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ABSTRACT

Simulating and controlling physical systems described by partial differential equa-
tions (PDEs) are crucial tasks across science and engineering. Recently, diffusion
generative models have emerged as a competitive class of methods for these tasks
due to their ability to capture long-term dependencies and model high-dimensional
states. However, diffusion models typically struggle with handling system states
with abrupt changes and generalizing to higher resolutions. In this work, we pro-
pose Wavelet Diffusion Neural Operator (WDNO), a novel PDE simulation and
control framework that enhances the handling of these complexities. WDNO com-
prises two key innovations. Firstly, WDNO performs diffusion-based generative
modeling in the wavelet domain for the entire trajectory to handle abrupt changes
and long-term dependencies effectively. Secondly, to address the issue of poor
generalization across different resolutions, which is one of the fundamental tasks
in modeling physical systems, we introduce multi-resolution training. We validate
WDNO on five physical systems, including 1D advection equation, three challeng-
ing physical systems with abrupt changes (1D Burgers’ equation, 1D compressible
Navier-Stokes equation and 2D incompressible fluid), and a real-world dataset
ERAS, which demonstrates superior performance on both simulation and control
tasks over state-of-the-art methods, with significant improvements in long-term and
detail prediction accuracy. Remarkably, in the challenging context of the 2D high-
dimensional and indirect control task aimed at reducing smoke leakage, WDNO
reduces the leakage by 78% compared to the second-best baseline. The code can be
found athhttps://github.com/AI4Science-WestlakeU/wdno.git.

1 INTRODUCTION

Many systems across science and engineering are described by partial differential equations (PDEs).
Simulating and controlling these PDE systems are fundamental tasks with numerous applications, in-
cluding weather forecasting (Lynch, |2008)), controlled nuclear fusion (Carpanese} 202 1)), astronomical
simulation (Courant et al., |1967), and aviation (Paranjape et al., 2013).

With developments of neural networks, deep learning-based methods have emerged to address this
problem (Li et al.,2021; [Lu et al.| 2021} |Tripura & Chakraborty} 2022} Hu et al.,2022). Among them,
diffusion generative models (Ho et al.|[2020b) achieve impressive results in both simulation (Cachay
et al.,2023; Price et al., 2023 Riihling Cachay et al.,|2023)) and control (Ajay et al.,2022; (Chi et al.,
2023; Wei et al.,[2024). On the one hand, simulation and control tasks are typically long-term, where
small variations in the early stage can have a long-term impact on the full trajectory, making their
accurate prediction and control difficult. Diffusion models alleviate the long-term challenge by the
noise-learning mechanism and recovering the full trajectory from a Gaussian distribution as a whole.
Therefore, they can better capture long-term dynamics and generate coherent plans for certain goals
(Janner et al.l 2022; (Chi et al.|, [2023; |Wei et al.| [2024). On the other hand, PDE dynamics are typically
high-dimensional and nonlinear, and the diffusion model demonstrates strong capabilities in modeling
complex high-dimensional data (Ho et al.}2022; Harvey et al.| 2022; Vahdat et al., 2022} Li et al.|
2024). See Appendix [D|for more related works.
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Figure 1:Overview of WDNO. The gure shows the training and inference of the Base-Resolution
Model (BRM) and Super-Resolution Model (SRM).

However, for PDE simulation and control with diffusion models, two key challenges arise. Firstly, the
evolution of physical systems is often accompanied by abrupt changes, which re ect key mechanisms
of the system (Ben-Dor & Ben-Dpor, 2007; Rassweiler et al., 2011). Due to their rapid and intense
local variations, and even discontinuities, these changes are dif cult to capture. Secondly, existing
diffusion models typically operate on a xed spatial-temporal resolution, and cannot generalize to
ner resolutions (Croitoru et al., 2023; Yue et al., 2024; Shang et al., 2024), which is a fundamental
requirement of neural PDE solvers (Li et al., 2021; Boussif et al., 2022; Yin et al., 2022).

In this work, we introducéVaveletDiffusion Neural Operator (WDNO) to address the above

two challenges. Our WDNO method consists of two key innovatiqid$:Generation in the

wavelet domain. Since the wavelet transform is both space and frequency localized and excels
at approximating functions withbrupt changegTripura & Chakraborty, 2022), generation in the
wavelet space endowed by the wavelet transform is ideal for modeling abrupt changes. Besides, due to
the linearity and locality of the wavelet transform, it can integrate seamlessly with the multi-resolution
training. (2) Multi-resolution training. To enable generalization to ner resolutions, we prepare
training datasets across multiple spatial and temporal resolutions utilizing the approximate scale
invariance. Since changes of the equation forms are approximately the same across resolutions, the
model is trained to generalize to ner resolutions conditioned on coarser resolutions, which opens up
the capability to generalize to even ner resolutior seerduring training.

