LSTMs are more sensitive to later tokensln Fig. 6, we plot sensitivity over the token positions.

We observe that LSTMs exhibit larger sensitivity towards the end of the sequence, i.e. at later token
positions. In contrast, transformers are relatively uniform. Similar observations were made by (Fu
et al., 2023) for a linear regression setting: LSTMs do more local updates and only remember the
most recent observations, whereas transformers preserve global information and have longer memory.

Transformers are sensitive to the CLS tokenln Fig. 6, we also observe that the ROBERTa model
with softmax activation has frequent bumps in the sensitivity values at early token positions. This
is because different sequences have different lengths and while computing sensitivity versus token
positions, we align all the sequences to the right. These bumps at early token positions indeed
correspond to the starting token after the tokenization procedure, the CLStskeThis aligns with

the observation of Jawahar et al. (2019) that the CLS token gathers all global information. Perturbing
the CLS token corrupts the aggregation and results in high sensitivity. We also observe that ROBERTa
with ReLU activation seems less sensitive to the CLS token compared to its softmax counterpart.

6 IMPLICATIONS OF LOW SENSITIVITY BIAS

We saw in Section 4 that transformers learn lower sensitivity functions than CNNs. In this section,

we rst compare the test performance of these models on the CIFAR-10-C dataset and show that
transformers are more robust than CNNs. Next, we add a regularization term while training the

transformer, to encourage lower sensitivity. The results demonstrate that lower sensitivity leads to
improved robustness. We then explore the connection between sensitivity and the atness of the
minima. Our results show that lower sensitivity leads to atter minima. Finally, we examine if
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sensitivity can be used to understand the training dynamics of transformers, where we nd sensitivity
to be a suitable progress measure for certain grokking instances.

6.1 LOWERSENSITIVITY LEADS TO IMPROVED ROBUSTNESS

The CIFAR-10-C dataset (Hendrycks & Dietterich, 2019) was developed to benchmark the perfor-
mance of various NNs on object recognition tasks under common corruptions that are not confusing
to humans. Images from the test set of CIFAR-10 are corruptedMitiipes of algorithmically
generated corruptions from blur, noise, weather, and digital categories (see Fig. 1 in Hendrycks &
Dietterich (2019) for examples).

Fig. 7 compares the performance
of two CNNs: ResNet-18 and
DenseNet-121 with two ViTs:
ViT-small and ViT-simple on
various corruptions from the
CIFAR-10-C dataset, at the end
of training. We observe that the
ViTs have lower sensitivity and

better test performance on almost.. . .
all corruptirz)ns compared to the"19ure 7: Comparison of the test accuracies on CIFAR-10 and on

CNNs, which have a higher Sen\_/arious.corruptio.ns from the CIFAR-10-C dataset (see Section 6
sitivity. Since the de nition of for details) _of various models tralneq on the CIFAR-10 Qataset, at
sensitivity involves the addition the last training epoc_h (see App. Fig. 17 for a comparison of the
of noise and ViTs have loweraccuracies as a function of.tralnlng epochs.). We observeT that the
sensitivity, one can expect to be/ISion Tran_s_fc_)rmer m(_)deMT—smaII andV|T-S|m_pIe exhibit
robust to various noise corrup2Wer sensitivity and higher robustness to corruptions (_:ompared to
tions. However, the ViTs alsothe CNN modeli)enseN_e_t-'lZIarlldRes.N.et-18. Addmonally,_
have better test performance off'couraging lower sensitivity while training through regulariza-

several corruptions from weathef!o" (ViT-small-reg )and data augmentatioliT-small-aug )
and digital categories, which ar eads to improved robustness (see Section 6 for details).

signi cantly different from noise corruptions. This is consistent with the observations in Mahmood
et al. (2021); Bhojanapalli et al. (2021).

