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ABSTRACT

Large Language Models (LLMs) have made significant strides in natural language
processing, and a precise understanding of the internal mechanisms driving their
success is essential. In this work, we analyze the trajectories of token embeddings
as they pass through transformer blocks, linearizing the system along these trajec-
tories through their Jacobian matrices. By examining the relationships between
these block Jacobians, we uncover the phenomenon of transformer block cou-
pling in a multitude of LL.Ms, characterized by the coupling of their top singular
vectors across tokens and depth. Our findings reveal that coupling positively cor-
relates with model performance, and that this relationship is stronger than with
other hyperparameters such as parameter count, model depth, and embedding di-
mension. We further investigate how these properties emerge during training, ob-
serving a progressive development of coupling, increased linearity, and layer-wise
exponential growth in token trajectories. Additionally, experiments with Vision
Transformers (ViTs) corroborate the emergence of coupling and its relationship
with generalization, reinforcing our findings in LLMs. Collectively, these insights
offer a novel perspective on token interactions in transformers, opening new di-
rections for studying their mechanisms as well as improving training and general-
ization.

1 INTRODUCTION

Transformers (Vaswani et al., 2017 can be represented as discrete, nonlinear, coupled dynamical
systems, operating in high dimensions (Greff et al.l |2016; |[Papyan et al., [2017; |Haber & Ruthotto}
2017; Ee, [2017; |[Ebski et al.,|2018}; (Chen et al., 2018} [Bai et al., 2019; Rothauge et al.,[2019} |Gai &
Zhang| |2021;|Li1 & Papyan|, 2023)). Viewing the skip connections as enabling a discrete time step, we
represent the hidden representations as dynamically evolving through the layers of the network. The
term nonlinear refers to the nonlinear transformations introduced by activation functions, and cou-
pled refers to the interdependent token trajectories that interact through the MLP and self-attention
layers.

In our work, we investigate whether there are identifiable structural characteristics across 30+ pre-
trained LLMs, analyze their emergence with training, and examine their relationship with general-
ization performance. During inference, as token embeddings pass through the network, we analyze
their layer-wise trajectories and linearize the effect of transformer blocks on the token embeddings
across model depth to study the relationships between blocks. To this end, we compute the Ja-
cobians of distinct connections between layers and tokens, perform singular value decompositions
(SVDs), and compare the resulting singular vectors. This approach measures the degree of coupling
between singular vectors to capture the operational coordination of blocks as they act on tokens.
This perspective raises several key questions:

Q1. What regularity properties do these trajectories individually exhibit, and how are the blocks
related to each other? More concretely, what is the relationship between the block Jacobians
across different tokens and transformer layers?

Q2. How do the properties of hidden representations and their interactions emerge during training?
Q3. Are any of these properties linked to the generalization capabilities of LLMs?

*Equal contribution. Source code available at https://github.com/sugolov/coupling
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(a) Correlation with Generalization (b) Emergence with Training

Figure 1: Transformer Block Coupling Measurements (a) The plot illustrates the correlation
between average coupling (takiKg= %dmodeb and benchmark scores across LLMs, showing that
higher coupling corresponds to improved performance, with a regression t yieldiRg amlue of

0:8 with a signi cant p-value 0@:99 10 0. (b) The mean normalized coupling (with = 10)

is plotted as a function of training checkpoints for Pythia 12B and 6.9B (Bidermar gt all, 2023),

coupling scores between pairs of layers. Each node represents a layer, and edge weight and opacity
indicate the strength of depth-wise normalized coupling. Visualizations are provided for checkpoints
1, 4k, and 143k of Pythia 12B.

1.1 CONTRIBUTIONS

We investigate the motivating questions across an extensive collection of openly-available LLMs,
most having over 1B parameters, trained by over 8 independent organizations, with varying training
methods and data (Appendix A.1). Through our experiments, we identify consistent properties that
characterize th&ransformer block coupling phenomenon.

1. Coupling. The singular vectors of the Jacobians of the transformer blocks are coupled across
depth (Figureg|3, 17) and tokens (Figures 4, 15, 16, 18, 19, 20) in several open source LLMs
(Table (1)). Furthermore, coupling across Jacobians emerges with training (Figures 1(b),
3, 4, 6(b), 15, 16), and the coupling strength becomes more pronounced between adjacent
layers with training, indicating a layer-wise locality in the interactions (Figures 1(c-e)).

2. Generalization. The strength of coupling isorrelated with benchmark performance on the
HuggingFace Open LLM Leaderboard (Beeching et al., 2023) (Figures 1(a), 8). Addi-
tionally, coupling is more strongly correlated with generalization than parameter budget,
model depth, and token embedding dimension (Figure 9). Experiments with ViTs support
the relationship observed in LLMs (Figure 6(a)).

