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ABSTRACT

Recent advancements in diffusion bridges for distribution transport problems have
heavily relied on matching frameworks, yet existing methods often face a trade-
off between scalability and access to optimal pairings during training. Fully
unsupervised methods make minimal assumptions but incur high computational
costs, limiting their practicality. On the other hand, imposing full supervision
of the matching process with optimal pairings improves scalability, however, it
can be infeasible in most applications. To strike a balance between scalability
and minimal supervision, we introduce Feedback Schrödinger Bridge Matching
(FSBM), a novel semi-supervised matching framework that incorporates a small
portion (< 8% of the entire dataset) of pre-aligned pairs as state feedback to
guide the transport map of non-coupled samples, thereby significantly improving
efficiency. This is achieved by formulating a static Entropic Optimal Transport
(EOT) problem with an additional term capturing the semi-supervised guidance.
The generalized EOT objective is then recast into a dynamic formulation to leverage
the scalability of matching frameworks. Extensive experiments demonstrate that
FSBM accelerates training and enhances generalization by leveraging coupled
pairs’ guidance, opening new avenues for training matching frameworks with
partially aligned datasets.

1 INTRODUCTION

Transporting samples between distributions is a ubiquitous problem in machine learning. Given the
rise of generative modeling, significant progress has been made using static (Goodfellow et al., 2014),
deterministic (Chen et al., 2018; Biloš et al., 2021), or stochastic mappings (Ho et al., 2020; Song
et al., 2020) that transport samples from noise to a more complex distribution. A prominent approach
lies in diffusion models that simulate a Stochastic Differential Equation (SDE) to diffuse the data to
noise, and learn the score function (Hyvärinen & Dayan, 2005; Vincent, 2011) to reverse the process
(Anderson, 1982). However, these models present several limitations. For instance, the requirement
to converge during the noising (forward) process to a Gaussian noise suggests that these models must
run for a sufficient number of time steps to ensure the final distribution approximates Gaussian noise
(Chen et al., 2021). Additionally, this suggests that these models begin their generative (backward)
processes without any structural information about the data distribution, which implies randomness
being introduced in the couplings that emerge from the diffusion models (Liu et al., 2023). Lastly,
there is no guarantee that the optimal path interpolating the boundary distribution minimizes the
kinetic energy. (Shi et al., 2023)

In an attempt to overcome these shortcomings, principled approaches that stem from Optimal Trans-
port (Villani et al., 2009) have emerged. The most prominent alternative has been the Schrödinger
Bridge (SB; Schrödinger (1931)), which has been shown to be equivalent to entropy-regularized
Optimal Transport (EOT; Cuturi (2013); Léonard (2013); Pavon et al. (2021)), and can also be framed
as a Stochastic Optimal Control (SOC) Problem (Chen et al., 2016; 2021). In particular, SB gained
significant popularity in the realm of generative modeling following advancements proposing a train-
ing scheme based on the Iterative Proportional Fitting (IPF), a continuous state space extension of the
Sinkhorn algorithm to solve the dynamic SB problem (De Bortoli et al., 2021; Vargas et al., 2021).
Notably, SB generalizes standard diffusion models transporting data between arbitrary distributions
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Figure 1: FSBM connecting existing Bridge Matching frameworks at the extremes, where the dataset
is comprised of either fully aligned or fully non-aligned pairs

π0, π1 with fully nonlinear stochastic processes, seeking the unique path measure that minimizes the
kinetic energy. More recently, building on advancements in Bridge Matching methods (Peluchetti,
2023; Liu et al., 2022c), Shi et al. (2023) introduced Diffusion Schrödinger Bridge Matching (DSBM),
a framework that solves the Schrödinger Bridge problem while being significantly more efficient.
Unlike previous methods, DSBM avoids the need to cache the full trajectories of forward and back-
ward SDEs, making it more scalable and mitigating the time-discretization and "forgetting" issues
encountered in earlier DSB techniques. For training these matching frameworks, we start from two
datasets that lack pre-aligned pairs—that is, we sample only from the marginal π0, π1—and the
framework is trained to determine the optimal coupling in the sense of least-energy transportation.
This process represents an unsupervised learning approach, as no prior information about the coupling
is provided. However, there are other applications—such as image restoration (Liu et al., 2023) and
protein docking (Somnath et al., 2023)—in which we have prior knowledge of the coupling π0;1,
between pairs (x0, x1) � π0;1 drawn presumably from the SB solutions. Consequently, using an
unsupervised approach for such problems is not ideal, as it discards valuable information about the
relationships between the samples of the two boundary distributions. An alternative approach suggests
reframing these tasks as inverse problems. In this vein, Liu et al. (2023) proposed recently I2SB,
building diffusion bridge matching frameworks between coupled data to perform image restoration.