Concretely, our contributions include the followin@t) We introduce the WDNO method that
comprises diffusion in the wavelet space, addressing the challenges of modeling states with abrupt
changes in simulation and contr¢2) We propose multi-resolution training to address the issue of
poor generalization to higher-resolution simulations, which is a fundamental task in PDE modeling.
(3) We evaluate our method on 1D advection equation, complex PDEs with abrupt changes including
1D Burgers' equation, 1D compressible uid, and 2D incompressible uid, and a real-world dataset
ERA5. Compared with strong baselines in physical simulation and control, our method shows
competitive performance. Particularly, the 2D experiments are extremely challenging as they involve
indirect control with 3,584 spatial control variables at each time step, for a total of 32 time steps. It is
noteworthy that WDNO reduces 79% of the leaked smoke compared to the prior state-of-the-art.

2 PRELIMINARY

2.1 PROBLEM SETUP
We consideraPDE of9; T] D R RY with the following form

Qu_ . ,.@udu .
@t T@X @R
u(0;x) = up(x); x2 D; Bul(t;x)=0; (tx)2[0;T] @D;

whereu : [0;T] D ! R" is the solution, with the initial conditiomg(x) at timet = 0 and
boundary conditioB [u](t; x) = 0 on the boundaryF is a function and (t; x) is the force term.

F +f(tx); (tx)2[0;T] D; 1)

For such PDE systems, there are two fundamental tasks: simulation and control. The former involves
learning a mapping from certain parameter functiansuch as initial conditions and boundary
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conditions, to the solutions that represent a mapping from an in nite-dimensional function space to
another in nite-dimensional function space. The latter task involves identifying the external control
for a speci ¢ objectivel (u; f ) which is a function olu andf , aiming at ndingf that minimizes] .

2.2 DIFFUSIONMODEL

A representative instance of diffusion models is the Denoising Diffusion Probabilistic Model (DDPM)
(Ho et al., 2020b), which contains a forward and a reverse process to generate samples. In the forward
process, noise is progressively added to cleanxiatantil it is corrupted into GaussBin noisg
N (0;1). This process follows the Gaussian transition kegiek+1 jxk) = N (Xk+1; kXk; (1

k)1), wheref oK., denotes the variance schedule. In the reverse process, data is sampled from
Gaussian noisB (0; 1) and a denoising model gradually removes the noise from the data until
it returns the original clean data distribution. The model predicts the mean) of xx 1 and the
reverse process is de ned with the transitprixx 1jXk) = N (Xk 1; (Xk;K); «l).

To train the denoising model , the training loss is de ned as follows, which optimizes a simpli ed
variant of the variational lower-bound for the data's log-likelihood (Ho et al., 2020b).

YK

L =Ex uak)xe px); N (o;nlK (p KXo + P k ;K)K3]; where | := it (2)

i=1
Guided Diffusion Generation. Modeling the conditional distributiog(xjy) enables controllable
sample generation. Methods for conditioning in diffusion models include classi er-based guidance
(Du et al., 2023) and classi er-free guidance (Ho & Salimans, 2022; Ajay et al., 2022). The former
employs an additional classi er model trained on clean data to directly modify the denoising direction
of the data during generation. The classi er-free conditioning simpli es the architecture and enables
guided generation without an explicit classi er. It trains the model to learn both conditional and
unconditional probabilities (x;?) /r logq(x) and (x;y)/r «logq(xjy), where? is an
identi er that tells the model to outputp(x) instead ofp(xjy) (Ho & Salimans, 2022). During
sample generation, it combines noise terms following;?) + ! ( (X;y) (x;?)), where
I 2 [0; 1] is the weight. In this paper, we combine the use of both guidance methods.

3 METHOD

In this section, we detail our proposed WDNO from two perspectives: Section 3.1 describes how we
perform the generative process within the wavelet domain, including basic concepts and practical
implementation of wavelet transforms, and algorithms for applying WDNO to simulation and control
problems. Section 3.2 presents the approximate scale invariance of PDE systems and our proposed
multi-resolution training based on this property. The overall algorithm is presented in Figure 1.

3.1 GENERATION IN THE WAVELET DOMAIN

The WDNO performs generative control and simulation in the wavelet domain. Compared to the
Fourier transform, the wavelet transform features locality while simultaneously retaining information
in both space-time and frequency domains, allowing more accurate modeling for abrupt changes.

Wavelet basis.Intuitively, we use wavelet analysis to represent signals with basis functions localized
in both space-time and frequency domains, taking values only within nite intervals. Speci cally, this
set of basis functions can be divided into two categories: one type is the scaling funcised to
represent the general outline (low-frequency information) of the original signal, and the other type is
the mother wavelet , which is used to depict the detailed information (high-frequency information)
of the original signal (Alpert et al., 2002; Selesnick et al., 2005).

By scaling the function and mother wavelets, we obtain |, and |m :
m () =252 @2'x m); o (x)=2F2 @2'x  m);

wherem adjusts the position of the wavelet along thaxis and represents the level of the basis.
Whenl increases, the wavelet narrows, and its frequency increases. Then, the entire space can be
spanned by ., at a particular levelly and |, atlevels greater than or equallte which can be
presented as follows:
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X X X
u(x) = Clo (M) 1o;m (X) + di(m) 1m (X):
m I=lpg m
Thus we get the coarse wavelet coef cientgm) and the detail wavelet coef cienth(m).

