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ABSTRACT

Continuous sparsification strategies are among the most effective methods for re-
ducing the inference costs and memory demands of large-scale neural networks.
A key factor in their success is the implicit L regularization induced by jointly
learning both mask and weight variables, which has been shown experimentally
to outperform explicit L regularization. We provide a theoretical explanation for
this observation by analyzing the learning dynamics, revealing that early continu-
ous sparsification is governed by an implicit Ly regularization that gradually tran-
sitions to an L penalty over time. Leveraging this insight, we propose a method
to dynamically control the strength of this implicit bias. Through an extension of
the mirror flow framework, we establish convergence and optimality guarantees
in the context of underdetermined linear regression. Our theoretical findings may
be of independent interest, as we demonstrate how to enter the rich regime and
show that the implicit bias can be controlled via a time-dependent Bregman po-
tential. To validate these insights, we introduce PILoT, a continuous sparsification
approach with novel initialization and dynamic regularization, which consistently
outperforms baselines in standard experiments.

1 INTRODUCTION

Deep learning continues to impress across disciplines ranging from language and vision (Ramesh
et al., |2022) to drug design (Stephenson et al., [2019; Jumper et all |2021) and even fast matrix
multiplication (Fawzi et al.,[2022). These accomplishments come at immense costs, as they rely on
increasingly large neural network models. Moreover, training such massive models with first-order
methods like variants of Stochastic Gradient Descent (SGD) is a considerable challenge and often
requires large-scale compute infrastructure (Kaack et al.| [2022)). Even higher costs are incurred at
inference time, if the trained models are frequently evaluated (Wu et al.| 2022} Luccioni et al.,[2023)).

Sparsifying such neural network models is thus a pressing objective. It not only holds the promise
to save computational resources, it can also improve generalization (Frankle & Carbinl [2019; |Paul
et al., 2023), interpretability (Chen et al., 2022} |Hossain et al., 2024), denoising (Jin et al., 2022;
Wang et al) 2023), and verifiability (Narodytska et al.| [2020; |Albarghouthil 2021). However, at
its core is a hard large-scale nested optimization problem combining multiple objectives. In ad-
dition to minimizing a typical neural network loss min,cg~ f(w) (and its generalization error),
we wish to rely on the smallest possible number of weights, effectively minimizing the Ly norm
min,ern ||w||L,. This is an NP-hard problem that is also practically hard to solve due to its mixed
discrete and continuous nature. This becomes more apparent when we reformulate it like the best
performing sparsification methods.

Among such approaches that achieve high sparsity while maintaining high generalization perfor-
mance are continuous sparsification methods and iterative pruning strategies. These methods ex-
plicitly identify for each weight parameter w of a neural network a binary mask m € {0,1} that
signifies whether a parameter is pruned. Thus, a parameter is set to zero (m = 0) or not (m = 1),
effectively parameterizing the network with parameters z = m ® w, where © is the pointwise mut-
liplication (Hadamard product). The introduction of the additional mask parameters m turns the
sparsity objective into a discrete L, penalty of m as ||w ® m||r, = ), m; subject to m; € {0, 1},
where © denotes elementwise multiplication and we assume that w # 0 if m = 1. The L, objective
is already more amenable to continuous optimization than the original L objective (Louizos et al.,
2018)). Nevertheless, the big challenge arises from the fact that m is binary.
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Continuous sparsi cation addresses this issue by relaxing the optimization problem to continuous
or even differentiable variables, often withm 2 [0; 1] by learning a parameterization = g(s)

with g: R ! [0; 1], e.g., like a sigmoid. This way, the problem becomes solvable with standard
rst-order optimization methods. Yet, moving from the continuous space back to the discrete space
is error-prone. Regularizing and projectimgtowards binary valuel0; 1g is generally problematic,
requires careful tuning, and often entails robustness issues.