In practice, in most tasks, the available datasets might possess a few limited coupled pairs, however,
the high cost of manually labeling large datasets renders fully supervised approaches infeasible.
Unfortunately, existing matching frameworks can not effectively leverage the information in partially
pre-aligned datasets. An alternative approach from Optimal Transport (OT) literature involves
using guided transportation maps, where only a few pairs that belong to a Key-Point (KP) set are
annotated. These pairs are utilized to guide the transportation mapping of the unpaired samples (Gu
et al., 2023a), substantially reducing the need for extensive human labeling or expert guidance by
leveraging a small number of source-target aligned sample pairs for training (Mustafa & Mantiuk,
2020). More specifically, recent approaches employ a “relation-preserving” scheme, which maintains
the data’s relationship to the given pairs from the KP set (Mémoli, 2011; Sato et al., 2020), or a
pairwise distance-preserving constraint (Gu et al., 2023b). However, the feasibility of adapting
semi-supervised guidance in a dynamic Schrödinger Bridge or Bridge Matching setting remains
an open question. In this vein, drawing inspiration from the guided OT schemes, we advocate a
semi-supervised guided Schrödinger Bridge Matching framework.

In this work, we introduce a novel semi-supervised matching algorithm, Feedback Schrödinger
Bridge Matching (FSBM), designed to integrate information from partially aligned datasets. Draw-
ing inspiration from optimal transport (OT) literature (Gu et al., 2022), our analysis begins from a
static, semi-supervised OT problem, from which we derive a dynamic objective. Following recent
advancements in matching frameworks, we adopt an alternating scheme, where the intermediate path
and the coupling are optimized in two separate steps, resulting in a novel matching framework that
leverages partially aligned data to guide the transport mapping of non-aligned samples. A key aspect
of our approach is that the information from aligned samples is encoded as state feedback within the
dynamic objective, effectively steering the transport of non-aligned data. This renders our FSBM a
bridge between two extremes: unsupervised matching frameworks, which lack pre-aligned couplings
(Shi et al., 2023), and fully supervised frameworks, where data is entirely pre-aligned (Liu et al.,
2023; Somnath et al., 2023) (see Figure 1). Empirical results show that our algorithm generalizes
better, is more robust to perturbations in the initial conditions, and exhibits reduced training time.
Our contributions are summarized as follows:
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• We introduce FSBM, the first matching framework leveraging information from partially
aligned datasets.

• We begin our analysis from a static semi-supervised OT problem, and derive a modified
dynamic formulation. Notably, our analysis can be extended to any selection of regularization
functions.

• We introduce an Entropic Lagrangian extension of the variational gap objective used in BM
frameworks to match the parameterized drift given a prescribed probability path

• Through extensive experimentation, we verify the remarkable capability of FSBM to gen-
eralize under a variety of unseen initial conditions, while simultaneously achieving faster
training times. These results were consistent across a wide range of matching tasks from
low-dimension crowd navigation, to high-dimensional opinion depolarization and image
translation.

2 PRELIMINARIES

2.1 SCHRÖDINGER BRIDGES

The Schrödinger Bridge (Schrödinger, 1931) in the path measure sense is concerned with finding the
optimal measure P? that minimizes the following optimization problem

min
P

KL(PjQ), P0 = π0, P1 = π1 (1)

where Q is a Markovian reference measure. Hence the solution of the dynamic SB P? is consid-
ered to be the closest path measure to Q. A very convenient, and heavily used property of P?
is its decomposition as P ? =

R
Rd×Rd Q|0;1dπ

?(x0, x1), where π? is the solution of the static SB
min�∈�(�0;�1) KL(πjR), and Q|0;1 is the Bridge of the reference measure for pinned points (x0, x1)
(Léonard, 2013). Another formulation of the dynamic SB crucially emerges by applying the Girsanov
theorem in Eq. (1)

min
ut;pt

Z 1

0

Ept
[kutk2]dt s.t.

∂pt
∂t

= �r � (utpt) +
σ2

2
∆pt, and p0 = π0, p1 = π1 (2)

Finally, note that the static SB is equivalent to the entropy regularized OT formulation (Pavon et al.,
2021; Nutz, 2021).

min
�∈�(�0;�1)

Z
Rd×Rd

kX0 �X1k2dπ(X0, X1) + ϵKL(πjπ0 
 π1) (3)

This regularization term enabled efficient solution through the Sinkhorn algorithm and has presented
numerous benefits, such as smoothness, and other statistical properties (Ghosal et al., 2022; Léger,
2021; Peyré et al., 2019).

