
Published as a conference paper at ICLR 2025

UNIVERSAL SHARPNESS DYNAMICS IN NEURAL NET-
WORK TRAINING: FIXED POINT ANALYSIS, EDGE OF
STABILITY, AND ROUTE TO CHAOS

Dayal Singh Kalra 2, Tianyu He 1 & Maissam Barkeshli 1, 3

{dayal,tianyuh,maissam}@umd.edu

ABSTRACT

In gradient descent dynamics of neural networks, the top eigenvalue of the loss
Hessian (sharpness) displays a variety of robust phenomena throughout training.
This includes early time regimes where the sharpness may decrease during early
periods of training (sharpness reduction), and later time behavior such as pro-
gressive sharpening and edge of stability. We demonstrate that a simple 2-layer
linear network (UV model) trained on a single training example exhibits all of the
essential sharpness phenomenology observed in real-world scenarios. By analyzing
the structure of dynamical fixed points in function space and the vector field of
function updates, we uncover the underlying mechanisms behind these sharpness
trends. Our analysis reveals (i) the mechanism behind early sharpness reduction
and progressive sharpening, (ii) the required conditions for edge of stability, (iii)
the crucial role of initialization and parameterization, and (iv) a period-doubling
route to chaos on the edge of stability manifold as learning rate is increased. Finally,
we demonstrate that various predictions from this simplified model generalize to
real-world scenarios and discuss its limitations.

1 INTRODUCTION

Over the last several years, it has been observed that the training dynamics of neural networks
exhibits a rich and robust set of unexpected phenomena, stemming from the non-convexity of the loss
landscape. These phenomena not only challenge our existing understanding of loss landscapes but
also open avenues for significantly enhancing model performance through improved optimization
techniques. In particular, the unexpected and robust phenomenology is mainly associated with the
evolution of the Hessian of the loss function, which provides a measure of the local curvature of the
loss landscape and plays an important role in understanding generalization performance Keskar et al.
(2016); Dziugaite & Roy (2017); Jiang et al. (2019). However, the relationship between sharpness
and generalization has been called into question Dinh et al. (2017); Kaur et al. (2023).

On the one hand, it has been observed that at late training times, gradient descent (GD) typically
exhibits “progressive sharpening," where the top eigenvalue of the loss Hessian λH , referred to as
the sharpness, gradually increases with time, until it reaches roughly 2/η, where η is the learning
rate. Once the sharpness reaches roughly 2/η, it stops increasing and typically oscillates near 2/η, a
late-time training phenomenon referred to as the “edge of stability (EoS)" Cohen et al. (2021). On
the other hand, during early training, a decrease in sharpness is observed —referred to as “sharpness
reduction" Kalra & Barkeshli (2023) —before hitting a temporary plateau.

For large enough learning rates, training temporarily destabilizes early on, and the network “catapults"
out of its local basin, leading to a temporary sudden increase in the loss in the first few steps, before
eventually settling down in a flatter region of the loss landscape characterized by lower sharpness
Lewkowycz et al. (2020). Similar to the loss, sharpness may also spike within the first few steps of
training and quickly decrease (sharpness catapult). A rich phase diagram as a function of network
depth, width and learning rate summarizes the early training dynamics Kalra & Barkeshli (2023).
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Figure 1: Training loss and sharpness trajectories of ReLU FCNs trained on a5k subset of CIFAR-10
examples using MSE loss and GD: (a, d) SP with� 2

w = 0 :5, (b, e) SP with� 2
w = 2 :0, (c, f) � P with

� 2
w = 2 :0. The dashed lines in the sharpness �gures show the2=� threshold.

The discovery of these intriguing sharpness phenomena has attracted signi�cant attention, with an
emphasis on various toy models that exhibit similar phenomenology. Yet, the speci�c conditions and
reasons why these phenomena occur still remain elusive. In this paper, we analyze a simple toy model,
a2-layer linear network trained on one example, referred to as the UV model. We show that all of the
phenomena described above can be observed in the UV model for appropriate choices of learning
rate, initialization, parameterization, and choice of training example. Through this exploration, we
provide novel insights into the mechanisms at play and offer predictions that we validate in realistic
architectures with both real and synthetic datasets.

Our Contributions. We revisit the four training regimes identi�ed by Kalra & Barkeshli (2023)
(early time transient, intermediate saturation, progressive sharpening, and late time EoS) in Section 3,
focusing on the crucial role of initializations and parameterizations. Our �ndings reveal that models
in Standard Parameterization (SP) with large initializations do not exhibit EoS, even at late training
times. Moreover, we show that models in Maximal Update Parameterization (� P) Yang & Hu (2021)
do not experience an early sharpness reduction. This result also holds for models in SP with small
initializations.