However, this projection step is not necessarily required in a parameteripatiow, wherem can
freely attain values ifR. [Ziyin & Wang (2023) show that a loss with this parameterization w
combined with weight decay |j mjjf2 + jjwij2 is equivalent to LASSO and thus an explicit-
regularization|(Ziyin| 2023). Yet, their proposed method spred signi cantly outperforms LASSO,
which suggests that the posed equivalence of optimized objectives cannot explain this success.

As we show, an important, but overlooked, distinguishing factor is the fact that continuous sparsi -
cation withm  w parameterization is driven by an implicit rather than an explicit regularization.
This implies that in a suf ciently overparameterized setting, the following hierarchical optimization
problem is solved:

L LAY /15 [ 1)
The main idea follows the same philosophy as the lottery ticket hypothesis (Frankle & |Carbin,
2019). From a range of models which all attain optimal training loss, it prefers the sparsest model.
In other words, we aim to nd a subnetwork with a similar accuracy as a dense network. Instead of
having two competing objectives, we enforce cooperation between the two objectives by subjugating
the sparsi cation. While this formulation can have advantages, if we can attain zero training loss
(f (x) = 0), it might still be equivalent to an explicit regularization.

The real potential of continuous sparsi cation and its induced implicit bias (in particular in non-
convex settings) becomes apparent when we study the corresponding learning dynamics. Our the-
oretical analysis of (stochastic) gradient ow appliedno w reveals that the dynamics differ
fundamentally from the ones of LASSO, where redundant features are sparsi ed exponentially fast.
Instead, we show by extending the mirror ow framework that a dynamic explicit weight decay can
move the implicit bias fronk , to L ; during training. In consequence, the sparsi cation becomes ef-
fective only relatively late during training, allowing the overparameterized model to rst attain high
generalization performance. The dynamics resemble thus a successful strategy that is applied across
continuous and iterative pruning methods, which all acknowledge and realize the premise that train-
ing overparameterized models before they are sparsi ed usually leads to signi cant performance
bene ts (Frankle & Carbir, 2018; Paul et|al., 2023; Gadhikar & BurkHolz, 2024).

Our analysis extends the implicit bias framework, which covers different parameterizations|(Pesme
et al| | 202]; Gunasekar et al., 2020; Woodworth et al., [2020; Li ét al.] 2022) and the well-known fact
that standard gradient ow has an impli¢it bias (Nemirovski & Yudin| 1983; Beck & Teboulle,
2003). Another common use of the framework has been to study when training dynamics enter
the so-called rich regime, which is responsible for improved feature learning. In this context, we
study two main innovations. a) As we show, the explicit regularization (i.e. weight decay on
andw) guides the strength of the implicit bias. The fact that this makes the implicit bias tuneable
makes it practically relevant for sparsi cation, as we have to be able to reach a target sparsity. b)
By proposing a dynamic regularization (rather than a common static one), we obtain control over
the transition speed frorh, to L, regularization, which is crucial for performance gains in the
high sparsity regime and enables us to enter the rich regime. From a conceptual point of view, we
unite explicit and implicit bias within a time-dependent Bregman potential, which is potentially of
independent theoretical interest.

While our general derivations provide insights into various continuous sparsi cation approaches,
including STR [(Kusupati et al., 20R0), spred Ziyin & Wang (2023),/ or (Savarese€ gt al), 2021), we
also utilize them to propose a new improved algorithm, PILoT (Parametric Implicit Lottery Ticket).
PILoT combines then  w parameterization with a dynamic regularization and an initialization
that enables sign ips. Such sign ips are key to effective sparse training (Gadhikar & Burkholz,
2024), but are not feasible with the spred initialization. The dynamic regularization and thus implicit
bias leads us to outperform state-of-the-art baselines in particular in the high-sparsity regime, as we
demonstrate in extensive experiments.

In summary, we make the followingpntributions:
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« We gain novel insights into continuous sparsi cation by highlighting its implicit bias to-
wards sparsity induced by doubling the number of trainable parameters. In particular, we
explain the effectiveness of spred (Ziyin & Wang, 2023), which is based onw.

 To the best of our knowledge, we are the rst to introduce the implicit bias with an explicit
regularization resulting in a mirror ow with a time-dependent Bregman potential.

