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ABSTRACT

Recent advances in efficient sequence modeling have led to attention-free lay-
ers, such as Mamba, RWKY, and various gated RNNs, all featuring sub-quadratic
complexity in sequence length and excellent scaling properties, enabling the con-
struction of a new type of foundation models. In this paper, we present a unified
view of these models, formulating such layers as implicit causal self-attention lay-
ers. The formulation includes most of their sub-components and is not limited to
a specific part of the architecture. The framework compares the underlying mech-
anisms on similar grounds for different layers and provides a direct means for ap-
plying explainability methods. Our experiments show that our attention matrices
and attribution method outperform an alternative and a more limited formulation
that was recently proposed for Mamba. For the other architectures for which our
method is the first to provide such a view, our method is effective and compet-
itive in the relevant metrics compared to the results obtained by state-of-the-art
Transformer explainability methods. Our code is publicly available.

O https://github.com/Itamarzimm/UnifiedImplicitAttnRepr

1 INTRODUCTION

The very recent State Space Model (SSM) named Mamba by |Gu & Dao| (2023)) has attracted con-
siderable attention since its recent debut (Lieber et al., [2024; [Liu et al., 2024; |Zhu et al., [2024; |Xu
et al., 2024)), further establishing it as an efficient and accurate general-purpose model. Like other
SSM models (Gu et al.,2021azb), Mamba is autoregressive during inference and trains efficiently in
parallel. Recently, Ali et al.| (2024)) have highlighted a third aspect of the Mamba model; namely,
that it is also an attention model, since it implicitly computes attention.

Attention models can be defined as models that linearly combine the values associated with different
elements to create the next set of such associated values. When discussing sequences of tokens, an
attention operator considers the values obtained for each token separately, as a hidden representation,
and mixes these to obtain a new set of values for each token. The mixing coefficients are also a
function of the hidden representations.

Let X be the matrix whose columns are the hidden values associated with each token, and let «
be the matrix of mixing coefficients. The set of values of the next layer is initially obtained as
Y = X and it can then undergo other forms of processing, such as nonlinear activations and per-
token processing. Given a neural architecture, one can always linearize the mixing operators and
write them in the form Y = «aX via their first-order approximation. However, to be considered
an attention model it is required that o be a function of X, which means that the linear operator
is data-dependent. This property is shown by |Ali et al.| (2024)) to hold only for the recent selective
SSM (S6) , but not for most earlier SSMs. Specifically, for standard state-space layers, it has been
demonstrated that they can be linearized into a constant operator, represented by a constant matrix
«, which is solely controlled by the layer’s parameters. However, in the S6 layers, « is influenced
by both the input and the layer’s parameters.
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The implicit attention matrix of [Ali et al.| (2024) considers the S6 mechanism and ignores the in-
fluence of other critical mixer components, such as Conv1D, gate branch, linear layers, and SiLU
activations. The formulation we propose in this work incorporates these additional elements and, as
we show empirically, leads to improved interpretability results in both computer vision and NLP.

Furthermore, using a similar holistic formulation, we show that S6 is not the only sequence model
that implicitly computes attention and that an implicit attention representation can also describe
other recent layers, such as RWKYV (Peng et al.| 2023)), Griffin (De et al.| |2024) ,HGRN (Qin et al.,
2024b) and more, as illustrated in Figure

To achieve a more accurate representation that better reflects the model’s behavior, we employ a
composition of multiple components. The concept of composing non-attention layers and represent-
ing them as data-controlled linear operators was initially introduced in Hyena (Poli et al.| [2023),
which attempts to replicate attention capabilities through a composition of two sub-quadratic opera-
tors (long convolutions and multiplicative gating). Our formulation differs from this approach in two
main ways. First, instead of focusing on replicating attention capabilities, we take the reverse step
by demonstrating that, through a sequence of algebraic manipulations, several existing modern gated
linear RNNs can be viewed as single implicit attention layers. Second, our goal is to find the most
accurate implicit attention representation possible, as it crucial for applications like interpretabil-
ity. This leads to a significant extension over Hyena’s work. For example, while Hyena’s matrices
are constructed from the two components mentioned above, our implicit attention representation in-
corporates additional layers, including non-linear operators such as linear layers, activations, short
convolutions, and normalization layers. For instance, our formulation for Mamba-2 is built upon
six different layers, some of which appear multiple times, resulting in a much more complex out-
come. Additionally, while other works explore the relations between non-attention layers and linear
attention (Arora et al., |2023), we not aware to any work extending the concept of composition of
components similar to us, or apply it to existing modern RNN such as Griffin, Mamba, or link in to
interpretability or similar domains.