Practical implementation. However, due to the discrete nature of real-world data, the levelspf

will have an upper bount, meaning there exists a minimum length interval forAs mentioned in

the introduction (Sec. 1), to preserve the locality of the data for integration with the multi-resolution
training, we choosk = L. So,)gqe decomposition cgn be presented as:

ux)= c(m) tm (X)+  do(m) Lm (X):
m m
To verify the reliability of the wavelet decomposition's implementation, in Appendix A, we conduct
tests of the reconstruction error on training data and discover that the rdlativeors of such
reconstructions are on the orderidf 7, indicating that there is nearly no information loss. Further
details about the wavelet transform can be found in Appendix A.

WDNO for simulation. For simulation, as introduced in Section 2.1, the objective is to learn a
mapping from the equation parameter functéoto the solution functiomiy.t;. We can view the
learning of this mapping as learning a conditional probabpiy.r;ja). However, we consider

the conditional probability in the wavelet spapéW,, . ,jWa), whereW, andW, are the wavelet-
transformed values afjo;r; anda. Here, we adopt C|IaSSI er-free conditioning to guide the sampling
process in diffusion models. Speci cally, to ensure that the generated wavelet-transformed values
Wuy,, ., align with the correspondin‘g}/a, we includeW, as a conditioning factor. Speci cally, we

initialize an optimization vanablwu[o .+, with Gaussian noishl (0;1), and iteratively update it via:
wig D = W WK iWask)+ 5 N 05 1 (3)

U] Up ;T Up 1]
wherek denotes the denoising stepis the scaling factor andy represents the noise schedules.
Repeatedly applying this denoising procedure fiom M down tok = 1 yields the nal solution
WLS%)T] Besides, during inference, we follow the Denoising Diffusion Implicit Model (DDIM) (Song
et al., 2020), which can largely speed up the sampling process.

WDNO for control. For the control problem, in a task aimed to minimizeour goal is to nd the
optimalf jo.71 based on an environment determined by a parameter furgtigimch as the initial
condition. Consequently, this problem can be naturally modeled as leaffigg;ja). Here, we

also transform it into the wavelet domain, thus learrmp(g/s , . ,jWa). Similar to the simulation,

we employ a conditional diffusion model. However, a challenge arises in that we can only model
and trainp(Ws , . ,]Wa) as represented in the training set, wheres typically not optimal. To
address this issue, we view the control problem from an energy optimization perspective, and thus
during inference, we enhance the denoising process with guidanoesteer the generation 6f
towards a smalled . Note that without this term, the model can only generate control sequences that
follow the same distribution as the dataset, without optimizing for the control objectives. Speci cally,

initializing Wf([':?T : from Gaussian noisl (0; I), we iteratively update

Wf([l(:T::-) = Wf([I:?T] (Wf(t)n Wa’k) o Wf[o;T]J (Wf([lf?ﬂ) * N 0 El ; (4)
where ¢ and are the noise schedule and the scaling factor respectively, @the weight of
guidance. Heré\vf\‘/(k)T is the approxmate noise- frw(o) estlmated fromN(k) by:

f[OT]_( f[OT] pﬁ (Wf([:?T];Wa;k)): k; (5)
We calculate) in Eq. 4 based old\‘/f([o?T ] instead of directly usingvf([';?” because otherwise noise
in Wf([?” could bring errors td . Repeatedly applying this denoising procedure yields the nal

squtioan([?T - Similar to the simulation, we also employ the DDIM to accelerate the denoising.

3.2 MULTI-RESOLUTION FRAMEWORK

Next, to enable the diffusion model to generalize across different resolutions, we will introduce our
multi-resolution framework based on the approximate scale invariance, which we will introduce in
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the following. In contrast to the model mentioned in the previous section, which we refer to as the
Base-Resolution Model (BRM), we will introduce a Super-Resolution Model (SRM) in this section.
The framework integrates seamlessly with the wavelet transform technique and enables zero-shot
super-resolution, which is one of the fundamental requirements of a neural operator.

Approximate scale invariance.We rst introduce the approximate scale invariance. For simplicity,
let us rst assume that the spatial domain of the PDE in Eq.[1 is [0; 1]. Given the high-resolution
datad. of sizeN M, and low-resolution datd of size(N=2) (M=2), although both are
originally de ned over the same spatiotemporal don{&@iir] D, we can rescale the low-resolution
data into a new spatiotemporal domfnT=2] D, where the spatial domalD is scaled td0; 1=2].

In this cased. andd can bealignedto the same precision. However, note that the coordinates of
d are now scaled, meaning that the system no longer follows the original equation.

For any arbitrary spatial domain, we can always achieve such alignment through a linear transforma-
tion. We denote the linear transformations of time and spaegtas by andayx + b, respectively.
Then the stretched function actually satis es the transformed version of the original equation:

@u_, , @u Gu. ..

a1 @t "a@%X @R
Note that if we consistently consider the same factor of resolution change, this linear transformation
remains constant, meaning that the coef ciemtsaanda, are xed. Therefore, the pattern of change
between different resolutions is consistent. Additionally, since the wavelet transform is linear and
localized, this pattern remains consistent in the wavelet domain.