» We provide convergence results for (quasi)-convex loss functions (Theorem 2.2) and opti-
mality for underdetermined linear regression (Theorem 2.3) with time-dependent Bregman
potential.

 Improving results by (Alvarez et al., 2004; Li et al., 2022), we replace convexity with the
Polyak- ojasiewicz inequality, quasi-convexity and a growth condition on the Bregman
potential (see Theorem A.3).

* Using our extensions of the mirror ow framework, we propose a hew continuous sparsi -
cation method, PILoT, which controls the implicit regularization dynamically moving from
L, toL;. Its initialization enables sign ips in contrast to spred.

* In experiments for diagonal linear networks and vision benchmarks (including ImageNet),
PILoT consistently outperforms baseline sparsi cation methods such as STR and spred,
which demonstrates the utility of our theoretical insights.

1.1 RELATED WORK

Neural network sparsi cation. A multitude of neural network sparsi cation methods have been
proposed with different objectives (Liu & Wang, 2023). A popular objective is, for instance, to save
computational and memory costs primarily at inference, or also during training, which is linked to
the time of pruning, i.e., initially (Frankle et al., 2021; Lee et al., 2019; Tanaka et al., 2020; Wang
etal., 2020; Pham et al., 2023; Patil & Dovrolis, 2021; Tanaka et al., 2020; Liu et al., 2021; Gadhikar
et al., 2023; Fischer & Burkholz, 2021), early during training (Evci et al., 2020; Dettmers & Zettle-
moyer, 2019), during training like continuous sparsi cation (Sreenivasan et al., 2022; Kusupati et al.,
2020; Savarese et al., 2021; Peste et al., 2021) or within multiple pruning-training iterations (Han
et al., 2015; Frankle & Carbin, 2018; You et al., 2020; Renda et al., 2020; Gadhikar & Burkholz,
2024). Other distinguishing factors are which type of sparsity the methods seek, if they focus on sav-
ing computational resources and memory in speci ¢ resource-constrained environments or, which
methodological approach they follow.

Unstructured sparsity. In this work, we focus on unstructured sparsity, i.e., the fraction of pruned
weights, and thus seek to remove as many weight entries as possible, which can achieve generally
the highest sparsity ratios while maintaining high generalization performance. Structured sparsity,
which usually obtains higher computational gains on modern GPUs (Kuzmin et al., 2019; Wen et al.,
2016; Lasby et al., 2023), could also be realized in the continuous sparsi cation setting, for instance,
by learning neuron-, group, or even layer-wise masks. Yet, this would not enjoy the same theoretical
bene ts as we derive here by showing that the unstructured continmousw parameterization
induces a mirror ow, whereas for example the neuron-wise mask does not (see Section D).

Iterative pruning. Iterative pruning is often motivated by the Lottery Ticket Hypothesis (LTH)
(Frankle & Carbin, 2018), which conjectures the existence of sparse subnetworks of larger dense
source networks that can achieve the same accuracy as the dense network when trained (Frankle
et al., 2021; Liu et al., 2024; Malach et al., 2020; Orseau et al., 2020; Pensia et al., 2020; Burkholz
et al., 2022; Fischer & Burkholz, 2021; Burkholz, 2022a;b; da Cunha et al., 2022; Ferbach et al.,
2022). In addition to the sparse structure, iterative pruning tries to identify a trainable parameter
initialization, indirectly also implementing an approximatg-regularization. In repeated prune-

train iterations, trained weights are thresholded according to an importance score like magnitude.
Afterward, the remaining parameters are free to adapt to data in a new training run and not be
regularized by a sparsity penalty (likg). Our proposal PILOT can be combined with such iterative
schemes. The experiments show that it boosts performance of state-of-the-art schemes like Weight
Rewinding (WR) (Frankle et al., 2019), and Learning Rate Rewinding (LRR) (Maene et al., 2021).