Our main contributions are as follows: (i) We introduce the implicit self-attention representation,
unifying Transformers with non-Transformer layers, such as Griffin, RWKYV, ReNet, and others. (ii)
We refine the approach of|Ali et al.|(2024) to produce more accurate attention matrices. The previous
work focused exclusively on the S6 layer, without considering the gating and Conv1D sub-layers in
Mamba, while our representation incorporates all these factors (and additional peripherals in other
models) (iii) While “Attention is not Explanation” (Jain & Wallacel [2019), Transformer explainabil-
ity relies heavily on attention matrices. We demonstrate that our implicit attention representation of
non-Transformer models can be used to develop new explainability and interpretability techniques
for non-Transformer models, enhancing the community’s ability to understand, explore, and manage
aspects of robustness, bias, fairness, and safety. As a sample downstream application, we demon-
strate excellent out-of-the-box results for attribution-based performance-enhancing techniques. (iv)
Finally, our framework facilitates comparisons between Transformers and other recent architectures,
by providing a unified attention view and setting the stage for further improvements and insights.

2 RELATED WORK

This section describes the scientific context and provides the necessary terminology and symbols for
discussing self-attention and selective SSM layers.

Self-Attention.  Self-attention, a cornerstone of Transformer architectures (Vaswani, 2017), has
profoundly influenced recent developments in NLP and computer vision. This mechanism leverages
pairwise token interactions to dynamically allocate focus across different parts of the input sequence,
assessing the relevance of each token in relation to others. The computational formula is given by:

=
Self Attention(Q;K;V) = V; = softmax %I;j (1)
k

Here, Q),K, and V denote the queries, keys, and values respectively, with d| representing the key
dimension. Transformers enhance this mechanism by incorporating H parallel attention heads, thus
capturing a wider range of dependencies.

Applications of Attention Matrices.  Attention matrices play a crucial role in Transformers, as
multiplying these matrices with value vectors is the core operation that captures interactions be-
tween tokens. Beyond this essential role in computing self-attention, they are also used for various
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purposes: (iExplainability and Interpretability: Although attention itself is not inherently ex-
plainable [(Jain & Wallacde, 2019), many methods in these domains rely on attention matrices to
understand and analyze model behavior (Abnar & Zuidéma,|2020; Chefer et al.|2021b;a; Ali et al.,
2024) . (ii) Multi-modal Learning: Numerous multi-modal learning schemes are based on varia-
tions of cross-attention, enabling dependencies to be learned between any pair of tokens of different
modalities |(Lu et al), 2019; Tan & Bansal, 2019). (Mjeakly Supervised Tasks:Attention ma-

trices can provide a valuable source of supervision, highlighting relevant regions or relationships
within the data to guide model learning. These techniques are popular in semantic segmentation (Ru
et al., 2022; Wang et al., 2020; Ru et al., 2023), and robustness enhancement (Chefer et al., 2022).
Finally, (iv) Inductive Bias and Regularization Methods: Since attention matrices represent inter-
actions between tokens, they inherently carry semantic meaning. Therefore, they can be manipulated
to incorporate domain knowledge or regulate the model effectively (Li et al., 2018; Attanasio et al.,
2022; Bonaldi et al., 2023; Zimerman & Wolf, 2024a).

S6 Layers and Mamba. The recently presented selective SSM (Gu & Dao, 2023) (S6) outper-
forms the previous SSMs and various other architectures in NLP (Anthony et al., 2024; Wang et al.,
2024b), vision (Liu et al., 2024; Zhu et al., 2024), graph classi cation (Wang et al., 2024a; Behrouz

& Hashemi, 2024), and more. S6 incorporates a dynamic input-dependent form of the discrete
matricesA; B; and C, such that for every time-step the SSM employs a different recurrent rule.
This technique differs from the previous state-space layers, which use the same set of matrices and
recurrent rules for each time step.

