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ABSTRACT

Recently, ( ) showed that using weight matching (WM) to
minimize the L? distance in a permutation search of model parameters effectively
identifies permutations that satisfy linear mode connectivity (LMC), where the loss
along a linear path between two independently trained models with different seeds
remains nearly constant. This paper analyzes LMC using WM, which is useful
for understanding stochastic gradient descent’s effectiveness and its application
in areas like model merging. We first empirically show that permutations found
by WM do not significantly reduce the L? distance between two models, and
the occurrence of LMC is not merely due to distance reduction by WM itself.
We then demonstrate that permutations can change the directions of the singular
vectors, but not the singular values, of the weight matrices in each layer. This
finding shows that permutations found by WM primarily align the directions of
singular vectors associated with large singular values across models. This alignment
brings the singular vectors with large singular values, which determine the model’s
functionality, closer between the original and merged models, allowing the merged
model to retain functionality similar to the original models, thereby satisfying LMC.
This paper also analyzes activation matching (AM) in terms of singular vectors
and finds that the principle of AM is likely the same as that of WM. Finally, we
analyze the difference between WM and the straight-through estimator (STE), a
dataset-dependent permutation search method, and show that WM can be more
advantageous than STE in achieving LMC among three or more models.

1 INTRODUCTION

Large-scale neural networks (NNs) are widely used in various fields ( R ;

), and optimizing their parameters poses a massive non-convex
optlmlzatlon problem Remarkably, stochastic gradient descent (SGD), which is widely used for
training NN, is known to find good solutions despite its simplicity. One hypothesis for this seemingly
counterintuitive phenomenon is that the landscape of the loss function may be much simpler than
previously thought. Several studies (

) have found that different NN solutions can be connected by simple nonhnear paths with almost
no increase in loss. Recently, ( ) conjectured that Conjecture 1.1 holds, considering
all possible permutation symmetries of NNs:

Conjecture 1.1 (Permutation invariance, informal). Let 8, and 6y, be two SGD solutions (model
parameters). Then, with high probability, there exists a permutation 7 such that the barrier (defined
in Definition 2.1) between 8, and 7(6y) is sufficiently small.

Here, the barrier represents the increase in loss observed when linearly interpolating between the
weights of the two models. If the barrier between two models is sufficiently small, we say that linear
mode connectivity (LMC) is satisfied between them ( , ). Conjecture 1.1 suggests
that most SGD solutions can be transferred into the same loss basin using permutations. Indeed, some
studies ( s s ) have experimentally demonstrated that this
conjecture is valid for various datasets and models using weight matching (WM), which identifies
permutations that minimize the L? distance between the weights of two models.



Published as a conference paper at ICLR 2025

Understanding LMC principles based on permutation symmetries is important not only for compre-
hending how SGD works in deep learning but also for its application in model merging (

, ), where two independently trained models are combined. The method of finding permuta-
tions using only the L? distance is particularly Versatlle dataset- 1ndependent and computationally
efficient. In fact, several studies ( s s )
have proposed applications of permutation symmetrles in model merglng, federated learning, and
continual learning.

The current theoretical analysis of LMC relies on the feasibility of closely matching NN weights
through permutations. Recently, ( ) proved that if the distance between the weights of
two models can be sufficiently reduced via permutation, then LMC holds. Intuitively, for two SGD
solutions 6, and 8,, if 8, ~ 7(8;) holds for a permutation 7, the outputs of the interpolated model
will closely approximate those of the original models 8, and 6y,

However, our analysis reveals that even if LMC holds, the permutations found by WM do not
significantly reduce the distance between the two models (at most about a 20% reduction). This
suggests that LMC is satisfied even when WM does not bring the two models very close (i.e.,
0., % 7(6y)). Accordingly, this paper seeks to uncover a more fundamental reason why LMC holds
through the permutations found by WM. Specifically, we demonstrate that singular vectors with large
singular values of each weight in the models play a crucial role in LMC. Our analysis not only reveals
the principle behind WM but also shows that WM may be more advantageous in merging more than
two models compared to other methods such as STE.

The contributions of this paper are threefold:

1. Demonstrating that the L? distance reduced by WM is not the direct cause of LMC. We
empirically show that permutations found by WM do not significantly reduce the L? distance between
the two models. Our results show that, even when LMC is satisfied, permutations reduce the model
weight distance by no more than 20%. Supported by a Taylor approximation, our findings suggest
that reducing the L? distance through permutations is not the direct reason for LMC satisfaction.

2. Revealing the reason why WM and activation matching (AM) satisfy LMC. We analyze WM
from the perspective of the function of each layer of the model. Specifically, we provide evidence
that WM satisfies LMC by aligning the directions of singular vectors with large singular values in
each layer’s weights. This alignment ensures that the singular vectors with large singular values,
which determine the functionality of each layer, become similar between the merged and original
models. Additionally, we show that, from the perspective of the input distribution at each hidden
layer, aligning singular vectors with large singular values can efficiently approximate the functionality
between two models, even if the L? distance cannot be significantly reduced. As a result, the merged
model retains functionality similar to the original models, which facilitates LMC. We also conducted
experiments with AM and found that the reason why LMC holds in AM is likely the same as in WM.

3. Revealing STE is fundamentally different from WM in principle, which leads to a significant
difference between them when merging multiple models. To distinguish WM from other permu-
tation search methods that are independent of L? distance, we examine the straight-through estimator
(STE), which focuses on minimizing the barrier itself rather than the L? distance. Our experiments
reveal that the permutations found by STE do not align the directions of singular vectors, which is a
critical difference compared to WM in achieving LMC. Furthermore, we demonstrate experimentally
that this difference significantly impacts the satisfaction of LMC among three or more models.

2 BACKGROUND AND PRELIMINARIES

2.1 NOTATION

For any natural number k € N, let [k] = {1,2, ..., k}. Bold uppercase variables represent tensors,
including matrices (e.g., X)), and bold lowercase variables (e.g., ) represent vectors. For any tensor
X, its vectorization is denoted by vec(X ), and || X || denotes its Frobenius (Z?) norm.
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2.2 PERMUTATION INVARIANCE

We consider multilayer perceptrons (MLPs) f(x; @) with L layers for simplicity while our analyses
in this paper can be applied to any model architectures. Here, € R%n is the input to the NN, and
0 € Rdparam represents the model parameters, where d;, € N is the dimension of the input, and
dparam € N is the dimension of the parameters. Let 2, be the output of the /-th layer (i.e., zg = ,
and, for all £ € [L], z = 0(Wyz; 1 + by)). Here, o denotes the activation function, and W, and

b, represent the weight and bias of the ¢-th layer, respectively. Note that in this MLP, we have
0 =

+—, (vec(Wo) || by), where || represents the concatenation of vectors.

NNs have permutation symmetries of weight space. Considering an NN with model parameters 8,
for its ¢-th layer, zp = P7 Pzy = P70(PW,;z; 1 + Pby) holds, where P is a permutation matrix.
Note that permutation matrices are orthogonal, so we have P~ = P . Therefore, by permuting
the input of the (¢ + 1)-st layer with P~, the model parameters can be changed without altering the
input-output relationship of the NN. Specifically, the new weights and bias are given by Wg = PW,,
b% = Pby, WZ0 1 = Wi 1 P, Such permutations can be applied to all layers. We denote the tuple
of permutations corresponding to each layer as ™ = (P;) (). Moreover, if a model  is given, the
application of permutation 7 to  is denoted by 7(8).

2.3 LINEAR MODE CONNECTIVITY (LMC)

Let @ € Réaram be a model and £(0) denote the value of the loss function for the model 6. Here,
we define the loss barrier between two given models 8, and 8, as follows:

Definition 2.1. For two given models 8, and 8y, their loss barrier is defined as

B(00,01) = max L0+ (1= X)8)) = (AL(0) + (1 = N)L(B)) -

Intuitively, the barrier represents the increase in loss due to the linear interpolation of the two models.
Two models 8, and 6, are said to be linearly mode connected if their loss barrier is approximately
ZEero.

2.4 PERMUTATION SELECTION

( ) conjectured that for SGD solutions 8, and 8y, there exists a permutation 7 such
that LMC holds between 6, and 7(8,) with high probability. Afterward, ( )
proposed WM, straight-through estimator (STE), and activation matching (AM) as methods for
finding such permutations. This subsection explains WM, which is the main focus of this paper. AM
and STE are discussed in Sections 5 and 6.