+ f(t;x); (Ex)2][0;T=2] D: (6)

Correspondingly, in practical operations, we consider that each re nement of the discrete observations
of the physical system follows the same pattern, which inspires us to develop the idea of multi-
resolution training. Speci cally, based on the training dataset at a given resolution, we downsample it
to create a multi-resolution training dataset and then use this dataset for training to learn this pattern.
Thus, during inference, we can naturally follow this pattern to achieve zero-shot super-resolution.

Multi-resolution training data. In practical implementation, we introduce the Super-Resolution
Model, which is a conditional diffusion model. Assuming the resolution of the original training
datasetisN\ M, thatis,N time steps andl spatial points, we obtain data at the resolution of
(N=2) (M=2) throughdownsamplingwhich means we do not need ner-resolution data. We thus
getthe data pairs of siz& M and(N=2) (M=2). This downsampling process can be repeated to
obtain data pairs dN=2) (M=2)and(N=4) (M=4),(N=4) (M=4)and(N=8) (M=8),and

so forth, to compose the multi-resolution training dataset for training the Super-Resolution Model.

Training. We take the conditional diffusion model (Ho & Salimans, 2022) to model the conditional
probabilityp(Wh j Wi; Wy, ), whereh andl respectively present high- and low-resolution data of
data pairs in the multi-resolution training datasgtjs the high-resolution equation parameter, and
Wh, W andW,, are the corresponding wavelet-transformed values. In detail, to align low-resolution
with high-resolution data, we duplicate the low-resolution data to match the size of high-resolution
data. During training, each batch randomly selects data pairs from a given resolution.

Inference. During the inference process, when super-resolution is required, we rst downsample
the high-resolution equation parametan® the same resolutioN M as the training data and
perform a wavelet transform. Then, using the Base-Resolution Model, we rst generate the wavelet
coef cients of the base low resolution. Subsequently, we utilize the Super-Resolution Model to
generate the data based on both the wavelet coef cients of lower-resolution results with sié

and the wavelet coef cients &}, at the post-super-resolution resolut@d  2M . This process is
iterated, allowing us to ultimately generate results with the same resolution as the aiginal

4 EXPERIMENTS

In this section, we aim to te$t) the advantages of WDNO in handling complex long-term dynamics
with abrupt changes on simulation and control problef@sthe effectiveness of multi-resolution
training in performing zero-shot super-resolution, &B)the bene ts of integrating wavelet transform.

We report the Mean Squared Error (MSE) measured on entire state sequences excluding initial
conditions for the simulation tasks, and the control objeclivier control problems. Besides, we
consider state-of-the-art baselines from different elds. For control tasks, the following methods are
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compared{(1) the classical control algorithm Proportional-Integral-Derivative (PID) (Li et al., 2006)
(2) Supervised Learning method (SL) (Hwang et al., 2022), reinforcement learning and imitation
learning methods including) Soft Actor-Critic (SAC) (Haarnoja et al., 2018)) Behavior Cloning

(BC) (Pomerleau, 1988}5) Behavior Proximal Policy Optimization (BPPO), af& DDPM (Zhuang

et al., 2023). For simulation, we considé) DDPM (Ho et al., 2020a);2) Wavelet Neural Operator
(WNO) (Tripura & Chakraborty, 2022)3) Multiwavelet Neural Operator (MWT) (Gupta et al.,
2021),(4) Fourier Neural Operator (FNO) (Li et al., 2021B) CNN (Hwang et al., 2022), (6)
Operator Transformer (OFormer) (Li et al., 2023), §ApU-Net (Ronneberger et al., 2015). Details
can be referenced in Appendix I, J and K. For reproducibility, the code is available here.

4.1 1D BURGERS EQUATION

Experiment setting. We rst consider the 1D Burgers' equation, a fundamental equation describing
shock waves and turbulence in uid dynamics, with the Dirichlet boundary condition and external
forcef , which follows previous works (Hwang et al., 2022; Mowlavi & Nabi, 2023) and is more
dif cult due to the long time horizon of 81 steps. The visualizations are presented in Figure 6. More
details about the setting are in Appendix F. The simulation task is to learn the mapping from the
initial conditionug and force ternt to the entire trajectoryy.t, while the control objective

corresponding to the targZet state(x) and the xed wgight is
J = ju(T:x) u (x)jldx + if (t;x)jdtdx: )
D [0;T] D

Data preparation. We perform a 2D wavelet transform on the original data usingtbe?.4 wavelet

basis and the “periodization' mode, implemented usingifterch_wavelets package (Cotter,
2019). Since the initial condition and the target state are 1D, we take the 1D wavelet transform, repeat
the coef cients, and then concatenate them with the 2D coef cients.

ResultsWe report results of simulation and control tasks in Table 1 and Table 2a. From Table 1, it is
evident that WDNO and DDPM achieve results that far surpass other baselines in simulation, demon-
strating the capability of diffusion models for long-term predictions. In this particular simulation
experiment, the performance of WDNO and DDPM is quite similar, while advantages of WDNO
over DDPM are detailed in Section 4.6 and Section 4.7. For the control problem, WDNO achieves
the best results, which clearly illustrates the superior performance of WDNO.