We show the UV model exhibits all four training regimes and also captures the effect of initializations
and parameterization discussed above. Through �xed-point analysis of the UV model in the function
space, we analyze the origins of the various dynamical phenomena exhibited by the sharpness.
Speci�cally, we demonstrate in Sections 4 and 5: (i) the emergence of various sharpness phenomena
arising from the stability and position of the dynamical �xed points, (ii) a critical learning rate� c,
above which the model exhibits EoS on a sub-quadratic manifold, and (iii) a period-doubling route to
chaos of sharpness �uctuations as learning rate is increased in the EoS regime.

In Section 6, we verify various non-trivial predictions from the UV model in realistic architectures
with real and synthetic datasets. Our �ndings reveal: (i) a sharpness-weight norm correlation
before the training enters the EoS regime, (ii) a phase diagram of EoS, revealing initializations
and parameterizations that do not exhibit EoS, and (iii) a period-doubling route to chaos in real
architectures trained on synthetic datasets, while those trained on real datasets exhibit long-range
correlations at the EoS, with a remnant of the period doubling route to chaos.

Related Works. Using the top eigenvalue of the Neural Tangent Kernel (NTK)� K at initialization
(t = 0 ), Lewkowycz et al. (2020) revealed a `catapult phase',2=� K

0 < � < � max , in which training
converges despite an initial spike in training loss. After the early training phase, sharpness continues
to increase until it reaches a break-even point (Jastrzebski et al., 2020), beyond which GD dynamics
typically enters the EoS regime (Cohen et al., 2021). This has motivated various theoretical studies
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to understand GD dynamics at large learning rates Ma et al. (2022); Wang et al. (2022); Arora et al.
(2022); Damian et al. (2023); Rosca et al. (2023); Zhu et al. (2023); Wu et al. (2023); Chen & Bruna
(2023); Ahn et al. (2022); Kreisler et al. (2023); Song & Yun (2023); Chen et al. (2023). These
include an analysis by Wang et al. (2022), who show analyzed EoS in a2-layer linear network using
the norm of the last layer, restricting to cases that show progressive sharpening from initialization.
Agarwala et al. (2022) suggested that the UV model does not exhibit EoS behavior but showed that a
modi�ed model exhibits progressive sharpening and two-step oscillations at EoS using NTK as the
proxy. In contrast, we show that the UV model shows EoS behavior under the appropriate choice of
parameterization and training example. Meanwhile Chen & Bruna (2023) analyzed two-step gradient
updates of a single-neuron network and matrix factorization to gain insights into EoS. Furthermore,
Song & Yun (2023) analyzed a2-layer linear network under logistic loss and demonstrated that
sharpness at late training times oscillates around2f =�` 0, wheref is the network output and̀0 is the
derivative of the loss. Another study by Chen et al. (2023) analyzed large learning rate dynamics of
toy models which are characterized by a one-dimensional cubic map. Our work, in contrast, delves
into various sharpness phenomena occurring throughout the training trajectory and analyzes their
origins. It is worth noting that a concurrent study by Wang et al. (2023) also examines sharpness
throughout training. Noci et al. (2024) relate sharpness dynamics to learning rate transfer in� P
networks by showing that sharpness trajectories do not change appreciably when depth and width
are varied. Given that our analysis spans the entire training trajectory, it relates to numerous studies.
Hence, we defer a comprehensive discussion of related works to Appendix A.

2 NOTATIONS AND PRELIMINARIES

This section describes the fundamental concepts and notations that form the basis of our analysis.

Dynamical Systems and Fixed Points:Consider a discrete dynamical system described by� t +1 =
M (� t ). A �xed point � � of the dynamics satis�esM (� � ) = � � . The linear stability of a �xed point
� � is determined by analyzing the eigenvaluesf � J �

i g of the JacobianJM (� � ) := r � M (� ) j � = � � .
An eigendirectionuJ �

i of a �xed point � � is stable ifj� J �

i j < 1 and unstable ifj� J �

i j > 1 Ott (2002).
The dynamics is captured by the vector �eld of updatesG(� ) := M (� ) � � . The corresponding unit
vector is denoted̂G(� ) := G(� )=kG( � )k. Nullclines refer to curves where one of the variables,� i ,
remains invariant, i.e.,� i ;t = M i (� t ).

Parameterizations in Neural Networks: Sharpness phenomena in neural networks are intrinsically
tied to network parameterization. Standard Parameterization (SP) Sohl-Dickstein et al. (2020) and
Neural Tangent Parameterization (NTP) Jacot et al. (2018) are two commonly used parameterizations,
which converge to kernel methods at in�nite width. Yang & Hu (2021) proposed Maximal update
Parameterization (� P), which allows for feature learning at in�nite width. For implementation details,
see Appendix B.2.1.

UV Model: The UV model refers to a2-layer linear networkf : Rd ! R trained on a single example.
We parameterizef asf (x ; � ) = 1p

n 1 � p
vT Ux , wherex 2 Rd is the input,n is the network width,

andv 2 Rn ; U 2 Rn � d are trainable parameters, with each component drawn i.i.d. at initialization
from a normal distributionN (0; � 2

w =np). Here,p 2 [0; 1] is a parameter that interpolates between
NTP and� P, andneff := n1� p is referred to as the effective width. We consider the network trained
on a single training example(x ; y) using MSE loss̀ (f (x ; � ); y) = 1

2 (f (x ; � ) � y)2.