In WM, we search for a permutation that minimizes the L? distance between two models':

. 2 . =< (a) ) p> 12
argmin |0, — 7(0)||* = argmin \w,” — PW,” P/ |~ (1)
T T 2L

where, without loss of generality, let P, = I and Py = I, and I is an identity matrix. This
minimization problem is known as the sum of the bilinear assignments problem, which is NP-
hard ( s ; s ; s ). Recently,
( ) proposed solving Equation (1) using Sinkhorn’s algorithm (
, ) by using an optimal transport problem. We adopt their method because it allows for
the optimization of all layers simultaneously, unlike the method by ( ), and
potentially finds better solutions.

3  MOTIVATING OBSERVATIONS

Previous studies have suggested that the closeness of two parameters in terms of L? distance
is important for satisfying LMC. For example, ( ) showed that LMC holds if a

! Although only the weights are considered here, the biases can also be dealt with by concatenating the biases
and the weights.
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Table 1: Results of WM and the estimated barrier value using Taylor approximation whérr2.

The table presents the mean and standard deviation from ve trials of model merging (i.e., the linear

combination of the models ; + ( p))=2). The columns labeled “Barrier”, “Taylor approx.”, and

“Diff.” show the barrier value, the estimated barrier value using Equation (2) for the merged model at
= 1=2, and their difference, respectively. In the “Diff.” column, if a statistical signi cant difference

is determined using a t-test at a 5% signi cance level, they are highlighted in bold. The table also

shows the_? distance between the modelgand , before and after applying the permutation, as

well as the reduction rate of the? distance (i.e.(k a bk K 2 ( pk=k 5 bK).

Dataset Network  Barrier (=1=2) Taylor approx. Diff. K a bK K a ( bk Reduction rate [%)]
VGG11 0:035 0:1 2956 0:35 2:921 0:323 799503 16396 746465 19576 664 0:808

CIFARI0 —pesNetz0 0167 0035 7517 0573 7:349 0599 710762 16261 661055 12539 @987 0472
FMNIST — MLP 0:183 0049 0928 0475 1111 0152 121853 583 100041 471 17897 0:348
MNIST — MLP 0:033 0006 Q036 003 0069 0028 81231 558 64751 4795 20305 1275

commutativity property is satis ed. This property holds if, for all layersVv @ pw®p> .= 0.

( ) argued in Section 5.2 that since WM nds the permutation that minimizes
Equation (1), WM can be seen as searching for permutations that satisfy the commutativity property.
In particular, there is a huge number of permutations because the total number of possible permutations
grows exponentially as the number of layers and the width increase, and thus, some of them may
suf ciently reduce the distance between the two models. However, this section explains from the
perspective of a Taylor approximation that this intuition is not always correct. Our results demonstrate
that even when LMC is satis ed, the permutations found by WM do not necessarily bring the models
as close as expected. The facts observed from the experiments in this section motivate us to explore
other reasons for satisfying LMC in the following sections.

3.1 QLOSENESS OFTWO MODELS IN TERMS OFTAYLOR APPROXIMATION

This subsection describes the estimation of the barrier value using the Taylor approximation. Let
a and p be two SGD solutions, and be a permutation found by WM to maké ) close to the

model 5. Let .= S+(1 ) ( p) be the merged model at a ratiad2 (0;1). If 5 and ( p)

are suf ciently close, then their linear interpolatiog should be close to both models. Therefore, the

loss of the parameter, should be able to be approximated by the Taylor approximation. In fact, the

following theorem holds if ; and ( ) are suf ciently close:

Theorem 3.1. The loss functioh : U 3 7! L ( ) 2 Ris assumed to be of cla€s on an open

setU overR%==n, LetH , andH , be the Hessian matrices centered at the modgland ( 1),
respectively. If, forany 2 (0;1), ,+(1 ) b2 U holds, then we have

1,

B(ai (p)=max (1 ) “r(L(al ( (oD (@ )Ha+ Hp) +0O(3);

@)

wherer is the gradient with respect to the paramete®sis the Landau symbol, is theL ? distance
between 5 and ( p),and isthe unit vectorfrom,to ( p) (i.e., =( ( p) a)= ).

We prove this theorem in Appendix G.1. The theorem states thataind ( ,) are suf ciently
close, the barrier value can be predicted from the gradients and Hessian matrices around each model.

3.2 EBEXPERIMENTAL RESULTS

We conducted experiments to verify whether the Taylor approximation (Equation (2)) accurately
estimates the barrier between two SGD solutions. Table 1 presents the experimental results of model
merging. Details about the datasets, network training procedures, and permutation search methods
used in these experiments are described in Appendix D. In the table, we chose2 because it is
emplrlcally known that the midpoint between two models results in the highest loss (

, ). Itis worth noting that ( ) demonstrated that the
Iocatlon of the highest barrier shifts when one model is more generalized than the other, although not
directly applicable to this paper as the two models are generalized to the same extent. We used the



Published as a conference paper at ICLR 2025

Figure 1: Distribution of the singular values in the second layer. The singular values of ten in-
dependently trained models (i.e., trained with different seeds) are plotted in different colors. The
distribution of the singular values for all layers is shown in Appendix H.2.

vhp function provided in the PyTroch libratyo ef ciently compute > H , which is required for
the evaluation of Equation (2). A negative value in the Barrier column indicates that the loss of the
merged model is lower than those of the original (pre-merged) models.

The table shows that for all datasets, there is a signi cant difference between the actual barrier values
and those estimated by the Taylor approximation. These differences are particularly large for VGG11
and ResNet20. Additionally, the table indicates thatltAelistance changes by only about 6% to
20% from the original distance. This suggests that WM does not bring the models suf ciently close,
at least not close enough for a second-order Taylor approximation to hold.

4 ANALYSIS OFWM

The previous section demonstrates that the establishment of LMC by WM is not due to the reduction
in L? distance itself, but rather because WM helps nd permutations that result in a smaller barrier
between the two models. To better understand why WM reduces the barrier, we rst analyze WM by
performing SVD on the weights of each layer of the model in Section 4.1. Then, in Section 4.2, we
show that the singular value distribution of each layer is almost identical across independently trained
models, and that the primary differences between the models are due to variations in their singular
vectors. In Section 4.3, we demonstrate that WM preferentially aligns the directions of singular
vectors with large singular values between the weights of the two models. Finally, in Section 4.4, we
explain that aligning singular vectors with large singular values makes LMC more achievable because
these singular vectors predominantly in uence the outputs of the hidden layers of the models.

4,1 ANALYSIS BASED ONSVD

The basic idea in analyzing WM is to perform SVD on the weight in each layer. Although using
SVD for analysis might seem overly simplistic given that WM reduced thdistance, this approach
provides important insights that are explored in subsequent sections. In WM, permutation matrices

are searched to manlze Equation (1). We denote the SVD& & andw P by w® =

U @@ (y.(@)y> U@s@ (@)> gnaw ® = YOO By = T O <b>(v(b>)
respectlvely Here, we assume that the singular values are ordered in descendmg order (i.e., for all
T2 L8 s s ands?” s s, wheren is the number of singular

values). Then, we have

X X X 2
argmink o ( )k =argmin uPs® (v @y P-ulPs(P- vy 1 (9
20L] i

Equation (3) shows that the permutation matrieesandP- ; are multiplied by the left and right
singular vectors of the model,, respectively. Thé 2 distance between the models is expressed

by the difference in singular values and singular vectors between the two models, as indicated by
Equation (3). Therefore, in the following, we will discuss the differences in (1) singular values and
(2) singular vectors of independently trained models.

2https://pytorch.org/docs/stable/generated/torch.autograd.functional.
vhp.html
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Figure 2: Mean and standard deviatiorR(f ,; p) from ve permutation searches using WM. The
red and blue bars represent the results with and without applying a permutatignéspectively.

4.2 DIFFERENCESBETWEEN SINGULAR VALUES OF TWO MODELS

First, we investigate the differences between the singular values of two independently trained models.
To this end, ten models are trained independently under identical conditions except for the seed,
and their singular values are compared. Figure 1 plots the singular values in the second layer of
independently trained models in descending order. The evaluation results for all the layers are
shown in Figure 7. As can be seen in the gures, in the hidden layers, the singular values are very
close across all models. Therefore, the differences in singular values between the models are not a
signi cant obstacle to reducing the distance between the two models to zero.