Continuous sparsi cation. Continuous sparsi cation characterizes a collection of methods that can
compete with iterative pruning techniques, while often requiring fewer training epochs (Sreenivasan
et al., 2022; Kusupati et al., 2020). In one of the rst proposals by (Savarese et al., 2021), the mask
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is relaxed to a continuous variable. In general, continuous sparsi cation can be combined with a
probabilistic approach whenma is interpreted as a probability (Louizos et al., 2018; Zhou et al.,
2021a;b). Other parameterizationsmofthat are not restricted to the ranfe1] (e.g. Powerpropa-
gation) can also be utilized to regularize towards higher sparsity (Schwarz et al., 2021). Yet, they are
usually combined with projection to map to a binary mask. The spred algorithm (Ziyin & Wang,
2023) removes any projections and shows that w with weight decay solve a LASSO objective.

To explain its performance gain over LASSO, we extend the mirror ow framework and nd an
explanation in the training dynamics. Our extension, PILOT, dynamically adjusts the weight decay
and induces a transition from an implid¢it, to L, regularization. This enables it to outperform

the state-of-the-art method STR (Kusupati et al., 2020) in the high-sparsity regime. For a survey of
other methods see (Kuznedelev et al., 2023).

Implicit bias. The implicit bias of (S)GD is a well-studied phenomenon (Chizat & Bach, 2020; Li

et al., 2022; Woodworth et al., 2020; Gunasekar et al., 2020; 2017; Chou et al., 2GR4ybfus

et al., 2019; Li et al., 2023; Zhao et al., 2022; Li et al., 2021) and can in certain cases be described
by a mirror ow or mirror descent (in the discrete case with nite learning rate) (Li et al., 2022).
Originally, mirror descent was proposed to generalize gradient descent and other rst-order methods
in convex optimization (Alvarez et al., 2004; Rockafellar & Fenchel, 1970; Boyd & Vandenberghe,
2009; Nemirovski & Yudin, 1983; Beck & Teboulle, 2003). Moreover, it has been used to study
the implicit regularization of SGD in diagonal linear networks (Pesme et al., 2021; Even et al.,
2023). More recently, it also has been applied to analyze the implicit bias of attention (Sheen et al.,
2024). While (Li et al., 2022) has shown that different parameterizations have a corresponding
mirror ow, we nd that m  w with our proposed explicit regularization, PILOT, gives rise to

a corresponding time-dependent mirror ow. Its time dependence gives us means to control the
implicit bias, while still achieving convergence. Time-dependent mirror descent has so far only
been studied in the discrete case as a general possibility (Radhakrishnan et al., 2021). The time
dependence also naturally arises in SDE modelling, yet, without control of the implicit bias (Pesme
et al., 2021; Even et al., 2023). Here, we not only highlight a practical use case for time-dependent
Bregman potentials, we also derive a way to control and exploit it.

Optimization and convergence proofsLoss landscapes and the convergence of rst-order methods

is a large eld of study (Karimi et al., 2016; Fehrman et al., 2019) in its own right. We draw on
literature that shows convergence by using the Polyak- ojasiewicz inequality (Wojtowytsch, 2021;
Dereich & Kassing, 2024), which is a more realistic assumption in the deep learning context than, for
example convexity, because it can hold locally true for non-convex loss functions that are common
in machine learning.

2 CONTROLLING THE IMPLICIT BIAS WITH EXPLICIT REGULARIZATION

Structure of theoretical exposition. Our rst goal is to advance the mirror ow framework from

(Li et al., 2022) to incorporate time-dependent regularization. This is a key innovation that forms
the foundation of our proposed PILoT algorithm (Algorithm 1). The dynamical description also
covers constant regularization, as implemented in the spred algorithm. We begin by integrating
time-dependent regularization in the mirror ow framework in the case of the parameterization
m  w combined with time-varying weight decay. This corresponds to a time-dependent Breg-
man potential, enabling a more dynamic and powerful form of implicit regularization. The implicit
regularization becomes controllable and moves fronLanio anL; regularization. Building on

this, Theorem 2.1 rigorously characterizes this process within this extended framework, offering
new insights into the sparsi cation process. Then Theorem 2.2 establishes convergence to a solution
of the original optimization problem. Sparsity is still attained according to Theorem 2.1, which can
also be observed in the gradient ow in Eq. (6) of PILoT. For diagonal linear networks, which is an
analytically tractable setting, we also prove optimality, as stated by Theorem 2.3. This highlights a
mechanism how our method PILOT improves over spred, since spred cannot reach optimality.