Denoting the input sequence By:= (X1; ;%) 2 Rt P where®; 2 RP, the discrete matrices
for time step, namelyA;; B;; andC; are de ned as:
Bi = Se(%i); Ci = Sc(%i); i = SoftplugS (%i)); Ai=exp( iA); Bi= iB; 2

whereSg ; Sc; S are linear projection layers, and Softplus is asmooth approximation of ReLU.

The usage of input-dependent time-variant layers adds to the expressivity of the layer (Cohen-Karlik
et al., 2025), allowing it to adapt to the input, and potentially captures more complex dependen-
cies. While other input-dependent time-variant mechanisms have been proposed in previous works
through gated RNNSs, the S5 layer (Smith et al., 2022), or adaptive lItering via input-dependent IIR
Iters (Lutati et al., 2023), S6 also presents an ef cient |IO-aware implementation, which is paral-
lelized on GPUs via work-ef cient parallel scanners (Blelloch, 1990; Martin & Cundy, 2017).

The Mamba block combines the S6 layer, ConvlD and other elementwise operators. It borrows
elements from Gated MLP, and given an ingut ( X1; X ), itis computed by:

2 = SiLU( ConviD( Lineark))); 2= SiLU(Linearik)); 9°= Linea(Selective SSN&) 2) (3)
where denotes elementwise multiplication.

The entire Mamba model containsstacked Mamba blocks with channels per block. Below, the
tensors of the j-th channel in the i-th block are denoted by superscript indices of the jform

The vision Mamba architectures (Liu et al., 2024; Zhu et al., 2024) (ViM) follow the vision Trans-
former (ViT) (Dosovitskiy et al., 2020) but replace the Transformer's self-attention mechanism by
two bidirectional Mamba layers, These vision models outperform the standard ViT in terms of ac-
curacy and ef ciency, for models of similar parameter counts.

Gated-Linear RNNs. RNNs, along with their advanced versions, such as GRU (Chung et al.,
2014) and LSTM (Hochreiter & Schmidhuber, 1997), play a fundamental role in deep sequence
modeling. Their auto-regressive design decouples sequence length from computational complexity
per step, making them highly ef cient at decoding. However, they don't scale as effectively as
Transformers and often face challenges, such as slow training and vanishing gradients. Recently,
linear RNNs have shown improved abilities in capturing long-range dependencies (Gu et al., 2021a;
Orvieto et al., 2023) and enhanced scalability (Peng et al., 2024; De et al., 2024). Furthermore, gated
linear RNNs deliver surprisingly strong language modeling performance (Mehta et al., 2022; Wang
et al., 2022; Peng et al., 2023; Qin et al., 2024b). The most advanced gated linear RNNs include
the following variants: (i) RWKV-6 (Peng et al., 2023), which draws inspiration from attention-free
Transformers (AFT) (Zhai et al., 2021), (ii) Mamba (Gu & Dao, 2023), which employs selective
SSM, (iii) HGRN2 (Qin et al., 2024a), which utilizes state expansion, and (iv) Hawk (De et al.,
2024), which is built upon an enhanced variant of the LRU (Orvieto et al., 2023). Other notable
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examples include GLA (Yang et al., 2023), GateLoop (Katsch, 2023), and RenNet (Sun et al., 2023).
These layers achieve results comparable to Transformers on larger scales, matching well-known
models, such as Pythia (Biderman et al., 2023) and LLaMA 2 (Touvron et al., 2023). Moreover,
several studies show that hybrid models combining attention mechanisms with gated linear RNNs
can be complementary (De et al., 2024, Lieber et al., 2024; Poli et al., 2024; Ma et al., 2022; Baron
et al., 2023; Fu et al., 2022), enhancing both approaches. Despite these successes, interpretability
and explainability techniques for these models remain relatively unexplored.