3. Regularity. Linearity in hidden trajectories emerges with training (Figures 25, 10, 5(a), 12, 23,
24), aligning with behaviour previously observed in ResNets Li & Papyan (2023). Expo-
nential growth occurs in contiguous token representations as a function of depth (Figures
5(b), 22, 23, 26), starkly contrasting linear growth previously observed.
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We provide a new perspective on token embedding interactions by examining layers of transformers
through their Jacobian matrices. Our results display the effects of training on transformer blocks,
and opens potential avenues for promoting generalization in similar architectures.

2 BACKGROUND ONLARGE LANGUAGE MODELS

LLMs may be described as a deep composition of functions that iteratively transform token embed-
dings. In the input layei, = 0, the text prompts are tokenized and combined with the positional
encodings to create an initial high-dimensional embedding, denotefi ByR%< for thei™ token.
When these embeddings are stacked, they form a matrix:
X0 =(x%xY;:::;x0) 2 RN dmoce; 1)
The embeddings then pass througtransformer blocks:
X 0! Fbl\nck X 1! Fliock X L 1! Fl;_lock X L: (2)

X' = FloaX' 1) denotes the embeddings after teblock, consisting of causal multi-headed
attention (MHA), a feed-forward network (FFN), and normalization layers (LN) with residual con-
nections:

h'*1 (X" = MHA(LN(X ")) (3)
gI+1 (XI): LN(X|+ h|+1 (XI)) (4)
fl+1 (XI): h|+l (X|)+ FFN(g|+1 (XI)) (5)
FooaX ) = X+ £ (x); (6)

where the MHA, LN, FFN are implicitly indexed by layer. Among many models (Appendix 1), an
additional rotary positional embedding (ROPE, Su et al. (2023)) is applied in the MHA layer. In the
nal representation, typically an additional layer normalization is applied:

Foiod X & 1) = LN(X" 1+ ht (Xt 1)+ FEN(g" (X" 1): ()

The outputX - of the nal block F is passed into a bias-free linear layé@r2 R%vcad dmosel, \yith
dvocapdenoting the size of the token vocabulary aldqeis the dimension of the token embeddings.
This layerM computes nal-layer logits for each token embeddings Mx ‘. The prediction for
the next token is then determined by selecting the maximal logit val@gemax, 2 tokens vin :

3 METHODS

3.1 COUPLING OFSINGULAR VECTORS OFJACOBIANS

Jacobians. Coupling is investigated through analyzing the linearizations of transformer blocks
which is given by their Jacobian matrices

Iy, = @%@1 frex! Y ®)

Jacobian matrix for each transformer block without the contribution of the skip connection from the
input of the block, similar to the quantity measured by Li & Papyan (2023) which strictly analyzes
the case wherg = t,.

Due to the causal structure of the representatidh@z = 0 whenevert; >t ,. Hence, we restrict
our attention to the case where  t».

Singular value decomposition (SVD)We compute the SVD of the Jacobians:

J |

tats

= U|S|V|>
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Figure 2: Transformer Block Coupling. A visualization of the various types of transformer block
coupling with brief instructions on computing both the Jacobiaaad coupling matrice& (Section

3.1). The coupling measurement quanti es the alignment and agreement between the interactions
of embeddings connections within the network. The colored subscripts in the sample matrices
indicate the speci c connections being compared.

whereU;;V; 2 R9mel dmosel gre the matrices of left and right singular vectors respectively, and
S) 2 RUmeser dmosel contains the singular valués.

Coupling Measurement. To measure coupling between two Jacobians
0
I, = UiSIVY and Jorg = UpeSioV3 ;

we de ne thecoupling matrix

I° — 1z 1!
Atltztgtg;K = Uloe Ji,e, Viek

= Uk USIVi™ Viek ;

singular vectors. If the singular vectors of distinct Jacobians are strongly aligned, then the coupling
matrix A should be strongly diagonal and approximately equal to the ma&rjx, of the topK
singular values o '. To quantify the tog< mis-coupling, we de ne

11°
t1t2t0t9K Sk ke )

ksix K , 9)

[ L
Mk (Jt, 1,5 Jrorg) =

wheres|k is the vector of the tof singular values of', k ke denotes the Frobenius norm and
k kp the vectomp-norm. Typically, we take = 1, which corresponds to normalizing by the sum of
the topK singular values of'. We then de ne the tofk couplingtobeck =1 mg .

We also generalize this analysis to the alignment between left and right singular vectors of different
Jacobians by considering the matrix

e —y> gl .
Btltztgtg;K = Vo Jiye, Vo

Depth-wise Coupling.To analyze coupling across transformer blocks, wé, and measure align-
ment betweed), andJ);’ through the matriA!” across layer 192 f 1;:::;Lg2

Token-wise CouplingWe also quantify the coupling across tokens in several ways:

!Note that the superscripts; t», indicating the tokens, are omitted for clarity in the expression for the SVD.
2In the matrixA, we write the single subscriptfor clarity.
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trajectory.
» Context Coupling. We consider the context tokens' impact on a trajectory by measuring
. 0 . .
coupling betweet:it'1t2 anth'ltg acrosg,;t9  t; (xing the input token to be the same)

and also betweed anth'(;12 acrosds;t9  t, (xing the output token to be the same).