Table 1:Results of simulation.Bold font denotes the best model and the runner-up is underlined.

| 1D | 2D

Methods | Burgers' Advection Navier-Stokes Fluid ERA5
WNO 0.00572 4.216e-02 6.5428 | 0.07975 -
MWT 0.00052 3.468e-04 1.3830 | 0.01556 21.85750
OFormer 0.00023 1.858e-04 0.6227 | 0.04303 18.26230
FNO 0.00015 9.712e-04 0.2575 | 0.00684 14.38638
CNN (1D) / U-Net (2D) | 0.00198 5.033e-04 12.4966 | 0.00737 15.51342
DDPM 0.00013 4.209e-05 5.5228 0.01578 15.21103
WDNO (ours) ‘ 0.00014 2.898e-05 0.2195 ‘ 0.00231 12.83291

4.2 1D ADVECTION EQUATION

Experiment setting. Next, we consider the advection equation, which models pure advection
behavior without nonlinearity. This dataset, sourced flRBEBench (Takamoto et al., 2022), is

set up to predict 80 timesteps of evolution based on the one-time-step initial condition. The system
exhibits relatively smooth and simple dynamics. We aim to observe the performance of various
methods on a system without abrupt changes using this dataset.

Data preparation. Since the data shape is similar to that of the 1D Burgers' equation, the data
preparation process is consistent with that of the rst experiment.

Results. From results in Table 1, we can observe that most models achieve low prediction errors.
However, WDNO still delivers the best results.
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(a) Results of WDNO and (b) Results of WDNO on the 2D indirect control. The objective is to navigate
DDPM on the 1D Navier- the yellow smoke to get around grey obstacles and reach the target bucket located
Stokes equation. at the top center.

Figure 2:Visualizations of 1D Navier-Stokes equation and 2D incompressible uid.

4.3 1D COMPRESSIBLENAVIER-STOKES EQUATION

Experiment setting. We also consider the important 1D compressible Navier-Stokes equation which
can describe complex phenomena, such as shock wave formation and propagation in aerodynamics
around airplane wings and interstellar gas dynamics. We consider a particularly challenging scenario
from the 1D CFD dataset iRDEBench (Takamoto et al., 2022). We select extremely small viscosity
coefcients, =10 8and =10 8. The initial conditions are shock-tube elds consisting of
piecewise constant values generating shocks and rarefactions. Boundary conditions allow waves to
exit the domain. Since this pre-existing dataset does not include time-varying control terms, we only
perform the simulation task on it. We provide more details in Appendix G.

Data preparation. The data preparation process is also similar to the above ones.

Results.From Table 1, we can observe that WDNO still gains the best performance among strong
baselines. It is particularly noteworthy that the MSE of DDPM exceeds that of WDNO by over 25
times. In Figure 2a and Figure 7, we further present the detailed prediction results of DDPM and
WDNO. It can be seen that for physical dynamics with abrupt changes, DDPM struggles to model
shocks and loses many ne details. This highlights the necessity of introducing the wavelet transform.
More results, including MSEs, MAEs, ahd , and other baselines can be found in Appendix C.1.

Table 2:Results of control tasks.Bold font denotes the best model and the runner-up is underlined.

(a) 1D Burgers' equation. (b) 2D incompressible uid.
Methods | J Methods | J
PID (surrogate-solver) | 0.6645 BC 0.3085
SAC (pseudo-online) 0.1376 BPPO 0.3066
SAC (of ine) 0.3210 SAC (pseudo-online) 0.3212
BC (surrogate-solver) | 0.2998 SAC (of ine) 0.6503
BC (solver) 0.1879 DDPM 0.3124
BPPO (surrogate-solver) 0.3075
BPPO (solver) 0.1867 WDNO (ours) | 0.0679
SL 0.0235
DDPM 0.0272
WDNO (ours) | 0.0205

4.4 2D INCOMPRESSIBLEFLUID

Experiment setting. Next, we experiment on 2D uid problems following the incompressible
Navier-Stokes equation. The experiment setting, a complex scenario close to real-world, follows
previous works (Wei et al., 2024), where the control can only be exercised out of the frame as shown
in Figure 2b. The boundary condition at obstacles is the no-slip condition, meaning that the velocities
are set td at the boundary. This experiment thus includes uid-solid coupling, where functions have
discontinuities and are hard to model. The different data trajectories share the same initial velocity
eld; the variations are in initial smoke positions, speci cally the smoke's initial density, and control
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sequences. The simulation task is to predict the smoke's density, velocity eld, and the percentage of
smoke passing through the target bucket based on the initial smoke density and control sequences.

For the control problem, our goal is to move the smoke from its initial position, located beneath the
central obstacle, into the middle bucket at the top. To be more spekiis,de ned as the percentage

of smoke not passing through the target bucket. Firstly, this objective presents considerable challenges
due to the restriction that forces can only be applied in the peripheral regions. This problem requires
the model to plan ahead in the middle of the entire trajectory to avoid entry into the wrong opening.
Furthermore, we need to generate 3,584 control parameters over a time span of 32 steps in these
peripheral zones to indirectly control the velocity eld in the central region.