3 METHOD

In this section, we present a general and holistic data-control linear operator representation that can
be applied to (at least) many of the recent non-Transformer architectures and which incorporates all
components of the architecture. Our objective is to describe each layer in the fgrm of such

that x and y is the input and output respectively, arwd f (X; arcp) IS an attention matrix controlled

by the parameters of the model and the input. Sec. 3.1 formulates the entire Mamba and Mamba-
2 (Dao & Gu, 2024) architectures as a data-control linear operator, incorporating subcomponents
such as ConvlD, gate branches, normalizations and activations. Subsequently, Sections. 3.2 and 3.3
extend our approach to other architectures, such as Grif n (De et al., 2024) and RWKYV (Peng et al.,
2023). Additionally, in Appendix A, we present how to extract holistic data-controlled attention
matrices for RetNet (Sun et al., 2023) and HGRN (Qin et al., 2024b).

Figure 1: Uni ed and Interpretable Formulation of Attention-Free Architectures via Attention Ma-
trices: (Left) Schematic overview of the architectures of Mamba, Grif n, and RWKRIght) A

new view of those layers that rely on implicit attention. Our perspective enables the generation of
implicit attention maps, offering valuable applications in areas such as Explainable Al.

3.1 FORMULATION OF MAMBA VIA ATTENTION MATRICES

Mamba can be formulated in a way that separates the components that mix channels from those that
mix tokens:

Mambgx) = Linear; SlLU(Linear(Linear(x))) S&SILU(ConvlDLinean(x)))) (4)

Since Lineas and Lineag do not mix tokens, they are less relevant to our representation (similar to
the MLP layers in Transformers), and we consider the following simpli ed expression:

Mambgx) =  SILU(Linean(x)) SE(SILU(Conv1Ox))) (5)
Replacing the element-wise gating multiplication with matrix multiplication leads to:

Mambdgx) = diag SILU(Linean(x)) S&SILU(Convli(x))) (6)

The S6 layer can be formalized as a data-control linear operator (see Eqg. 12 in (Ali et al., 2024)):

SEX) =" "y = Ci k=ju1Ax B (7)
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By plugging Eq. 7 into Eq. 6 and since SIX) = Sigmoidx) x:
Mambgx) = diag SILU(Linean(x)) ~diag SigmoidConvli(x)) (ConviD(x)) (8)
| }

{z b {z
WI2RL L (gate) Z,02Rt L;  (Conv &Act)
Recall that causal ConvlD layer with Itdr = (f;; ;f,) can be converted into a matrix form

by arranging shifted copies of the lter into rows, forming a convolution matfix This matrix is
then multiplied by the input sequence to produce an output, where each element represents the dot
product of the Iter and a corresponding segment of the input.

By plugging the convolution matrik and the gate matrizv into Eq. 8, we get:

Mambgx) = W2%Z ,oMx = Hx; H = W2Z ,oM 9)

Therefore, the entire Mamba layer can be viewed as a data-control linear operator, which implicitly
parameterizes the per-channel implicit attention matrices through the parameters of the S6 layer, the
ConvlD lter, the linear layer in the gate branch, and is controlled by the irput

Mamba-2 This architecture builds upon Mamba by introducing two key enhancements relevant to
our formulation: (i) incorporating the concept of multiple heads via a multi-input SSM, and (ii)
applying additional normalization (GroupRMSNorm) after the multiplicative gating.

The rst modi cation can be handled by broadcasting parts of the equations across different attention
heads. For the second modi cation, we rst compute the per-head statistics necessary for Group
Normalization and pack them into a diagonal matrix.

wherexy [i] denotes thé-th feature of heatt 2 [H], d is the dimensionality of each head, ani$
a small constant added for numerical stability in GroupRMSNorm.