4.3 S9NGULAR-VECTORALIGNMENT

In the previous subsection, we con rmed that the distributions of the singular values of the weights
of the two independently trained models were almost equal. In this subsection, we will show that
the permutations found by WM preferentially align the dominant singular vectors of the two models,
and cannot align all singular vectors between the two models. Therefore, WM cannot reduée the
distance to zero.

First, we introduce the following theorem:
Theorem 4.1. Given the trained.-layer MLPs , and , Equation(3) is equivalent to

X
argmink . ( p)k? = argmax sgﬁ‘)sg;ﬁ’)(ugf))> (P«ug;?))(v\(;?)f(P\ 1v5;ﬁ’)): (4)
=P) i

he proof of this theorem is shown in Appendix G.2. Focusing on the term for each layer
, s("")s(b)(u(""))> (P- u(b))(v(a))> (P 1v (b)) in Equation (4)(u(a))> (P- u(b)) is the inner prod-

5]
uct between the left singular veclnfa) of the model , and the left singular vectmr( ® of the model

b, applied with the permutation matrB( The permutation matrix is orthogonal, so it only permutes
the elements without changing the norms of the left singular vectors. Therefore, this inner product
is maximized when the directions of the two left singular vectors are aligned by the permutation
matrix. The same applies to the right singular vectors. Thus, Equation (4) can be interpreted as
nding permutation matrices that align the directions of the singular vectors for all layers between
two models, especially those associated with large singular values. Like MLPs, Appendix F shows a

similar analysis holds for convolutional layers.
Then, to empirically evaluate how well the singular vectors are aligned, we calculate
(a) (b) y,(2) (b)
isj (u‘:i ) P‘!g‘;j (V‘;i )" P 1V ).
.n ’

R(ai (b)=

wheren- is the number of singular values in theh layer. Note tha,'tR( a; (b)) 1holdsand,
we have equality if for all andi, u(a) =P u(b) andv(a) =P 1v (proof in Appendix G.5).
Therefore, ifR( a; ( b)) is close to one, the smgular vectors of the models are well-aligned.

Figure 2 shows the experimental results of evaluatindRhvalue between, and ( ). A threshold

is introduced to examine whether the singular vectors with large singular values are preferentially
aligned. For each model, we evalu&eusing only singular vectors whose ratio to the largest singular
value is greater than. Thus, in the gure, =0 corresponds to the results when all singular vectors
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(a) Evaluation results with the threshold= 0. (b) Evaluation results with the threshold= 0:3.

Figure 3: Evaluation results & between the pre- and post-merged models. The red and blue bars
represent the evaluation resultdRf 4;( a+ ( p))=2)andR( ( p);( at+ ( b))=2), respectively.

are used, and = 0:3 corresponds to the results when only singular vectors witp a ratio to the largest
singular value exceeding 0.3 are used. When we calcuRtéts denominator . n- was also
adjusted according to the value of The details of the calculation & are described in Appendix B.

The gure shows that the directions of the singular vectors are aligned with WM. Without WM, the
value ofR is almost zero, indicating that the singular vectors are nearly orthogonal. Additionally,
focusing on the difference in, when the singular vectors are aligned using WM, the value of

is clearly larger when is 0.3. This indicates that WM aligns singular vectors with larger singular
values more closely. Although the valueRfis not necessarily very large, especially around 0.2 at
most for VGG11 and ResNet20, this alignment of singular vectors still affects the merged models.

Figure 3 shows the evaluation resultsFobetween the merged model (.., + ( p))=2) and the
pre-merged models (i.e. and ( p)). To investigate how well the directions of singular vectors

with large values are aligned between the merged and pre-merged models, we also show the results
for = 0:3in Figure 3(b). The gures show that when= 0, the value ofR does not change
regardless of the use of WM. However, wher 0:3, the value oR changes signi cantly depending

on whether WM is used. For example, the MLP results show that the valReeg€eeds 0.8 when

using WM. This result indicates that the directions of singular vectors with particularly large singular
values are better aligned between these models.

4.4 IMPORTANCE OFSINGULAR VECTORS INLMC

In the previous section, we mentioned that WM aligns the directions of singular vectors with large
singular values. This section clari es why these singular vectors, ratheithalistances, play a
crucial role in establishing LMC.

To explain this, we rst focus on the difference between outputs atthelayers of two models,

W @ andw ), given the same input (e.g.,z = z!¥, orz = z{")). Suppose that the distributions
of the singular values of the two weights are equal (this assumption holds for models trained with
SGD, as shown in Figure 7). The difference between the outputs can be bounded from above:

Ek W®z)  w®Pz2k cekw®z wzk (5)

where is a Lipschitz continuous activation function with a const@nt 0 (e.g.,C = 1 for the
ReLU function). From Equation (5), we can see that depending on the distribution of the irthet
outputs of the two layers can be close even when the distance between the two weights is not.

= P
Letw® =" u® (a)(v(a))> andw® =" y® (b)(v(b))> be the SVDs of their weights.
Here, we assume that for some mdexthe dlrectlon ofz is always in the direction of thk-
th right singular vectow(a) with W Then, the product betweat * andz is given by
w®z =" y@ (a)(v(a)) z= u(a) (a) (v(a)) z because the singular vectors are orthogonal.

Therefore, Equatlon (5) can be rewrltten as

X
Ek W®z)  wPz)k CcE usv)z uPsOvPz

Thus, as long as the directions of tkeh singular vectors of the two weights are aligned (i.e.,
(a) = v(b) andu(a) = u(b) hold), the outputs of the two layers will coincide regardless of the other
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Figure 4: Average absolute values of the inner products of the right singular vectors and the input
of the second layer. The gure shows results for ten models trained with different seeds, each
represented by a different color. The test dataset is used as input for the models. In each plot, the
vertical axis denotes the value Bfv?; z- 1)?, and the horizontal axis denotes the indef the

right singular vector. The left side of each plot corresponds to singular vectors with large singular
values. The results for all layers are shown in Figure 9.

singular vectors. Note that the? distance between the two weights is not necessarily close to zero
since the directions of the other singular vectors need not be aligned. In fact, in Appendix C, we
provide an example where the distance is not close to zero even though the output is zero.

More generally, the following theorem holds for the difference between the outputs of the two layers.
Theorem 4.2. For the difference, we have

X X
Ek W®2) w2k ¢ ($PYEOPY 2?2+ ($PIED) 2)?
i i
X (a) o(b) ¢, () (b) (a) (b) 2
a a)y> a)y> > .
2 sy'sy (ui) us, E(vii) z(v\;j )z . (6)
i5j

The proof of Theorem 4.2 is provided in Appendix G.6. If the right-hand side of Equation (6) in the
theorem is small, the difference is also small. Note that each sum on the right-hand side includes the

inner product between the right singular vector and the input (iréa))> z and(v(b))> Z). Since
singular vectors are orthogonal to each othez,ig aligned with one singular vector, its inner product
with the other singular vectors will be small. In other words, right singular vectors with a large inner
product with the input determine the difference between the outputs of the two layers.

In the context of WM, it is desirable that the input vector has the same direction as the right singular
vectors with large singular values because WM preferentially aligns these singular vectors of the
two weights. To verify this, we experimentally investigate the relationship between the directions
of the right singular vectors and that of the input vector. Figure 4 shows the vak(e 4fz- 1)?

for thei-th right singular vectov-; in the second layer (i.e.,= 2) and the corresponding hidden
layer inputz- ; for each model. The results show that in the hidden layer, the singular vectors
with large singular values have large inner products with the input vectors, which indicates that the
permutations found by WM make LMC more feasiBlén particular, Figure 3(b) shows that by
aligning the directions of the singular vectors between the two modeénd |, using WM, the
directions of the singular vectors with large singular values of the models before and after merging
(e.g., aand( a+ p)=2) are well aligned. This suggests that the hidden layer outputs of the models
before and after merging are closer, which contributes to the establishment of LMC.

Some studies ( ; , ) have observed that increasing the model
width makes it easier to satisfy LMC usrng WM. In Appendix H.4, we provide an empirical analysis

to explain this observation in terms of singular-vector alignment. Furthermore, ( )
showed that strengthening weight decay and increasing the learning rate makes it easier for LMC to
be established through WM. Appendix H.5 demonstrates empirically that increasing these values
reduces the proportion of large singular values in the weights of each layer, facilitating the alignment
of the corresponding singular vectors through WM, and thus making LMC easier to achieve.