2.2 SCHRÖDINGER BRIDGE MATCHING

As discussed above, SB Matching algorithms (Shi et al., 2023; Liu et al., 2024) have emerged recently,
following advancements in matching frameworks (Liu et al., 2022c; Peluchetti, 2023; Lipman et al.,
2022; Liu et al., 2022b), rendering the solution of the SB problem significantly more tractable.
Specifically, this family of algorithms solves Eq. (2) by separating the training process into two
alternating steps. The first step entails relaxing the boundary distributional constraints in Eq. (2) into
just two endpoints, by fixing the coupling π0;1, and drawing pairs of samples (x0, x1).

min
utj0;1

Z 1

0

Eptj0;1
[kut|0;1k2]dt

s.t.
∂pt|0;1

∂t
= �r � (pt|0;1ut) +

1

2
σ2∆pt|0;1, X0 = x0, X1 = x1

(4)

This optimization problem returns the optimized intermediate bridges between the drawn pairs.
Subsequently, the parameterized drift u�t is matched given the prescribed marginal path from the
previous step, by minimizing the following variational gap

min
�

Z 1

0

Ept
[ku?t � u�t k2]dt (5)
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whereu?
t is the drift associated with the �xed intermediate path. Propagation of the SDE according

to the matched parameterized driftu�
t : Rd � [0; 1] ! R

dX t = u�
t dt + �dW t ; X 0 � � 0; X 1 � � 1 (6)

induces the parameterized coupling� �
0;1. In the next iteration of the BM algorithm, this updated

coupling is used to generate improved pairs of(x0; x1) � � �
0;1 employed to re�ne the marginal path.

3 METHODOLOGY

3.1 SEMI-SUPERVISEDGUIDANCE

Figure 2: Source and Target Distributions
with their KP set pairs

In the context of semi-supervised optimal transport, cer-
tain aligned couples of data points from the source and
target distributions are employed to guide the match-
ing of unpaired samples. These pairs are assumed by
construction to be given by the optimal solution of the
static SB. We denote withK = f xn

0 ; xn
1 gN

n =1 the set
with the aligned pairs, the Key-Point (KP) set, withN
being the number of pairs in the set. Usually,N � M ,
whereM is the total number of samples.
Assumption 3.1. All pairs from the KP set are consid-
ered to be solutions of the static Schrödinger Bridge.

Note that since the KP pairs are sampled from the solu-
tion of the static SB, this ensures their stochastic nature,
making them well-suited for guiding the transport map. Our analysis begins with the static entropic
OT problem in Eq. (3), to which an additional regularization term is included to capture the interaction
among unpaired samples and aligned samples, thereby guiding the transport map. We consider a
distance-preserving scheme. We start by sampling a pair of non-coupled samples(X 0; X 1). Let us
assume that thei th sample from the KP setx i

0 2 K is closest toX 0 in the source distribution. Then,
the distanced(X 0; x i

0) is computed and we proceed to compute the distanced(X 1; x i
1). Therefore,

for a �xed cou pair(x i
0; x i

1) 2 K , we de�ne the Guidance function for the non-aligned pair(X 0; X 1),
and as

G(X 0; X 1) = ( d(X 1; x i
1) � d(X 0; x i

0))2 (7)
Intuitively, this regularization term creates a region of attraction, as illustrated in Figure 2. This
attraction around each KP sample de�nes clusters that guide the neighboring samples from the source
distribution to the target distribution, by preserving the relative distance to the respective KP sample.
Adjusting the cost function of the entropic O.T. formulation in 3, to incorporate guidance from the
coupled pairs yields

min
� 2 �( � 0 ;� 1 )

Z �
jjX 0 � X 1jj2 + G(X 0; X 1)

�
d� (x0; x1) + �KL (� j� 0 
 � 1) (8)

In this work, we start our analysis from the modi�ed expression of Eq. (3) to exploit the �exibility
of static OT formulation into adding the regularization term that is responsible for the guidance of
the non-paired samples. However, our focal point is to derive an equivalent dynamic formulation,
resembling Eq. (2), which provides a more thorough description of the transport process. From an
algorithmic standpoint, our methodology is based on BM frameworks (see Section 2.2) in order to
leverage their great ef�ciency and scalability in solving distribution matching problems.