The matrixN allows us to represent the GroupRMSNorm operator via matrix multiplication such
thatNx = GroupRMSNornix) (whereN is augmented across groups). Thus, we plug these mod-
i cations into our formulation of Mamba (Equation 9), obtaining the following implicit-attention
formulation for Mamba-2:

Mamba-Zx) = NW2%Z ,oMx = Hx (11)
3.2 FORMULATION OF GRIFFIN VIA ATTENTION MATRICES
The component that captures interactions between tokens in Hawk and Grif n (regardless of self-
attention) is the temporal mixing block, which is built on top of a Real-Gated Linear Recurrent Unit
(RG-LRU), Conv1D, and gating. It can be formalized as follows:

y = Linear  GELU(Linear (x%) RG-LRU(ConviD(Linear(x?%) (12)

We rst rearrange the linear layers and replace elementwise gating with matrix multiplication:

x = Linearn(x%; y = Linear diag GELU(Lineal‘l)(x)) RG-LRU(Conv1(x)) (13)

Note that Lined} := LineanLinear, and Lineag do not mix tokens and can therefore be omitted.
By substituting Conv1D with matrix multiplication using a causal convolution madrixve derive:

y = diag GELU(Lineaf(x) RG-LRU(Mx) (14)
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RG-LRU is de ned by the following recurrent rule:
. P—
re= (Wax¢t+hba); ic= (Wixe+b); a=a"; hi=a heat 1 a? (ii X)

(15)
This linear recurrent rule can be converted to a matrix form as follows: 3
25,3 TR o 0 R
hy a 1 ai? i1 1 a? i» 0 X2
h=x%; § . é = . . g : é
: p " p_ D 0 :
he ';:2 ax 1 a12 i1 IIZ:3 ax 1 a22 iz 1 a 2 i|_ XL

(16)
By plugging Eq.16 into Eq.14, we see that the entire temporal mixing block can be formalized as a
data-control linear operator:

y = diag GELU(Lineaf(x)) Mx = Hx; H = diag GELU(Lineaf(x)) M (17)

3.3 FORMULATION OF RWKYV VIA ATTENTION MATRICES

The time-mixing block of RWKYV includes three components: the WKV operator , a gate branch,
and a token shift. For simplicity, we will ignore the token shift operation over the values. The
simpli ed RWKYV, which maps the inpux; to the outpub; , can be formulated as follows:

re=Wr (U X+ u) X 1); k=W (ug X+ uk) Xt 1); Vi = Xt (18)
t 1e (t 1 i)w+k; Vi + gu+ ki Vi

wkv; = —=1p :
Llle (t 1 Dw+ki 4 gutk

;0= Wy (ry)  wkv (19)

whereW, ; Wy ; W, are linear projections, ang w; u, ; ux are learnable parameters.

Now, we will refoirsmulate thavkv; operator into a form of causal self-attention:

u+ kj

§P.mzlle(tel D TR Tewea if j = i holds
— (i 1 jyw+k P . _
i;j - S s :n=11 ee (t 1 m)w+k:+eu+k‘ IfJ <I hOIds 6( - ka (20)
"0 otherwise

Note thatW, does not mix tokens and can therefore be omitted. By plugging Eq. 20 into Eq. 18,
and replacing element-wise gating with matrix multiplication, we obtain:

o= diag( (r))’% (21)
3.4 SHARED PROPERTIES

The proposed formulation for Grif n, Mamba, and RWKV is based on the similarities irstiue-

ture of the architecture. Our formulation focuses on three main components: (i) the core of the
linear attention mechanism (S6 for Mamba, RG-LRU for Grif n, or the WKV operator for RWKV),

(ii) a short lter operation implemented via Conv1D in Grif n and Mamba and token shiftin RWKY,

and (iii) the gate branch, as illustrated in Fig. 1. Additionally, our formulation builds on the follow-

ing key components: (1) rearranging linear layers and omitting operators that do not in uence the
mixer components, (2) representing the gate branch, activations, and normalization layers as a data
control linear operator via diagonal matrices, (3) unrolling the linear recurrent layer to obtain a
token-to-token map, and (4) fusing several cascaded linear operators and ignore biases.

In Appendix E, we elaborate on several insights derived from our formulation of gated-linear RNNs,
including the inner dynamics of their parameterization, their expressivity, and the categorization of
attention models.

4 EXPERIMENTS

To assess the effectiveness of our implicit attention formulation, we perform a comprehensive set
of experiments. In Sec. 4.1, we begin by visualizing the implicit attention matrices and the cor-
responding explainability maps built upon them. In Sec 4.2, we demonstrate that integrating our
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