3As shown in Figures 11 and 12, this tendency only occurs when the model is suf ciently wide. This suggests
that LMC is unlikely to be established in WM unless the model is wide enough.
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Table 2: Results of model merging with STE.

Dataset Network Barrier (=1=2) LZdist. w/o STE LZ?dist WSTE R( a; (1) ( =0:3)
CIFAR10 VGG11 0:06 0:042 799503 16:396 799779 16177 Q036 0:007
ResNet20 0:119 0:119 710762 16261 711142 16048 Q013 0:005
FMNIST MLP 0:342 0:066 121853 5:83 118316 5:453 Q081 0:008
MNIST MLP 0:037 0:008 81231 5:58 73994 558 0211 0:013

Figure 5: Evaluation results & between each pair of the models with= 0:3.

5 ACTIVATION MATCHING

( ) proposed activation matching (AM) as a permutation search method different
from WM. This section compares AM and WM, and explains that their results are almost similar.

AM searches for a permutation based on the following equation:

= arg min Ekz® Pz K% (7)
=(P) “20L]
Unlike WM, AM can be solved as a simple linear sum assignment problem because it can be
optimized independently for each layer, allowing for the optimal solution to be obtained.

The minimization of Equation (7) is related to Theorem 4.2. Speci cally, in a permutation search for

the -th layer, if we assume that the outplzn‘é;?‘)1 andz\(b)1 from the previous layer are suf ciently

close under the permutatiéh 3 (i.e.,z'?; P- 1z™,), then minimizing the right-hand side of

Equation (6) becomes equivalent to reducing the objective function in Equation (7). In other words,
similar to WM, AM may search for permutations that align the singular vectors with large singular
values between two models. To verify this, the results of model merging using AM are presented in
Table 4. The experimental settings are the same as those used for WM in Section 3.2. Additionally,
to evaluate how well the singular vectors align through permutatioriRtbalculation results are
shown in Figures 15 and 16. These results closely resemble those for WM in Table 1 and Figures 2
and 3, suggesting that the reason AM achieves LMC is likely to be similar to that for WM.

6 COMPARISON WITH STRAIGHT-THROUGH ESTIMATOR

This section discusses the relationship between the straight-through estimator (STE), a more direct
permutation search method, and WM in terms of singular vectors. STE uses a dataset to nd
permutations with a small barrier value. We also explain that STE and WM are based on fundamentally
different principles and show how this difference impacts LMC among three or more models.

6.1 STRAIGHT-THROUGH ESTIMATOR (STE)

( ) proposed the STE, which nds a permutatiauich that

argminL ( o+ (p)=2: (8)
Since Equation (8) is dif cult to solve directly, ( ) proposed a method to
approximate the solution. Later, ( ) proposed a method to solve Equation (8)

directly using Sinkhorn's algorithm. We adopt the latter method, which we refer to as STE in this
paper.

6.2 EXPERIMENTAL RESULTS OFMODEL MERGING BY STE

The experimental results of model merging using STE are shown in Table 2. This table also shows
theL ? distance and thB value between the two models before and after the permutation. Despite
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Table 3: Loss and accuracy barriers betwegf ,) and ¢( (). The table shows the mean and
standard deviation over three model merging trials.

Loss barrier ( o{ b)* o( c))=2) Accuracy barrier( o( o)+ o c))=2)
Dataset  Network WM STE WM STE
CIFAR1O VGG11 0:141 0:141 2172 0989 1012 5117 32013 8:193

ResNet20 0:294 0:098 1693 0:168 723 0:99 34483 2:426
FMNIST MLP 0:174 0:051 0023 0:118 4337 1434 1597 1724
MNIST MLP 0:031 0:003 Q017 0:014 Q475 0:069 2312 0:457

the relatively small barrier value, Table 2 shows thatltRelistance between the two models before
and after permutation hardly changes compared to the results with WM shown in Table 1. Since
R( a; ( b)) is nearly zero, the singular vectors between the two models are likely not aligned at all.
Therefore, the reason for satisfying LMC by STE is completely different from that of WM.

6.3 LMC AMONG THREEMODELS

The previous subsection shows that the permutation matrices found by STE do not align the directions
of the singular vectors of the models. This suggests that STE nds a permutation that reduces the
loss of the merged model based on the loss landscape rather than the linear algebraic properties of the
weight matrices of each layer. The difference between the principles of STE and WM could result in

a qualitative difference in LMC among three or more models.

Suppose we have three SGD solutiong; p, and .. Let , and . be permutations that satisfy

LMC between 4, and p( p),and 5 and ¢( ), respectively. If permutations found by STE depend

on the locality of the loss landscape rather than the linear algebraic properties of the model weights,
there is no guarantee thaf( ) and ¢( () are linearly mode-connected. In contrast, permutations
found by WM align the directions of the singular vectors of the two models. This means that the
singular vectors of ,( ) and ( ) are also expected to be aligned. Thus, the LMC betwgén,)

and .( ) may not be satis ed with STE, while it is likely to be satis ed with WM.

We performed model merging experiments among three models to con rm the validity of the above
discussion. First, Figure 5 presents the results of examining how well the singular vectors are aligned
in each model pair by WM. Since the modelsand . are matched to, through WM, it is expected
thatR( a; b( b)) andR( a; <( ¢)) would be large. On the other hand, althoughand . were

not explicitly alignedR( n( b); <( ¢)) is clearly greater than zero, indicating that the directions

of these two singular vectors are indirectly aligned by WM. From this result, the barrier between
the models y( p) and <( ) is expected to be small. To con rm this, Table 3 shows the barriers
between p( ) and ( ). Table 5 shows the detailed results, and Figure 17 shows the test accuracy
landscape around,, p( ), and <( ¢). As can be seen from Table 3, the barrier betwegny,)

and ( ) is smaller with WM than with STE. This means that there is a signi cant difference
between the principles of permutations obtained by WM and STE. Figure 17 also shows that the
landscape of test accuracy is atter around the three models with WM than with STE. Therefore,
WM is likely to be more advantageous, especially for merging three or more models.

7 CONCLUSION

This paper analyzed why linear mode connectivity (LMC) is satis ed through permutation search
with weight matching (WM). First, we demonstrated that WM does not reduce the distance between
the weights of two models as signi cantly as previously thought. We then analyzed WM using
singular value decomposition (SVD) and found that WM aligns the directions of singular vectors
with large singular values, which plays a crucial role in achieving LMC. Additionally, we showed
that the reason LMC is established in AM is likely the same as for WM. Finally, we discussed the
difference between STE and WM from the perspective of singular vectors.

Although this paper primarily analyzed WM from the perspective of individual layers (e.g., Theo-
rem 4.2), it remains unclear why our analysis can explain the phenomenon so effectively since the
actual network is multi-layered. In the future, a more comprehensive analysis that accounts for the
multi-layered structure of the network will be necessary.

10
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This paper presents work whose goal is to advance the eld of Machine Learning. There are many
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REPRODUCIBILITY

The settings for reproducing the experiments are described in Appendix D. All the proofs of the
theorems are given in Appendix G.
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APPENDIX

A EXTENDED RELATED WORK

(Linear) mode connectivity. Several studies ( ;
, ) have found that different neural network solutlons can be connected by nonllnear paths

with almost no increase in loss. ( ) rst discovered that solutions can be
connected by linear paths with an almost constant loss value when training models on MNIST with
the same random initial values. Later, ( ) demonstrated experimentally that LMC is

not always satis ed between two SGD solutions, even with the same initial parameters, depending on
the datasets and model architectures. However, they also showed that if a single model is trained for a
certain period and then two models are trained independently from this pre-trained model as a starting

point, they are linearly mode-connected. Furthermore, ( ) explored the relationship
between LMC and the lottery-ticket hypothesis ( ). ( )
conjectured that LMC is satis ed with a high probability between two SGD solutions by accounting
for permutation symmetries in the hidden layers. Subsequently, ( ) proposed a
WM method by formulating neuron alignment as a bipartite graph matching problem and solving
it approximately. Later, ( ) suggested usmg Sinkhorn's algorithm to solve
the WM directly. Some previous studies ( , ) have also

proposed permutation search methods for achieving LMC betvveen multiple models. However, all
of these methods reduce thé distances between the models, and no methods have been proposed
that use information on the loss function, such as STE. Therefore, in this paper, we created a pair
of models and performed a permutation search for each pair to clarify the differences between WM
and STE in a fair manner. The investigation of permutation search methods for multiple models is a
future work.