Next, we conduct an experiment to investigate the role of low sensitivity in the robustness of
transformers. We add a regularization term while training the model to explicitly encourage it to have
lower sensitivity. If this model is more robust, then we can disentangle the role of low sensitivity
from the role of the architecture and establish a concrete connection between lower sensitivity and
improved robustness. To add the regularization, we use the fact that sensitivity can be estimated
ef ciently via sampling and consider two methods. In the rst method (augmentation), we augment
the training set by injecting the images with Gaussian noise (fgeariance0:1) while preserving

the label, and train the ViT on the augmented training set. In the second method (regularization), we
add a mean squared error term using the model outputs for the original image and the image with
Gaussian noise (med@hvariancel) injected into a randomly selected patch.

Fig. 7 also shows the test performance of ViT-small trained with augmentation and regularization
methods on various corruptions from CIFAR-10-C. We observe that ViTs trained with these methods
exhibit lower sensitivity compared to vanilla training. This is accompanied by an improved test
performance on various corruptions, particularly on the noise and blur categories. As encouraging
lower sensitivity improves robustness, the inductive bias of transformers to learn functions of lower
sensitivity could explain their better robustness (to common corruptions) compared to CNNs.

6.2 LOWERSENSITIVITY LEADS TO FLATTER MINIMA

In this section, we investigate the connection between low sensitivity and at minima. Consider
alinear model ( ;x) = 7~ x. Measuring sensitivity involves perturbing the input by some.

Prediction on the perturbed input is equivalent to perturbing the weight vector with ﬁ;‘fx, as
2

> >

(ix+ x)= “(x+ x)= (;x)+ 7 x= (;x)+  “x= (+ ;x)

This draws a natural connection between sensitivity, which is measured with perturbation in the input
space, and atness of minima, which is measured with perturbation in the weight space (Keskar et al.,
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2017). Below, we investigate whether such a connection extends to more complex architectures such
as transformers. Given modeland train seD, we consider two metrics to measure the atness of
the minimum, based on the model outputs and model predictions, respectively,

JI)( P X) ( + ;x)j; ShPred := E 1§f( X)8 f( + ;x);

ShOp:=
px xD ; N (0; 2I

E
D ; N (0;
wheref ( ;x) = 1[ ( ;x) 0] Intuitively, for atter minima, the model output and hence its
prediction would remain relatively invariant to small perturbations in the model parameters.

Table 2 shows a comparison of these metrics for ) .
the ViT-small model trained with and without!@ble 2: Comparison of two sharpness metrics at

the sensitivity regularization at the end of traif’€ end of training the ViT-small model on the
ing. Both metrics indicate that lower sensitivity=!PAR-10 dataset with and without the sensitivity

corresponds to a atter minimum. It is Wide|yregularization. Lower values correspond to atter
believed that atter minima correlate with bettefinima; see text for discussion.

generalization (Jiang* et al., 2020; Keskar et al., Setting ShOp  ShPred
2017; Neyshabur et al.,, 2017), though they Mmay™irsmall + vanilla training  39:166 05346

not always be corre!atgd (And“UShChenko_ e_t.a|-MT-smaII + sensitivity regularization 9:025 03982
2023). Our results indicate that low-sensitivity
correlates with improved generalization and investigating this connection for other settings can be an
interesting direction for future work.

6.3 SENSITIVITY AS A PROGRESSMEASURE FORGROKKING

In this section, we in-
vestigate if the sensitiv-
ity notion could serve as
a progress measure for
grokking (Nanda et al.,
2023; Chen et al., 2024).
We train an one-layer
Transformer model on the
modular addition task +  (a) Train & Test accuracy  (b) Sensitivity (c) Weight norm

b mod 113 When eval- _. ) e -
uating sensitivity, we add Figure 8: Sensitivity measures progress on modular additioretash

a random Gaussian noisénOd 113and indicates different stages of grokking.

with = 0:1 to the number embeddings. As shown in Figure 8, the test accuracy stays low from
epoch 500 to 9,800 while the training accuracy saturates. However, sensitivity values continue to
decrease smoothly starting from epoch 3000, and hence it provides a measurkidfiémeprogress

(Barak et al., 2022) which the model makes even though the loss does not change, and indicates
stages of grokking. In contrast, the weight norm is not a progress measure since it has the same at
curve as test accuracy during epoch 3,000 to 9,800.