3.2 LINEARITY OF TRAJECTORIES

Linearity in intermediate embeddings is quanti ed with five-shape scoréL.SS), de ned by Gai
& Zhang (2021) as
..... L
Lsgt = —— 10
S 0 (10)

wherex? = x9, i.e., the input embeddings passed to the LLM, #hi de ned recursively as

X = x! l+XI‘$1‘0H:1;:::;L: (12)
Xi X
Note that LSS 1, with LSS= 1 if and only if the intermediate representatiotfs: : : ; x- form a
co-linear trajectory.

3.3 LAYER-WISE EXPONENTIAL GROWTH

We measure the presence of exponential spaeixgodistanceof the hidden trajectories. Assuming
exponential growth of the embedding norms as they ow through the hidden layers, we estimate
kx/lk e' kx’k = e kx| 'k for some xed 2 R overalllayerd = 1;:::L. We quantify the
validity of this representation by measuring the coef cient of variation lofgiven by
!
kx!k

| i .

i In— 12

| ol Tk (12)
for each layet and tokeri. Under exponential growth, it is expected thais independent of depth.
We therefore denote the expodistance (ED) of the trajectory df'theken of a given sequence by

Varn |
ED = ——_: (13)
I (Avg, |)?
This measurement is motivated by the discussion in Section 6.1, the parametrization in Ap-
pendix A.5, and empirical evidence from Figure 27a. It also serves as a method to assess the validity
of the linearization presented in Equation 14.

3.4 VISION TRANSFORMERTRAINING

For further investigation of coupling in transformers, we consider Vision Transformers (ViTs) fol-
lowing DEIT (Touvron et al., 2021). We train 3 ViTs for classi cation on CIFAR10 (Krizhevsky,
2009) with varied stochastic depth rate for embedding size 192, depth 24, and 3 attention heads.
Please see Appendix A.7 for further details.

4 EVALUATION

4.1 SUITE OF LARGE LANGUAGE MODELS

Our study evaluates a comprehensive collection of LLMs (see Appendix A.1) that were indepen-
dently trained by various individuals and organizations. These models, provided through Hugging-
Face (Wolf et al., 2020), vary in terms of parameter budgets, number of layers, hidden dimensions,
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Figure 3:Transformer Block Coupling across Depth The gure shows Jacobian coupling across
transformer blocks 9 to 16, using the prompt "What is the capital of France? The capital is” to
trace the nal token's trajectory. In trained models (bottom row), the diagonal pattern with minimal
off-diagonal values indicates alignment of Jacobians, where top singular vectH?sdiﬂgonalize

J'. Untrained models do not exhibit such coupling. Further details are in the Appendix A.8 (Figure
17). Best viewed in color.

and training tokens. Moreover, we analyze the dynamics of each measurement throughout training
by deploying the Pythia Scaling Suite (Biderman et al., 2023). A summary of the models under
consideration is presented in Table 1 of Appendix A.1 and further details in Appendix A.6.

4.2 PRoOMPTDATA

We evaluate these LLMs using prompts of varying length, ambiguity, and context, sourced from
the test set of ARC (Clark et al., 2018), GSM8K (Cobbe et al., 2021), HellaSwag (Zellers et al.,
2019), MMLU (Hendrycks et al., 2021), Truthful QA (Lin et al., 2022), and Winogrande (Sakaguchi

et al., 2019). These set the performance benchmarks on the HuggingFace Open LLM Leaderboard
(Beeching et al., 2023) and provide a representative evaluation of performance on many language
tasks.

5 RESULTS

5.1 COUPLING OFJACOBIANS ACROSSDEPTH

In trained LLMs, we observe coupling of the top singular vectors of the Jacobians across depth
(Figure 3 bottom row), evident in the low non-diagonal values with a visible diagonal present in the
matrix subplots. This is consistently observed across various LLMs considered. On the other hand,
in untrained models (Figure 3 top row), there is no coupling of Jacobians across different depths.
There is coupling along the diagonal, however, because each Jacobian is trivially diagonalized by its
own singular vectors. This, in addition to Figure 1(b), suggests that coupling across depth emerges
through training.

5.2 COUPLING OFJACOBIANS ACROSSTOKENS

We analyze the coupling of singular vectors of Jacobians across tokens. For input and output tokens

that are the sameJ andJ,‘f‘O, Figure 4), we observe strong coupling, indicating that a token's
interactions along its trajectory are coupled with others. For context tokens, coupling is examined

by xing the input token (2 andJltoltg, Figure 15) or the output toker (2 andJltogtz, Figure
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