While several papers ( X , )
have discussed nonlinear mode connectlwty, there |s little theoretlcal anaIyS|s on LMC.

( ) provided an upper bound on the minimal width of the hidden layer to satisfy LMC.
However, to prove this, they assumed the independence of all neuron's weight vectors inside a given
layer. It is unlikely that this assumption holds for models after training. Partially similar to our paper,

( ) demonstrated that the barrier value can be approximated using a second-order
Taylor approximation for the case of spawning ( , ). However, they have not validated
this approach for permutations, and we revealed that a second-order Taylor approximation fails to
accurately estimate the barrier value in the case of permutations. ( ) introduced
the concept of layerwise linear feature connectivity (LLFC) and showed that LLFC implies LMC.
Additionally, ( ) demonstrated that if weak additivity for ReLU activation and the
commutativity property are satis ed, then both LLFC and LMC are satis ed. However, we show that
theL ? distance between the models after permutation is not close enough to satisfy the commutativity
property. This motivated us to investigate the relationship between LMC and WM.

Model merging. Relevant topics of LMC include model merging and federated learning.

( ) and ( ) introduced the concept of federated learning, where a
model is trained on divided datasets. ( ) proposed a federated learning method
by permuting each component unit and then averaging the weights of the models.

( ) proposed a method for merging models by performing alignments of model weights using
optimal transport, which is similar to the method proposed by ( ). Although
their method is designed for model fusion and its performance is inferior to that of Ainsworth et
al.'s method, it can be considered an LMC-based method because it uses hard alignments for the
same architecture. ( ) proposed a method to improve test accuracy without
increasing inference cost, unlike ensemble methods, by averaging the weights of models ne-tuned
with different hyperparameters.

Low-rank bias. Empirically, some previous studies (

, ) on the compressmn of tramed DNN models
have pomted out that even when the weights are replaced with low-rank matrices, the accuracy does
not decrease signi cantly. This suggests that SGD has an implicit bias toward reducing the model
weights to low-rank. ( ) explored the reduction of rank during SGD-based training
and the orientation of top singular vectors via SVD on the weights. While this is relevant to our
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paper, ( ) do not examine the effects of permutations in detail. Moreover, it does
not discuss the interplay between hidden layer inputs and top singular vectors under permutations.
( ) and ( ) further discuss the low-rank effect on the weights of

trained models introduced by weight decay and a small initialization scale. In particular,

( ) state that the weights become more low-rank by strengthening the weight decay and increasing
the learning rate, and this is expected to help establish LMC via WM (which we experimentally
con rm in Appendix H.5).

B CALCULATION OF R WITH THRESHOLD

This section describes how to calculate Ehealue with a threshold> 0. Given two models, 5
and_y, letw @ andw * pe the weights of the-th layers of the models, and 4, respectively.
Let ugf)sff;‘) (vf;?))> and | u(?) sg;?) (vg;?))> be the SVDs of these weights. Also, &% and
s(®) pe the maximum singular values in all the layers of the modelsnd , respectively. Th&®
value with the threshold is calculated as follows:

P b b b
- | [(sgﬁ) s (a)) /\n(sf;i) s (b))](ug;?))> (US:J_))(V\(;?))> (V‘(;j)) .
(a) ; ngb)g !

P——
< minfn:

wheren® andn!® are the numbers of singular values greater tisd® and s (®, respectively, and

| is an indicator function that returns one if the given logical expression is true and zero if it is false.

R(a b=

Finally, we wiH)brieyeprain thatjiR ( a; b)j 1holds. We E;St de ne the new weight matrices
b b b b
by w I = " u® s s@)vi®)> andw® = T u@is® s O)vid).
From the de nition, we ha)\</e:
qa) ab)  _ (a) (b) (a) D)y, (a) (b)y.
r (W)W = s s@)a ) sy vy v @)
iij
Note that the-th singular values of these WeigMS\qa) andw 2 can be regarded a$s§f?) s (@]
andl [sg;?)
yields that: X
tr (W Iy w0 1Y s@s?  s®1=minfn®;nPg: (10)
i
From Equations (9) and (10), we have:
Y s@) A sy vy ) minfn®;n®g

s (9], respectively. Therefore, von Neumann's trace inequality ( , )

iij
By summing both sides for, we getiR ( a; b)j 1.

C SIMPLE EXAMPLE OF THEOREM4.2

In Section 4.4, we explained that even whenltRedistance between the weights of two models is
large, their outputs can be close depending on the input distribution. Here, we use a simple example
for a more detailed analysis.
Consider the weights of two model/, (2 a}ndW (®  given by: '

0:398 0:003 Q210° 0:255 0:319 0:559

w®@ = 1059 0303 0521 :w®= 1031 0155 0484
0:609 0785 0:235 0:742 0114 0:604

The SVDs of these matrices are represented by:
w @ = y@g@ (v (a))>
| |
0:260 0:127 Q957 1:317 O 0:974 0:077 Q213" ~

0
0:850 0:501 Q165 0 0:959 0 0:043 0:859 0510 ;
0:458 (0856 (0238 0 0 Q277 0:222 0:506 0833
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and
w O = y gy by
I I I
0:261 0587 Q767"  1:317 0 0’ 0:974 0:077 Q213" ~
0:850 0:237 0470 0 0:958 0 0:188 0:249 0950 ;
0:458 Q774 0:437 0 0 0277 0:126  0:965 0228
respectively.

In this case, the distance between these weight#/is? W Pk  1:236 On the other hand, if
the input vector is given byz = k(0:974  0:077 Q213), wherek is an arbitrary (but not too

large) real scalar value, thén (W @z) (W (®z)k 0holds.

D EXPERIMENTAL SETUP

This section describes the experimental setup for training neural networks to obtain SGD solutions.
We apply Sinkhorn's algorithm for permutation based on WM and STE. Thus, we also provide detailed
information on the experimental setup for Sinkhorn's algorithm. Four datasets were used in this study:
MNIST ( , ), Fashion-MNIST (FMNIST) ( , ), CIFAR10 (

, ), and ImageNet ( , ).

All experiments were conducted on a Linux workstation with two AMD EPYC 7543 32-Core
processors, eight NVIDIA A30 GPUs, and 512 GB of memory. The PyTorch%.Pyrorch
Lightning 2.1.8, and torchvision 0.16%libraries were used for model training and evaluation.

D.1 MODEL TRAINING

MLP on MNIST and FMNIST.  Following the settings in ( , ), we trained

a Multi-Layer Perceptron (MLP) with three hidden layers, each comprising 512 units. The hidden
layers use the ReLU function as their activation function. For the MNIST and FMNIST datasets, we
optimized using the Adam algorithm with a learning ratelof 10 3. The batch size and maximum
number of epochs were set to 512 and 100, respectively.

VGG11 and ResNet20 on CIFAR10. We utilized the VGG16 and ResNet20 architectures of

( , ). To accomplish Linear Mode Connectivity (LMC), we increased the widths
of VGG11 and ResNet20 by factors of 4 and 16, respectively. As described in ( ),
we used the training dataset to repair the BatchNorm layers in these models during model mergmg.
Optimization was conducted using Adam with a learning raté of 10 3. The batch size and
maximum number of epochs were set to 512 and 100, respectively. The foIIowing data augmentations
were performed during training: randd2 32 pixel crops, and random horizontal ips.

ResNet50 on ImageNet. ResNet50 models were trained using a training script published on
GitHub’ by the FFCV library ( , ). The "rnB@_epochs.yaml!” le in the repository
was used for the training setup. In the le, we changed _blurpool to “0”. As described in

, ), we repaired the BatchNorm layers in these models during model merging by
using the training dataset. Since ImageNet is a large dataset, we used 50,000 randomly selected
images from the training set to repair the batch normalization layers.

D.2 PERMUTATION SEARCH

For permutation search in WM and STE, we employed the method based on Sinkhorn's algorithm as
proposed by ( ). We utilized the implementation provided by the authors
in their GitHub repositor§. DistL2Loss and MidLoss were used as loss functions for permutation

“https://pytorch.org/
Shttps://lightning.ai/docs/pytorch/stable/
Shttps://pytorch.org/vision/stable/index.html
https://github.com/libffcv/ffcv-imagenet/tree/main
8https://github.com/fagp/sinkhorn-rebasin
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searches corresponding to WM and STE, respectively. Optimization was performed using Adam with
a learning rate of 1 for MLP, VGG11, and ResNet20 and 10 for ResNet50, setting the maximum
number of epochs to 10 for DistL2Loss and ve for MidLoss. For MidLoss, the batch size was set

to 512; for DistL2Loss, there was no batch size because the dataset was not used. 100 iterations of
parameter updates were performed per epoch for DistL2Loss.