As discussed by Nanda et al. (2023), grokking occurs when the model learns to use Fourier features
to solve the task. A further bump in sensitivity after the grokked phase at epoch 9800 suggests that
the model initially learns less robust Fourier features. At this stage, a small random noise could
slightly disrupt the model's performance. Over time, the Fourier basis becomes more robust. See
Appendix A.5 for further discussion and results for more settings.

7 CONCLUSION

In this work, we investigate how the notion of sensitivity, which has shown promise in understanding
inductive biases of Transformers on Boolean functions in prior work, can be extended to more
realistic settings involving real-valued data. Our results show that transformers learn functions that
have low sensitivity to small token-wise input perturbations, compared to other architectures, across
vision and language tasks. We corroborate these observations with theoretical results, showing that
transformers exhibit spectral bias and lower sensitivity corresponds to better robustness. We also
demonstrate three important implications of this low-sensitivity bias: it correlates with improved
robustness, atter minima in the loss landscape, and serves as a progress measure that offers insights
about the training dynamics. Investigating sensitivity as a progress measure in more settings can be
an interesting direction for future work.
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A ADDITIONAL EXPERIMENTS

In this section, we include some additional results to supplement the main experimental results for
synthetic data as well as the vision and language tasks.

A.1 SYNTHETIC DATA AND THE MNIST DATASET

In this section, we present some additional results for the low-sensitivity bias of a single-layer
self-attention model (Eq. (3)) on the synthetic dataset generated based on De nition 3.3, visualized in
Fig. 2. Similar to the results in Section 3.1, we consider three data settings where using the sparse
token leads to a function with lower sensitivity (Fig. 9, top row) and three settings where using
the frequent token leads to lower sensitivity (Fig. 9, bottom row). The exact data settings and a
comparison of the sensitivity values for each setting are shown in Table 3. These results yield similar
conclusions as in Section 3.1: in both cases, the model uses tokens which leads to a lower sensitivity
function.

Continuing from the synthetic data, we now consider a slightly more complicated dataset, namely
MNIST (LeCun & Cortes, 2005). The MNIST dataset consistg@f black-and-white images of
handwritten digits of resolutioB8 28. There are60k images in the training set arldk images in

the test set. Itis released under the CC BY-SA 3.0 license. We compare the sensitivity of a ViT-small
model with an MLP on a binary digit classi cation task Gor 5). In our experiments, each image

is divided intoT = 16 patches of siz& 7 for the ViT-small model. For the MLP, the inputs are
vectorized as usual. With this setting, we measure the sensitivity of the two models using patch token
replacement as per De nition 3.1. As shown in Figure 10, when achieving the same training accuracy,
the ViT shows lower sensitivity compared to the MLP.

A.2 SENSITIVITY WITH RANDOM NOISE INSTEAD OFTOKEN-WISE NOISE

In this section, we consider changing the way we compute sensitivity, to see if the resulting metric
also distinguishes transformers from other architectures. Instead of token-wise perturbations, we add

19



Published as a conference paper at ICLR 2025

Table 3: Comparison of sensitivity values for models that use only sparse or frequent tokens for the
settings considered in Fig. 9.

Top row in Fig. 3(ns =3;ng =1) Bottomrow in Fig. 3(ns =1;nq =7)

Data Settingn¢ ; m) (5;16) (7,28) (17, 20) (32,36)
Using sparse tokens 0 0 0 Q0339 00339 00339
Using frequent tokens 0:1315 02878 04502 0 0 0

Figure 9: Train and test dynamics for a single-layer self-attention model (Eq. (3)) using the synthetic
data visualized in Fig. 2; see Section 3.1 for details. The top row corresponds to the cases where the
predictor that uses sparse tokens has lower sensitivity, while the bottom row corresponds to the cases
where using the frequent tokens leads to lower sensitivity. The precise data settings for this gure, as
well as a comparison of sensitivity values, are shown in Table 3.

Figure 11:Sensitivity using SGD and Adam.Com-
Figure 10:Sensitivity on MNIST. ViT and parison of train accuracies and sensitivity values of the
MLP get similar accuracy, but the ViT ha¥iT-small model trained on the CIFAR-10 dataset using
lower sensitivity. SGD and Adam optimizers.