3 REVIEW OF THE FOUR REGIMES OFTRAINING

Typical training trajectories of neural networks can be categorized into four training regimes Kalra &
Barkeshli (2023), as shown in Figure 1(a, d):

(T1) Early time transient:This corresponds to the �rst few steps of training. At small learning
rates (� < � loss), loss and sharpness decrease monotonically. At larger learning rates (� > � loss),
training catapults out of the initial basin, temporarily increasing the loss, and �nally converges to
a �atter region Lewkowycz et al. (2020). By the end of this regime, sharpness has decreased from
initialization for all learning rates, and more substantially at larger learning rates.
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(T2) Intermediate saturation:Following the initial transient regime, sharpness approximately plateaus
before gradually increasing.

(T3) Progressive sharpening:In this regime, sharpness continues to increase until it reaches� H � 2=�

Jastrzebski et al. (2020); Cohen et al. (2021). At large effective widths or small learning rates, training
may conclude before reaching this threshold.

(T4) Late-time dynamics (EoS):After progressive sharpening, for MSE loss, sharpness oscillates
around2=� . For cross-entropy loss, the sharpness oscillates when reaching approximately2=� , while
decreasing over longer time scales Cohen et al. (2021).

In this work, we show that the sharpness dynamics heavily depends on the initialization and param-
eterization of the network, and not every training trajectory shows all four regimes. For instance,
Figure 1(b, e) shows that FCNs in SP with large initialization (or large effective width) do not exhibit
EoS, even when loss decreases to a value below10� 5. Following the early transient regime, sharpness
monotonically decreases, with only a nominal increase towards late training. In contrast, Figure 1(c,
f) shows that FCNs in� P (or small effective width) do not experience an initial sharpness reduction at
small learning rates (� < � loss). Rather, sharpness continues to increase until it reaches2=� and then
oscillates around it. At large learning rates (� > � sharp), sharpness catapults and eventually settles
into the same trend as above.

These different training regimes are generically observed for more complex architectures and datasets
as we show in Appendix D.3, including CNNs and ResNets, trained on CIFAR-10 and Transformers
trained on Wikitext-2.

In Appendix D.1, we show that these trends remain consistent when NTP is used instead of SP. Given
this similarity in the training dynamics between SP and NTP, we use NTP for theoretical analysis for
clarity and SP in realistic experiments for implementation convenience.

Figure 2 (and Figure 7 in Appendix C.5) demonstrates that the UV model displays all four training
regimes. It also captures the cases where sharpness reduction or EoS is not observed. Therefore, the
simpli�ed UV model can serve as an effective model for understanding these universal behaviors in
the sharpness dynamics. In the subsequent section, we perform �xed point analysis of the UV model
and probe the origin of these complex phenomena in later sections.

4 FIXED POINT ANALYSIS OF THE UV MODEL

Under GD, the parameters of the UV model are updated asUt +1 = Ut � � � f t v t x T
p

n eff
, v t +1 =

v t � � � f t Ut xp
n eff

, where� is the learning rate and� f t := f (x ; � t ) � y is the residual at training step
t. In function space, the dynamics can be completely described using the residual� f t and trace of
the loss Hessian� := Tr H = 1

n eff

�
x T UT Ux + vT v x T x

�
, which is also the scalar neural tangent

kernel in this case. The function space dynamics of the UV model can be fully described using two
coupled non-linear equations (for derivation, see Appendix C.1):

� f t +1 = � f t

�
1 � �� t +

� 2kx k2

neff
� f t (� f t + y)

�
; (1)

� t +1 = � t +
� kx k2

neff
� f 2

t

�
�� t � 4

(� f t + y)
� f t

�
; (2)

with effectively three parameters:� , kx k=p
n eff andy. While similar equations have been considered in

previous works Lewkowycz et al. (2020); Zhu et al. (2022); Agarwala et al. (2022), the generalization
to generic parameterizations is novel and would be crucial in observing different sharpness phenomena
such as EoS. They = 0 case has been analyzed in prior works Lewkowycz et al. (2020); Kalra &
Barkeshli (2023) for understanding catapult dynamics. Here,� can only decrease with time, as can
be seen from Equation (2) with� < � max = 4=� 0 (training diverges if� > � max). As a result, the
model does not exhibit progressive sharpening and EoS. Below we focus on the casey > 0, which
allows for� to increase in time and consequently, much richer dynamics.

Equations (1) and (2) have four distinct �xed points/lines (referred to as I-IV) as detailed in Table 1
of Appendix C.3. The �xed line I de�nes a zero-loss line, meaning` = 0 for all points in I; the points
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