For activation matching (AM), the permutation search is divided for each layer, so the optimal solution
can be obtained ef ciently. We implemented AM-based permutation search following the GitHub
repository released by (2023)n this paper, thdéinear _sum_assignment

function of Scipy ( , ) was used for the permutation search in AM.

E DiscussiON ONCOMMUTATIVITY PROPERTY

( ) show that LMC is satis ed if weak additivity for ReLU activations and
commutativity hold. Given two models,; and , commutativity between them is satis ed

if for all layers® 2 [L], W®z® + wPz® = w®2O + w®2® holds, where

L is the number of layers of the mod¥ls The commutativity property can be rewritten as

8 2 L W@ w®yz®  z® )= 0. Therefore, (2023) in Section 5.2 justify
the WM-based permutation search method because WM aims to minimize Equation (1), which

corresponds to the rst factor in the equation. However, as shown in our paper, WM only slightly
reduces the distance between the two models, contradicting their claim.

Appendix B.5 of ( , ) explains in a different way why the commutativity property is
satis ed in WM. Speci cally, they consider a stronger form of the commutativity property:

8 2 LW @z = w®z& A w00 =W @0 (11)
To ensure this stronger form, we need to Rd andP- ; such that:
w® pw®p> )z =orP-wPp>, wPp 7P =o (12)
They argue that the commutativity property easily holds because it is easy to nd permutation matrices
P- andP- ; that satisfy Equation (12) due to the small actual dimension of the hidden layer inputs
Zﬁa)l andz\(b)l (i.e., these vectors are biased in a particular direction).
However, several points need to be addressed regarding this explanation. First, if Equation (11) holds,

then LMC is satis ed without any assumptions, such as the commutativity property or weak additivity
of ReLU activations. Since this equation must hold for all layers, it must also hold for the input layer

wherez(®, = z®. = x. In that case, the outputs of the input layers are equivalent between the
two models. The same holds for subsequent layers, so the outputs of the two models are the same
in all hidden layers. Therefore, the outputs of the hidden layers of the merged model must also be
identical to those of the pre-merged models in all layers. Thus, LMC obviously holds. In other words,

if the reason of the establishment of LMC is that Equation (11) holds, then the essential reason for
the establishment of LMC is that WM makes the outputs of the hidden layers of the two models close,
suggesting that our argument in this paper is more fundamental in establishing LMC.

Second, the small actual dimension of the hidden layer inpdtsandz‘®; does not necessarily
mean that Equation (12) is easier to satisfy by nding permutations that minimize Equation (1). As
shown in Section 4.3, WM preferentially aligns the directions of singular vectors with large singular
values, while other singular vectors are dif cult to align. If the hidden layer inpt(ﬂ)g andz\(b)l are

not oriented in the same directions as the right singular vectors with large singular values, then WM
will not help satisfy Equation (12). ( ) did not mention this second point. On the other

hand, we analyzed this point in Section 4.4.

F CONVOLUTIONAL LAYERS

This section discusses a theorem similar to Theorem 4.1 for convolutional neural networks (CNNSs).

®https://github.com/samuela/git-re-basin
Ostrictly speaking, given a data distributién the commutativity property is satis ed if the equation almost
surely holds foD. This de nition is equivalent to ( ), although it differs slightly.
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F.1 NOTATION

We introduce the notation used in the following sections. Each element of a tensor is speci ed by a
simple italic variable with subscripts. For example, for a third-order teksdtsi; j; k -th component
is denoted by . We also use Python-like slice notation. For examile,. denotes the rst row

of the matrixX . For a complex matriX , letX = X be its unitary transpose, wheXe denotes
the complex conjugate of .

F.2 MATRIX REPRESENTATION OFCONVOLUTIONAL LAYER

This subsection introduces the matrix representation of a convolutional layex 2eR™ " "
andY 2 R™ " " pe the input and the output of theh convolutional layer, respectively. Here,
m denotes the number of input and output channelsragdenotes the size of the height and width
of the input. For simplicity, we assume that the numbers of output channels and input channels are
identical, as well as the sizes of the height and width of the input, although our analysis is applicable
even when they are not. LKt 2 R"™ ™ ™ ™ pe the kernel of thé-th layer. Then, for the;r;i-th
element of the output is given by
X
Yc;r;i = X d;r + p;i + qK pig;cid -
d2[m]p2[n];q2[n]

There exists a matriM such thatvec(Y ) = M vec(X ) holds ( , ; , ;

, ), where
0 1
B 1:1 B 1.2 L B 1m
B 2:1 B 2:2 L B 2:m
) . : (13)
Bm;l Bm;z i Bmm
Here, for allc;d 2 [m], B ¢4 is a doubly circulant matrix de ned by
0 Circ(Ki..c.a) cCirc(Kacq) it circ(Kn:-c.d) 1
circ(Kn;ca) Circ(Kaca) 10 cire(Kn 1:56d)
cd = . . . . ;
circ(Ko..c.q) circ(Ka.cq) it circ(K 1.::c.d)

wherecirc is a function to generate a circulant matrix from a given vector. For example, gien a vector
ap a az
= (ag;ap;:::;az), the circulant matrix generated byis given bycirc(a) = az a3 a
a a3z a

F.3 S9NGULAR VALUE DECOMPOSITION ANDWEIGHT MATCHING OF CONVOLUTIONAL
LAYERS

Since Equation (13) represents the matrix form of the convolutional layer, we can reach a conclusion
similar to Theorem 4.1 by performing a singular value decomposition (SVD) on it. However, this
matrix is very large, with a size shn> mn?2, making direct SVD impractical. Therefore, we
decomBose it into a more SVD-friendly form using a Fourier transform. Using the imaginary unit
as = 1, and setting = e 2 =" | a one-dimensional Fourier transform matfixis de ned

by Fij = (! D0 Dy, 11 A matrix for the two-dimensional Fourier transform can be de ned as

Q =(F F)=n. Here, denotes the Kronecker product. By using this two-dimensional Fourier
transform matrixQ, the matrixM can be decomposed as follows:

M=(n Q)L(Im Q)

Hysually, the alphabet lettersorj are used for the imaginary unit, but since they are used as indices here,
we use .
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wherel , denotes the identity matrix of size.  m. We then have

D]_;]_ D]_;Q L Dl;m
%Dz;l D22 it Dzm §
L = . : _ : ;
Dm;l Dm;2 i Dm;m
Here, forallc;d2 [m],D¢q = QB .¢Q is a complex diagonal matrix ( , ). Let

G....w be a matrix formed by extracting the-th diagonal element of each diagonal maiix.q and
arranging them (i.eGec.gw = (D c.d)ww )- Then, the following theorem holds:

Theorem F.1(SVD of convolutional layer) Letsy , Uw:i , andv,,; be thei-th singular value, left
singular vector, and right singular vector & ..., , respectively. Then, the mati4 representing
the convolutional layer can bexdecomposed as follows:

M = (Uw;i Q eW)SW;i (Vw;i Q ew) ;

w;i

wheree,, represents the orthonormal basis in Euclidean splaﬁze, andsy:i,uy; Q ey,and
Vwi Q ey arethe singular value, left singular vector, and right singular vectoiof respectively.

The proof is shown in Appendix G.3. From this theorem, the following theorem can be proved:
Theorem F.2. LetM (@ andM (® be the matrix representations of convolutional layers of two CNNs.
From Theorem F.1, their SVDs are givenldy® = = . (u\(,ﬁi) Q ew)s\(,vfi) (v\fva,) Q ey) and

M (0 = P wi (u\(,vb;)i Q eW)ssvb;)i (v\(,vbf Q ey) , respectively. Then, the WM betwedn(® and

M (® is equivalent to nding permutation matricé andP- ; such that

X -
b b b) y.
agmax<  ssy} (uil) (Puy ) (P vy
PUPra i

where<z is the real part oz for a complex numbez.

The proof is shown in Appendix G.4. Similar to the case of MLP (Theorem 4.1), Theorem F.2
indicates that WM has the effect of aligning the directions of the corresponding singular vectors in
convolutional layers.