Gaussian noise across the entire input with a smaller variance so that the transformer's sensitivity in
this case is similar to the sensitivity with token-wise noise.

Table 4: Comparison of sensitivity values measured with random and patch-wise noise for various
model-dataset settings. Token-wise perturbations lead to a larger gap between the sensitivity of
transformer-based models compared to other architectures.

Model and dataset Random noise Token-wise noise
ResNet-18 on CIFAR-10 0.0172 0.0827
ViT-small on CIFAR-10 0.0082 0.0050

LSTM on QQP 0.11 0.09

RoBERTa on QQP 0.05 0.03

In Table 4, we compare the sensitivity values at the end of training for ResNet-18 and ViT-small on
the CIFAR-10 dataset (varian€025) and LSTM and RoBERTa on the QQP dataset (varidnsp

We nd that for random perturbations, the difference between sensitivity values is much smaller for
CIFAR-10 and similar for the QQP dataset, compared to patch-wise perturbations. These results
suggest that measuring sensitivity with patch-wise noise is indeed the metric that we should consider
since it distinguishes transformers from other architectures with a larger gap.

A.3 VISION TASKS

Effect of Depth, Number of Heads and the Optimization Algorithm. In Fig. 11, we compare
the sensitivity values of a ViT-small model trained on CIFAR-10 dataset with SGD and Adam
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optimization algorithms. Although the model trained with Adam has a slightly higher sensitivity, the
sensitivity values for both the models are quite similar. This indicates that the low-sensitivity bias is
quite robust to the choice of the optimization algorithm.

In Fig. 12, we compare the sensitivity values of a ViT-small model with different depth and number
of attention heads, when trained on the CIFAR-10 dataset. Note that for our main results, we use
a model with deptl8 and32 heads. We observe that the train accuracies and the sensitivity values
remain the same across the different model settings. This indicates that the low-sensitivity bias is
quite robust to the model setting.

(a) Sensitivity for varying depth (b) Sensitivity for varying number of heads

Figure 12:Sensitivity for Various Model Settings. Comparison of train accuracies and sensitivity
values on the CIFAR-10 dataset when varying the depth and number of heads of the ViT-small model.
We observe that for the same train accuracy, the sensitivity values remain very similar for different
model settings.

Figure 13: Comparison of the sensitivity of two CNNs, two ViTs, and ConvMixer trained on the
CIFAR-10 dataset, as a function of training epochs. For a fair comparison, the gure also shows the
train and test accuracies and loss values (cross-entropy loss). All models have similar accuracies but
the ViTs have signi cantly lower sensitivity than the other models.

Effect of Variance. In Fig. 14, we compare
the effect of the variance? used while eval-
uating sensitivity for different models trained
on the CIFAR-10 dataset. We observe that the
ViTs have signi cantly lower sensitivity than the
other models and the difference becomes starker
as the variance level increases.

Results on SVHN DatasetFig. 16 shows the g, re 14: Sensitivity for Different Variances.

training accuracy and sensitivity of a ResNet-18 554 rison of the sensitivity of two CNNs, two
and a ViT-small model trained on SVHN datasirs “ang ConvMixer trained on the CIFAR-10
(ﬁletzer etal, 20|11). At .the er]!d of trainingyataset, as a function of different variance levels,
the sensitivity values ared.0516for ResNet- 4 1he eng of training. The ViTs have signi cantly

18 and0:0147 for ViT-small. Similar to the o ; ;
: wer sensitivity at any variance and the difference
observations for CIFAR-10, we see that the Vil .;\vs as variance increases.

has a signi cantly lower sensitivity.

Additional Results on CIFAR-10-C. Fig. 17 and Fig. 18 show the test performance on various
corruptions from the CIFAR-10-C dataset with severity [¥ahd1, respectively. We observe that
CNNs have lower test accuracies on corrupted images compared to ViTs. Further, encouraging lower
sensitivity in the VIT leads to better robustness.

A.4 LANGUAGE TASKS
Sensitivity Measured with Variance 2 = 4. Alternative to the main experiments wittf = 15, we
also evaluate sensitivity with a different corruption strengtte 4 on the QQP dataset, as shown in
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