Optimization problem. Consider the following time-dependent optimization problem for a loss
functionf :R" ! R:

Jmin f(moow)+ e miE, + i, @)
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where 0 can change during training. In contrast, (Ziyin & Wang, 2023) set  constant
and show that Eq. (2) is equivalent to the LASSO objective. Why does spred tend to outperform
LASSO then?

Seeking answers in the training dynamicsThe gradient ow associated with minimizing the con-
tinuously differentiable loss functiohis: dx; = r f (X;)dt, Xo = Xinit- Using this gradient ow
framework, (Li et al., 2022) show that a reparameterization or overparameterization of the param-
etersx leads to a mirror ow. A mirror ow informally minimizes a potential in the background,

for example, thé-; or L,-norm. In contrast, explicit regularization forces a direct trade-off. The no
need for a trade-off becomes clear in the convergence and optimality theorem.

Mirror ow. Concretely, to de ne a mirror ow, leR : R" ! R be a differentiable function. Itis
described by

dr R(x¢) = r f(x¢)dt; X0 = Xinit:
(Li et al., 2022) provide suf cient conditions for a paramerizatmnM ! R" to induce a mirror
ow, where M is a smooth sub-manifold iR® for D  n. The parameterizatiom w falls into
this category. The corresponding potenRais either close to the; or L, norm depending on the
initialization of mg andwg. If we could steer it towardk ;, we could therefore induce an implicit
regularization towards sparsity, yet, not without issues.

Two caveats and their solution.a) The potentiaR attains its global minimum at the initiab (and

not 0). This also holds for other reparameterizations (Li et al., 2022). In consequence, we would not
promote actual sparsity forp 6 0. b) To inducel ; regularization and enter the rich regime, the
initialization of bothmg andwg would need to be exponentially small (Woodworth et al., 2020).

The explicit dynamic regularization of PILoT in Eq. (2) solves both of these problems, as we show
next. The corresponding mirror functiéhis stated in Theorem A.1 and the corresponding conver-
gence and optimality theorems in Theorem A.2 and A.4.

Dynamic regularization. Next we present the main result, the dynamical description with time-
dependent regularization. The exact dynamics are described by the time-dependent mirror ow and
is derived in Theorem 2.1.

Theorem 2.1 Letjwg.ij < mg; foralli 2 [n], the time-dependent Bregman potential is given by

1 X ) . q — .
Ra (X)= = xjarcsinh X X2+ aZ  xilog Yo ; 3
2 _ At ' Voi
i=1 ’ ’
i L= N Ri _ — Mo+ Wo . _ Mo, Wosi ;
with a;j = 2Ug;iVoiiexp 2 , sds andug; = B andvp; = —P The gradient
ow of Xy = my w; induced by Eq. (2) then satis es

dr Ry, (X¢) = r f(x¢)dt; Xo = Mg Wp:

Proof. The proof is given in the appendix. The main steps are: a) Deriving the evolution of the
gradient ow (Lemma B.1). b) Showing that it satis es the time-dependent mirror ow (Lemma
B.2). Note that step a) also derives Eq. (6).