Data preparation. We perform a 3D wavelet transform on original data udimy1l.3wavelet basis

and “zero' mode, implemented throuBlgtorch Wavelet Toolbox (ptwt) (Wolter et al.,
2024). Since the initial condition and percentage of smoke are 2D and 1D respectively, we take the
2D and 1D wavelet transform and repeat the coef cients to concatenate them.

Results.Table 1 are the simulation results, showing our method is far superior to DDPM and exceeds
all the baselines. It is worth noting that the prediction error of WDNO is an order of magnitude lower
than that of DDPM. As for the results of the control problem shown in Table 2b, our method can
make more than 90% of the smoke pass through the target bucket, dn&iz2% of the next best
method'sJ , showing our model's superiority under complex dynamics with abrupt changes.

4.5 ERA5

Experiment setting. The ERAS dataset (Kalnay et al., 2018), provided by ECMWEF, is a challenging
real-world dataset for weather forecasting. It offers hourly atmospheric estimates with°a 0.25
latitude-longitude resolution from the Earth's surface to 100 km altitude, spanning from 1979 to the
present. We conduct simulation experiments on this dataset to demonstrate the superior performance
of WDNO. The selected variable is temperature, and the speci ¢ task involves predicting the system's
evolution over the next 20 hours based on its state over the past 12 hours.

Data preparation. Due to similar data size, the process of data preparation is similar to Section 4.4.

Results We present the results in Table 1. Here we experiment with different parameters for WNO,
but all con gurations fail to converge. It is clear that WDNO still achieves the best performance, with
a relativel , error as low as 0.0161, demonstrating its outstanding capability on challenging datasets.

4.6 ZERO-SHOT SUPERRESOLUTION

In this subsection, we will present the
super-resolution simulation results for the
1D Burgers' equation and 2D incompress-
ible uid. For the 1D experiments, the
resolution of the training dataset is of the
time-space resolutioB0 120, We demon-
strate the results of single, double, and
triple super-resolution steps on both time
and space, with the corresponding unseen
resolutions ofl60 240, 320 480, and
640 960respectively. For the 2D experi-
ments, the training dataset has a resolution
of 32 64 64, and we transfer to the reso-

lution32 128 128 The visualization of riq,re 3: 1D zero-shot super-resolution. The rst

1D zero-shot super resolution is presenteréw shows WDNO's simulation results with no super

in Figure 3. resolution, one-level super resolution, and two-level
To evaluate the performance across dguper resolution. The second row is the ground truth,
ferent resolutions, we interpolate the ou@nd the third row is the difference between the rst

comes of each super-resolution step to tigd second rows. As resolution increases, WDNO's
highest resolution level. This allows us t@utput gets closer to the ground truth, demonstrating its
assess whether the model can accurat@§fo-shot super resolution capability.
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@ (b) ()

Figure 4:Results in Section 4.6 and Section 4.7 aftar super-resolution steps.All MSEs are
calculated at the nest resolution through linear or nearest interpolation. (a), (b) are 1D Burgers' and
2D results in Section 4.6, respectively, and (c) is the results in Section 4.7.

(c) Comparison with Fourier
transform.

(a) Long-term dependencies. (b) Number of training samples. (d) Measurement noise.
Figure 5:Results of ablation studies.

generate data on ner grid points beyond the resolutions encountered during training. We consider
linear interpolation and nearest interpolation, taking the mesh-invariant model FNO and WNO as the
baselines. Due to WNO's implementation, it can only perform spatiotemporal super-resolution simul-
taneously, making it unsuitable for 2D super-resolution experiments. As shown in Figure 4a, Figure
4b, Table 16 and Table 17, in both 1D and 2D scenarios, our method surpasses results of interpolation
by achieving signi cantly improved outcomes with each super-resolution step. It can effectively
reconstruct the values on the newly added grid points at the highest resolution, outperforming the
mesh-invariant FNO and WNO.

4.7 ABLATION STUDY

Abrupt changes. We rst verify whether the wavelet
transform can enhance DDPM's ability to model abrupt
changes. To this end, we present the system's states and
prediction errors of WDNO and DDPM over time in Fig-
ure 6 and Figure 9. Note that, although WDNO and DDPM
have similar overall MSEs in Table 1, we can observe that
at moments when the state exhibits abrupt changes in
space, WDNO achieves a lower prediction error compared
to DDPM. This demonstrates that the wavelet transform
helps to model dynamics with abrupt changes that are

otherwise dif cult to learn. . . .
Figure 6: MAE and state trajectories.

Combination of wavelet and multi-resolution training.