G PrROOFS

G.1 PROOF OFTHEOREM3.1
Proof. From the assumption and Taylor theorem centered ave have
L(D=L(a*( e L (D% 3(c D Halc O+ O0Ke o)
SL(Q+@ ) L (250 Y7 THa +O( %)
Similarly, using Taylor theorem centered dt ), we get
LC)=LC (oDt ¢ Codrk ( ( o)+ %( ¢ (o)’Halc (o)*Oke (0K
SLOCo) L ((e)+ 5 2% "Ha +0O( %)

Combining these equations, the barrier can be obtained as

B(ai (b)=max (L(c) L(a) @ HL( (b))
=max ( (L(¢) L (a)+@  XNL(e&) L ( (o)
=max (1 ) (L (a) rt ( (b))

$320 )@ Her HY  +O(Y:
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G.2 PROOF OFTHEOREMA4.1

Proof. Consider the. 2 norm of the'-th layerkw (@  P-w (P> k2. Using the fact that the2
norm can be rewritten using trace, we have

kw® pwPp> k2=t w® pwp> Hw® pwlp> )
=tr wPw®?> +or wOwOy
2tr Pw®p> (w19
We focus on the last term because only it depends on the permutatlipn matrices. The SVDs of the
; (a) (b) @ — 1@c@)y @)y — (a) &(a) ¢y, (8)y>
weightsW % andW . areF():Ienoted bW .= = USTST(VSY)” = usy(viy)” and
w® = ylbsh (V«(b))> = ug;kj’)sg;kj’) (vf;?))> , respectively. Thus, the last term of Equation (14)
can be rewritten as X
2tr PWOP> (W) = 20 SWPW®)y (PuD)vi) (P D)
i5j
Therefore, Equation (1) equals
argmink o (pk®=argmax PP W)y (P-uD)vP) (P WD)
:( P) ‘;i;]‘ ' ' ' b ' '
which completes the proof. O

G.3 PROOF OFTHEOREMF.1

P
Proof. Note that the matrik. can be decomposedto= | G... (ewey) by using the tensor
G, wheree,, is the orthonormal basis in Eucrlidean Ispﬁtféz. Thus, the SVD ot is given by

X X N
L= Uw;i Swii Vi (ewey)
X X' .
= Swi (Uw;i Vi ) (ewey)
X' X
= Swi (Uw;i ew)(Vw:i ew) :
w i
Thus, the SVD oM is also given by
X X
M = Swi(Im Q) (Uwi  ew)(Vwi ew) (Im Q)
XX i
= Swii (Uw;i Q ew)(vw;i er);
w i
which completes the proof. O

G.4 PROOF OFTHEOREMF.2

Before proving Theorem F.2, we rst prove the following lemma:

Lemma G.1. LetK andK °be kernels of convolutional layers. We had M %2 = n2kK
K %2, whereM andM ©are the matrix representations f andK ° respectively.

Proof. From the de nition ofM andM 2 we have
0 1

0 1
B11 B2 it Buim Bg;l Bgz B%m
Bo1 B2z i Bom 0 Bz1 B3, Bom
M = ) ; . . ; M= . ;
Bmi1i Bm2 11 Bmm Bomi B2, it Bom
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where for anyc;d 2 [m], B¢q andB 2 delgote the doubly C|rculantF;natr|5ces obtained from the
kernelsKk andK © Tlglus H\/I M 0k2 = i kBea Bogk?=n 4 keire(Ki )
cire(KP.cq)k>=n?" oy 4 (Kijed  Keq )? = n?kK K % holds. O

Proof of Theorem F.2In convolutional layers, permutation matrices permute the input and output
channels of the kernel. Therefore, the permutation matfceendP- ; corresponding to the input

and output aren ' m matrices. By using these matrices, the permutation of the matrix representation
of the convolutional layer of the mode}, is denoted byP- 1, )M ®(P- 1 1,)>. LemmaG.1
indicates that nding the permutation matrices that minimizeltRalistance between the two kernels

is equivalent to minimizingM @& (P~ I, )M ®(P- ;1 1,)> k. Therefore, we have

kM@ (P 1 )M PP 1) K
=r M@ P I )O)MOP 1y M@ P 1 )M OP 1)
=tr M@OM @ +¢ MOMO> & M@ P 1 OI)MOP L 1)

r (P M OP 1 )M @) (15)

In Equation (15), the permutation matricBs andP- ; are only related to the last two terms.
Therefore, we focus only on them. By using some properties of trace, we have

r M@ P I )M OP 1) r (P~ 1M ®®P 1 1) (M @)
= o M@ P 1 )MOP 1) r M@ P 1 )MOPE 1)
= or M@ P 1 )O)MOP 1) tr M@ (P 1)MOP 1 1)

= 2<tr M@ (P I IMOP 1,)

Here, from Theorem F.1,

M @ = (u(a) Qe ) (a) (V(a) Q ew)
)V<V,
= SHU@ ) QewerQ)
X!
= (C® Q ewe)Q); (16)
and
P IIMOP 1 10 = sS@P Ul Qen)v? Qew) (P Im)
X
= s (Pud (Pavy))  Q ewelQ)
X
= (C{? Qewe;Q) (17)

P P
hold, where we le€{Y = s ul® (v{)) andC{’ =~ ;s (P-ul)(P 1v{Y)) . From
Equation (16) and Equation (17), we have

2<tr M@ (P I OMOP 1)

X X b
2< tr (C® Q ewe,Q) (Cyt  Q ewoenoQ)
0 w wo 1

X
2<tr @ c@ec®)  Q eyweeweQ A:

w;w 0
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Using the fact that ifv 6 w® thene;, e, 0 = 0, and otherwiseg;, e,o = 1, we get
>

2<tr M@ P 1 )MOP 1)
X
= 2« tr CP(CY)  Q eweyQ

X'
= 2< tr cPECP) tr Qene,Q

w
X
= 2< tr c@ech
Yo 1 0 11
X X X
= 2 ir @ s\(,\?l) (a)(v(a)) @ (b) (P u(b) )P~ 1v (b)) A A
w i j
X X
= 2 ses () Pul) v Pwv)
Wi
From the above,trﬂae mIiDnimization kM @ (P~ 1M ®O(P. 1 14,)kis equivalent to the
maximization of< |, ;i st sl (ul®) (P u(b)) & P ). O

G.5 PROOFOFR( a; (p)j 1

This subsection proves the following theorem:

Theorem G.2. Let , and , be the parameters of two MLPs withlayers. For any permutation
=(P )2, we have

P b b
i (Ug;?))> (F"Ug;j))("‘(;zii))> Ga 1V‘(:J))

IRCai (o)j= — P! ik (18)

The equality holds if, for all; i, ug;?) = P‘ug;ﬁ’) andv\(;ia) =P 1V~(;?).

Proof. If, for all ,|,u(a) = P-u’ andv(a) =P 1v(f’),then the equality obviously holds. Thus,
we prove that Equat|on (18) holds Usm%the property of trace, we have

WPy P-uvPy (P vy = (Pu)) W) (P )
B 5] 0 1

X X N
= 0@ WOy eudie Wy A
. : j
P P
Letw 3@ = 7 @)Dy andw @ = (P-u®)(P- 1v)>. Obviously, they are matri-
ces with all singular values of 1, and thus by using von Neuman's trace inequality (
), we have «

X
tr w3 w32y n:

Therefore, the triangle inequality yields that

X
@) Uy (P vy = ww )y

which completes the proof. O
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(a) Results of VGG11

(b) Results of ResNet20
Figure 6:L 2 distance between two models, test loss, and accuracy of merged models when optimizing
permutations using Sinkhorn's algorithm for WM. Five permutation search trials were conducted

with independently trained models (i.e., ten independently trained models were prepared to form ve
model pairs, and WM was performed for each pair). These results are plotted in different colors.