Observe that the potential in Eq. (3) now depends0rThis changes the global minimum to

t

rRa(x)=0, x=exp 2 sds mg Wp:

0
Thus, we gain control over the positional implicit bias, solving our problem with the nonzero global
minimum. Next, we characterize the asymptotic behavior, which we control in practice with
which determines alsa;. The asymptotics follows from Theorem 2 in (Woodworth et al., 2020).
Fora! Oandj3j!1 ,we receive

1 . .
Ra(x) log 5 X,

Interestingly, the ternxijlog <%~ does not play a role in the asymptotics. The reason is that
Voii

Iog(%) in front of the other term dominates. Figure 1 illustrates the asymptotics for the one dimen-
sional case. We observe that our two previously identi ed mirror ow caveats can be resolved: a)
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Increasinga moves the minimum to the origin, leading to lap regularization. This implies initial-

izing at zero with an exponentially small scaling (i2.! 0) is not necessary. b) Moreover, the
regularization ; has an exponential and time-dependent effecaonit thus enables steering the
dynamics towards ah; regularization at the desired speed. In conclusion, our extension and novel
analysis have revealed how explicit regularization solves the problems of the standard mirror ow
framework.

Remark 2.1 Atthe end of LASSO training, the regularization can be turned off to enable the search
for a better solution. However, this risks losing the bene ts of the regularization, for example, if the
basin of attraction contains non-sparse critical points. In contrast, fonthew reparameterization,

the time-dependent Bregman potential steers (but does not force) the bias towards sparsity.

Convergence and optimality. It remains to be shown that
convergence and optimality results transfer from the mirror
ow framework to the time-dependent mirror ow framework.
For quasi-convex loss functions, we prove convergence to a
critical point. For convex or quasi-convex functions that sat-
isfy the PL-inequality, we derive convergence to a minimizer.

Theorem 2.2 Assumd is quasi-convex; f is locally Lips-
chitz and argmihf (x)jﬁ 2 R"gis non-empty. Assumg O
forallt 0and that é sds <1 fort 2 [0;1)[flg
Thenag !' 1 , x; converges to some critical poirt . Fur-
thermore, iff is either convex or both quasi-convex and satis-
es the PL-inequality in Eg. (9). Thexr; convergences to an
interpolatorx that is a minimizer of . Furthermore, in the
PL-inequality case, the loss converges linearly such that th
is a constanC > 0 such that :

f(xt) f(x) Bexp( Ajt); @ °

whereB = (f (xo) f(x ))exp Cjjx jj., 01 Sdstith C depending on the smoothness of the
loss function and; =min; m3; w§; exp 2 sds .

g'gure 1. Evolution of the time-
pendent Bregman potential =

sdsis the exponent od.

0

Proof. The main steps of the proof are to show that a) the iterates are bounded and converge to

a critical point (Lemma B.3); b) the loss converges (Theorem B.1). A noteworthy tool is a time-

dependent Bregman divergence, which we use to bound the iterates. Furthermore, we utilize that
+ 0Oconverges to zero, resulting eventually in a non-increasing evolution of the loss.

Potential drawbacks. Theorem 2.2 guarantees convergence in the case of implicit regulariza-

tion. Explicit L, regularization or spred, on the other hand, cannot achieve the same result due
to constant regularization, which we will also highlight in experiments. Regardless, note that
the constanB in Eq. (4) Fgould be large. Furthermore, to reach the impligitregularization,

t . .. . .
a= m3 wlexp 2 o sds needs to be exponentially small similarly as in Theorem 2 in

(Woodworth et al., 2020). These two potential drawbacks also reveal where the method will work,
namely, in overparameterized settings where the solwtioshould have less active parameters.
ThenB is potentially relatively small.

Remark 2.2 If r f is one-sided inversely Lipschitz, a speed-up is possible. The quantity that needs
to be bounded for convergenceiis f (x¢)” x;. In this case, we get

rofx)’xe ro fx)7x Jioxe x i, Ciix i, Iioxe x jif,;
whereC is the bound on the smoothness of the loss fundtiofhis implies that when the interpo-

lator x 0is small, the right-hand side is negative, leading to a speed-up. This condition is also
known as coercive.

Optimality. The main assumption in Theorem 2.2 is ! 0, which ensures convergence to a
minimizer of the original problem, while retaining sparsity dependingoh a; . In the case of
diagonal linear networks, we can even prove optimality with respect to the nal Bregman potential
Ra, -
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