To assess the ef cacy of integrating wavelet transform with multi-resolution training due to the
wavelet transform's locality, we provide outcomes from DDPM combined with multi-resolution
training by applying the framework directly in the space-time domain, as depicted in Figure 4c.
Notably, in the 1D experiment, as the number of super-resolution steps increases, evaluations at the
highest resolution reveal that the disparity between WDNO and the application of the multi-resolution
training in the original space-time domain becomes more pronounced, verifying the ef ciency of
utilizing wavelet transforms for super resolution.
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Comparison with Fourier transform. We also evaluate the diffusion model in the Fourier domain
(Diffusion + FFT). The implementation strictly follows WDNO, except for replacing the wavelet
transform with Fourier transform. The MSEs on the 1D compressible Navier-Stokes equation are
shown in gure 5c¢. While the Fourier transform also provides some improvement over DDPM, its
performance is signi cantly inferior to that of the wavelet transform, which veri es that wavelet
transforms inherently decompose information into low-frequency components and high-frequency
details across different directions, making them more effective for learning complex system dynamics,
such as those with abrupt changes. In addition, we take the FNO as the noise prediction model (FNO
Denoiser), but the results indicate inferior performance. This may be because FNO tends to Iter out
high-frequency information, which is crucial for a noise prediction mode.

Long-term dependenciesLong-time predictions tend to perform poorly due to error accumulation
and prediction instability. Therefore, capturing long-term dependencies allows WDNO to grasp the
dynamics over extended periods better, naturally improving WDNO performance. To further verify it,
in Figure 5a, we provide errors of baselines and WDNO at different time steps in the 2D simulation
experiment. It is obvious that WDNO exhibits the slowest error growth, con rming its ability to
capture long-term dependencies.

Measurement noise.To evaluate on datasets with increasing measurement noise, we add noise to
both the training and testing datasets of 1D Burgers' equation, sampled as Gaussian noise scaled by
the original data's standard deviation multiplied by a scale factor. We test scale factors of 0.01, 0.001,
and 0.0001. As shown in the Figure 5d, WDNO 's results exhibit minimal variation with changes in
scale, demonstrating its robustness to noise.

Number of training samples. We reduce the training dataset size to 0.2, 0.4, 0.6, and 0.8 times
the current size (9000 samples) and measure WDNO's MSE on the 1D compressible Navier-Stokes
equation. The results in Figure 5b show that even when the dataset size is reduced to 0.4 times,
WDNO ‘s error remains within a relatively small range. When the dataset size is reduced to 0.2 times,
the error shows a noticeable increase.

Additional results. Due to space constraints, we provide additional details in Appendix C, which
include sensitivity analysis of key hyperparameters, verifying approximate scale invariance, evaluating
the sensitivity of baselines and WDNO to noise in control sequences, comparing computational
resource usage between baselines and WDNO, and analyzing the impact of the guidance parameter.

5 LIMITATION AND FUTURE WORK

Firstly, although we do not conduct real-world experiments, WDNO is not limited to the speci c
environments, which means that it can be applied to real scenarios, such as turbulence, structural
materials and plasma, which we will leave as future work. Secondly, due to the wavelet transform and
denoising model U-Net, WDNO is only applicable to static, uniform grid data. We are considering
applying WDNO to irregular data by using geometric wavelets (Xu et al., 2018) combined with
diffusion models designed for graph structures (Vignac et al., 2023), or projecting data from irregular
grids onto regular uniform grids (Li et al., 2020b; Lin et al., 2023), among others. Finally, our current
approach does not yet incorporate information from equations, such as adding physics-informed loss
based on the PDEs, which can enhance the model's accuracy, robustness, and generalizability.

6 CONCLUSION

In this paper, we have introduced Wavelet Diffusion Neural Operator (WDNO), a method for
simulation and control of PDE systems. By introducing two innovations of generation in the wavelet
domain and multi-resolution training, WDNO addresses the challenges of modeling states with abrupt
changes and generalizing across resolutions typical in PDE systems. Experiments on challenging
settings including the 1D Burgers' equation, 1D Adevection Equation, 1D CFD, 2D incompressible
uid and ERA5 demonstrate WDNO's superior performance and its ability to generalize to much
ner spatial and temporal resolutions than in training. We believe that WDNO will be useful for
complex physical simulation and control in a wide range of scienti ¢ and engineering domains.
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A DETAILS OF WAVELET DECOMPOSITION

In this section, we provide a detailed introduction to wavelet transformsv|Le¢ the space spanned
by scaling functions ., , m 2 Z, andW, be the space spanned by wavelets , m 2 Z. The
scaling functions possess two fundamental properties:

1. The scale function is orthogonal for its integer translation.

2. The wavelet spaces satisfy a nested and increasing sequence of spaces:
Vi Vi Vo Vi Vi
As for the spac#, andW,, they have the following relationship:
Viae =V Wit

Intuitively, the space¥V, spanned by the wavelet functions complement the missing information
between the scaling function spaces of different levels.

Then, the process of wavelet transform can be viewed as convolving the scaling and wavelet functions
of a certain level with the original signal, effectively splitting the signal into low-frequency and
high-frequency components. Subsequently, the low-frequency part is further decomposed. This
results in obtaining coef cients;, andd,,; dy+1 ; dig+2;:: .