G.6 PROOF OFTHEOREMA4.2

Proof. Because is Lipschitz continuous with the constabt we have

q
Ek W®2) w2k cekw®z wlfzk c ekw®z wPzk2; (19

where we use Jensen's inequality since the squre root function is concave. Focusing on the difference
between the outputs in the square root, we get

kw®z wPzk2= 22 (W@ w@z+ 22 wP)»>wPz 277w @)y wz:
P P
From the SVDs of weighg!/vx(a) = u®® and w = u®sOy® e
havez” (W ®)»>w®z = = (s)2(vP2)2, 22 (WP wPz = (s?)?(v{P2)?, and

z2 (W@ wz = si("")sj(b)(uf;";‘))> u%’) (v\(;‘?‘))> z(v%’))> z. Therefore, Equation (19) can
be rewritten as

ij

Ek (W®z) (wPz)k

X X X
c  EPrEEPr 2 PPE(D)> 2?2 20 sPsP) uPEC) 2(vP) 2

i i ij

H ADDITIONAL EXPERIMENTAL RESULTS

H.1 LEARNING CURVE OFWM

In this subsection, Figure 6 shows the learning curves for VGG11 and ResNet20 when WM is
performed using Sinkhorn's algorithm. The gure shows that the distance between the two models
decreases as the training progresses, and the performance of the merged model also improves. In this
paper, for both VGG11 and ResNet20, we used permutations at the 10th epoch, when the loss of the
merged model is stably small.
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(a) MLP, MNIST.

(b) MLP, EMNIST. (c) VGG11, CIFARIO.

(d) ResNet20, CIFAR10.

Figure 7: Distributions of the singular values of each layer.

Figure 8: Adjusted distributions of the singular values of the output layer.
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H.2 DISTRIBUTION OF SINGULAR VALUES

Figure 7 shows the distributions of the singular values of all the layers. The gure demonstrates
that, in all layers except for the output layer, the singular values are very similar across all models.
Meanwhile, in the output layer, there is variability in the singular values. However, this variability

does not affect the accuracy of the merged modelVg = ;s ul® (v@)>, andw ® =

i s(L';’i) u(Lk;’i) (v(Lf}))> represent the output layer weights of the two trained models. The gure shows

that the difference between the singular values of the two models is approximately a constant

multiple. In other words, there exists a constarguch thais(Lf‘i) s (Lt;’i) for alli. To conrm

this, Figure 8 shows the distribution of singular values when the constantalculated and the

weight of the output layer is adjusted, demonstrating that correcting the output layer by a constant

factor can address the differences in the distribution. If the singular vectors of the two weights

are equal (i.eyy = v{? andul® = u? foralli), thenw,¥ W holds (indeed, as

mentioned in Section 4.3, the permutation matrix aligns the directions of the singular vectors).

Therefore, the weight of the output layer of the merged model at the ra2id0; 1] is given by
w®+@ w® o w®+a )y w®=( +@ ) )w?. Thus, we can consider

that the weight and the activation function of the merged model are givém@/ and a softmax

function with an inverse temperaturef( +(1 ) ), respectively. Since the inverse temperature

does not affect the accuracy value, the difference in the singular values of the output layer would not
matter in satisfying LMC, at least in terms of accuracy.

H.3 INNER PRODUCTSBETWEENRIGHT SINGULAR VECTORS OFHIDDEN LAYERS AND
THEIR INPUT

Figure 9 shows the average absolute values of inner products between the right singular vectors and
the input in each layer of models trained by SGD. The gure demonstrates that, except for the input
and output layers, the singular vectors with larger singular values generally have larger inner products
with the inputs. Note that the results of the input layers do not affect the permutation search based on
WM because their right singular vectors are not changed by the permutations.
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(a) MLP, MNIST.

(b) MLP, FMNIST. (c) VGG11, CIFAR10.

(d) ResNet20, CIFAR10.

Figure 9: Average absolute values of inner products between the right singular vectors and the input
of each layer. The horizontal axis represents the index of the left singular vector, while the vertical
axis shows the mean square of the inner product. The left side of the horizontal axis corresponds to

singular vectors with large singular values.
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Figure 10: Distribution of all singular values normalized by the largest one in the model as the model
width multiplier changes. The vertical axis represents the singular values divided by the maximum
singular value of each model, and the horizontal axis represents the ratio among all singular values
(e.g., the point at 0.5 on the horizontal axis represents the singular value in the middle of all values
sorted in descending order).

H.4 RELATIONSHIP WITH MODEL WIDTH

Previous studies have demonstrated that the width of the model architecture affects the ease of
achieving LMC. In this subsection, we explain this phenomenon based on the following three facts:
as the model width increases, (i) the proportion of dominant singular values decreases, (ii) the right
singular vectors corresponding to these dominant singular values will have large inner product values
with the inputs of the hidden layers, and (iii) the WM preferentially aligns the directions of singular
vectors corresponding to these dominant singular values.

(i) Dependency of model width on singular values. As we mentioned, the proportion of relatively

large singular values in all singular values decreases as the model width increases. To verify this,
Figure 10 shows the distribution of the singular values of all layers of VGG11 and ResNet20 trained
on CIFAR10. Figure 10 shows the results of different model widths (i.e., dimensionality). As can

be seen, the proportion of relatively large singular values decreases as the model width increases.
Thus, the proportion of singular vectors that need to be aligned in the model decreases as the width
increases.

(ii) Dependency of model width on inner products of right singular vectors. We also investigated

the effect of model width on the inner products between the hidden layer inputs and the right singular
vectors. Figures 11 and 12 show the values of these inner products for each layer as model width
changes. Figures 11 and 12 show the distributions of inner products for VGG11 and ResNet20 models
trained on CIFAR10, respectively. These gures demonstrate that as model width increases, the inner
products between the right singular vectors with large singular values and the inputs also increase.

(iii) Singular-vector alignment. We conducted an experiment to examine how well the directions

of singular vectors are aligned as model width increases when applying permutations found by WM.
The results are shown in Figure 13. The gures display the evaluati®(of; ( b)) for the trained
models , and ,, by searching for permutations For comparison, the case where no permutations
are applied (i.e., is an identity map) is also shown. Additionally, a thresholMas introduced to
assess the alignment of singular vectors with large singular values.

First, focusing on the results in Figure 13(a) witls O, we observe that the value Bfdecreases

even when the width increases and WM is used. Conversely, Figure 13(b) shows that the directions
of singular vectors with particularly large singular values are aligned by permutation as model width
increases. This suggests that even with WM, it is dif cult to perfectly align the directions of singular
vectors between the two models. However, increasing the width decreases the fraction of singular
vectors with large singular values, thus making it easier for WM to align the directions of these
dominant singular vectors.

As shown in Figure 10, when the model is suf ciently wide, the proportion of large singular values

is very small compared to the total number of singular values. Furthermore, Figures 11 and 12

demonstrate that the right singular vectors associated with these relatively large singular values have
a large inner product with the hidden layer input. This means that the number of singular vectors

that WM needs to align to achieve LMC is reduced when the model is wide enough, as discussed in
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(a) Width multiplier is 0.125. (b) Width multiplier is 0.25.
(c) Width multiplier is 0.5. (d) Width multiplier is 1.
(e) Width multiplier is 2. (f) Width multiplier is 4.

Figure 11: Average absolute values of inner products between the right singular vectors and the input
of each layer of VGG11 trained on CIFAR10.

28






	Introduction
	Background and Preliminaries
	Notation
	Permutation Invariance
	Linear Mode Connectivity (LMC)
	Permutation Selection

	Motivating Observations
	Closeness of Two Models in Terms of Taylor Approximation
	Experimental Results

	Analysis of WM
	Analysis Based on SVD
	Differences Between Singular Values of Two Models
	Singular-Vector Alignment
	Importance of Singular Vectors in LMC

	Activation Matching
	Comparison with Straight-Through Estimator
	Straight-through Estimator (STE)
	Experimental Results of Model Merging by STE
	LMC among Three Models

	Conclusion
	Extended Related Work
	Calculation of R with Threshold γ
	Simple Example of Theorem 4.2
	Experimental Setup
	Model Training
	Permutation Search

	Discussion on Commutativity Property
	Convolutional Layers
	Notation
	Matrix Representation of Convolutional Layer
	Singular Value Decomposition and Weight Matching of Convolutional Layers

	Proofs
	Proof of Theorem 3.1
	Proof of Theorem 4.1
	Proof of Theorem F.1
	Proof of Theorem F.2
	Proof of |R(θa,π(θb))|≤1
	Proof of Theorem 4.2

	Additional Experimental results
	Learning curve of WM
	Distribution of Singular Values
	Inner Products Between Right Singular Vectors of Hidden Layers And Their Input
	Relationship with Model Width
	Dependency of Weight Decay and Learning Rate
	Activation Matching
	STE and WM
	Dependency of R on Threshold γ
	LMC on ResNet50 trained on ImageNet