There are numerous types of wavelet bases that have different waveforms. Here we provide further
insights into the criteria used for wavelet selection. For the wavelets we consider (bior, db, sym),
bior and sym wavelets offer symmetry, which reduces phase distortion during processing and allows
for more accurate reconstruction compared to db, as also re ected in the reconstruction loss table.
Regarding the choice of wavelet scale, despite the higher smoothness of higher-order wavelets, they
generally have larger value ranges. Therefore, for data with small spatiotemporal size, high-order
wavelets may not be suitable. For example, in the 1D data with a side 081 120, we choose
bior2.4, while for the 2D data with a size Nf 32 64 64, we select biorl.3, a lower-order wavelet.
Using wavelets with excessively large support lengths may distort coef cients near the boundaries
and fail to effectively decompose signal details, hindering the effectiveness of multi-resolution
decomposition.

Speci cally, we selecbior2.4andbiorl.3from the Biorthogonal wavelet family for our experiments

on the 1D Burgers' equation and 2D incompressible uid, respectively. And we we use the “peri-
odization' mode in 1D and the “zero' mode in 2D. Due to the presence of the temporal dimension,
we perform a two-dimensional wavelet transform on data from the 1D Burgers' equation and a
three-dimensional wavelet transform on data from the 2D incompressible uid.

In Table 3, we report the reconstruction errors of wavelet transforms using different wavelet bases on
the 1D Burgers' equation and 2D incompressible uid, the results show that the reconstruction is
signi cantly low.

Table 3: Reconstruction relative L, errors on 1D Burgers' equation and 2D incompressible
uid.

Typesof waveletf 1D | 2D
biorl.3 1.09e-07| 3.32e-07
bior2.4 8.32e-08| 2.65e-07

db4 1.39e-07| 4.39e-07
sym4 1.17e-07| 3.74e-07

Besides, in Table 4, we provide the total time consumption for Fourier and wavelet transforms on the
training set of the 1D compressible Navier-Stokes equation. The Fourier transform is implemented
using PyTorch's 2D Fast Fourier Transform function. Both times are recorded on an A100 GPU with
a batch size of 2000. From the results, we can observe wavelet transform's ef ciency.
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Table 4:Total time consumption for Fourier and wavelet transforms on the training set of the
1D compressible Navier-Stokes equation.

| Wavelet transform| Fourier transform
Time (s) | 1.0171 \ 1.3810

B VISUALIZATION OF EXPERIMENT RESULTS

B.1 VISUALIZATIONS OF 1D COMPRESSIBLENAVIER-STOKES EQUATION

In Figure 7, we present visualizations of predictions from WDNO and DDPM. It is clear that WDNO
is far better at modeling states with abrupt changes. While DDPM can not capture details, WDNO
can successfully predict these precise changes.

Figure 7:Visualizations of WDNO's and DDPM's performance on simulation of the 1D com-
pressible Navier-Stokes equation.
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B.2 VISUALIZATIONS OF 2D INCOMPRESSIBLEFLUID

We provide visual results of WDNO on challenging 2D control tasks in Figure 8. It can easily be
observed that, for many trajectories, our method successfully guides the smoke to pass essentially
through the target bucket, which is not achieved by other baselines.

Figure 8:Visualizations of WDNO's performance on the 2D incompressible uid control task.
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C ADDITIONAL RESULTS OFEXPERIMENTS

C.1 MORECOMPARISONS ON1D COMPRESSIBLENAVIER-STOKES EQUATION

Here, we provide more results on simulation of 1D Compressible Navier-Stokes Equation. We
further compare WDNO with Transolver (Wu et al., 2024a), CNO (Raonic et al., 2024), MSVI
(lakovlev et al., 2022), ACDM (Kohl et al., 2024), and DiffusionPDE (Huang et al., 2024). We
also add comparisons with diffusion models in Fourier domain and FNO denoiser. The results in
Table 5 demonstrate that WDNO still achieves the best performance on MSE. It can be observed
that the trends of MAE align closely with MSE. However, the error values across different
methods are relatively similar because this metric only considers the maximum value across the entire
spatiotemporal domain, thus capturing less information.

Table 5:Comparison of Various Models Based on Error Metrics

Model | MSE | MAE | L1 Error
Transolver 4.9984 0.4025| 4.87284
CNO 0.3987 0.2765| 9.9169

MSVI 1.7063 0.6047| 17.0386
ACDM 4.6574 0.8946 | 60.9370
DiffusionPDE 5.5936 0.9792| 16.0514
WNO 6.5428 1.1921| 21.3860
MWT 1.3830 0.5196| 11.3677
OFormer 0.6227 0.4006 | 30.9019
FNO 0.2575 0.1985| 11.1495
CNN 12.4966 | 1.2111| 17.6116
DDPM 5.5228 0.9795| 16.0532
Diffusion + FFT | 3.0258 0.8498| 14.6670
FNO Denoiser | 145.0469| 6.6406| 31.7515

WDNO (ours) | 0.2195 | 0.1049| 13.0626

C.2 ABRUPT CHANGES
Here we provide more visualizations of the comparison between WDNO's and DDPM's MAE of

different time steps. Figure 9 veri es that WDNO can better model abrupt changes due to the wavelet
transform.
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Figure 9:Visualizations of WDNO's and DDPM's MAE on the 1D Burgers' equation.
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