3.2 FEEDBACK SCHRÖDINGERBRIDGE MATCHING

We proposeFeedback Schrodinger Brige Matching(FBSM) a novel matching framework, which
leverages the information of partially, optimally paired datasets to guide the matching of the non-
aligned samples. Our analysis starts from recasting Eq. (8) in a dynamic formulation in Sec. 3.2.1.
Subsequently, we adopt recent advances in dynamic SB frameworks, that propose a decomposition
of the dynamic optimization problem into two components (Liu et al., 2024; Shi et al., 2023).
Therefore, we separate the training phase into two stages: 1) the optimization of the intermediate path,
conditioning on the endpoints(x0; x1), and 2) the optimization of the parameterized drift, which
results in re�ning the coupling.
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3.2.1 DYNAMIC OBJECTIVE

The theorem below provides a general framework to recast the entropy regularized semi-supervised
O.T. problem in Eq. (8) in a dynamic setting, regardless of the selection for the guidance functionG.

Theorem 3.2. AssumeX 0; X 1 2 Rd, with X 0 � � 0, andX 1 � � 1, and consider a stochastic
random variableX t connectingX 0 andX 1, whose law is the continuous marginal probability path
pt joining � 0; and� 1. Additionally consider the KP pairsf xn

0 ; xn
1 gN

n =1 with their �xed interpolating
paths. Starting from the static semi-supervised guided entropic OT problem in Eq. (8), we derive the
following relaxed dynamic formulation.

min
pt ;u t

Z

Rd � [0;1]

� 1
2

kut k2 + Ep0 j t

�
ju|

t r Gt; 0j +
� 2

2
� Gt; 0

� �
pt dxdt;

s.t.
@pt
@t

= �r � (ut pt ) +
� 2

2
� pt ; andp0 = � 0; p1 = � 1

(9)

Notice that our dynamic formulation is a modi�ed and generalized version of Eq. (2) to capture
the guidance from the KP samples. For degenerate guidance term(G � 0), one readily obtains the
standard entropic analogue of the �uid dynamic formulation (Benamou & Brenier, 2000; Gentil et al.,
2017) in Eq. (2) which also corresponds to the objective of SB objective (De Bortoli et al., 2021; Shi
et al., 2023).

3.2.2 INTERMEDIATE PATH OPTIMIZATION

As discussed above, the initial step of our methodology entails the optimization of the inter-
mediate path. Let the marginal be expressed as a mixture of conditional probability paths
pt =

R
pt j0;1� 0;1dx0dx1. More explicitly, we sample non-coupled pairs(x0; x1) and �x the coupling

at the boundaries� 0;1. This results in relaxing the distributional constraints in Eq. (9) to just two
endpoints. The optimization of the intermediate path yields the optimal marginal conditioned on the
two endpointspt j0;1 of the uncoupled samples, which crucially preserves their relative distance to the
KPs throughout the entire trajectory.

Proposition 3.3. Let the continuous marginal pathpt satisfy the following decompositionpt =R
pt j0;1� 0;1dx0dx1. For optimizing with respect to the intermediate path, the coupling� 0;1 is frozen

which results in Eq. (9) being recasted as

min
pt j 0 ; 1

Z

Rd � [0;1]
(
1
2

kut j0;1k2+
�
�u|

t j0;1r G(X t ; x0)
�
� +

� 2

2
� G(X t ; x0) pt j0;1dxdt;

s.t.
@pt j0;1

@t
= �r � (pt j0;1ut ) +

1
2

� 2� pt j0;1; X 0 = x0; X 1 = x1

(10)

Importantly, the conditioning on the unpaired samplex0 acts as an anchor. Our guidance function
G groups the unpaired data into clusters around the KPs in the source distribution, and penalize the
deviation of the unpaired samples from the trajectory that their assigned keypoint sample follows,
preserving structural and distance information in the dynamic transport map. This forces unpaired
samples to preserve their relative distance from the closest KP sample in the source distribution at
each time-step.
Remark3.4. Notice that in the extreme case in which the entire dataset is comprised of only pre-
aligned couples,G would be trivial, and Eq. (10) would retrieve the diffusion bridges between
optimal pairs, similarly toI 2SB (Liu et al., 2023). Conversely, in the other extreme case, where the
KP set is the empty set, our algorithm retrieves DSBM.

Feedback Interestingly, in stochastic optimal control literature ((Theodorou et al., 2010)) it has
been reported that the inner product of the drift with the state cost acts as state feedback. Hence, the
termjr G|

t j0ut j0;1j is interpreted as state-feedback that steers the non-coupled samples, by projecting
the conditioned drift on the gradient ofGt j0 Figure 3 illustrates the gradient �eld of the guidance
function, and how it pushes the optimal trajectory towards the path of the aligned data. Note that the
trajectories of the KP samples along with their coupling are assumed to be given and �xed for each
KP pair. Furthermore, the absolute value implies that the angle of projection is always acute, which
greatly improves stability during training.
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Figure 3: Gradient Field ofr G in the S-tunnel

Intemediate Path Recall that we have relaxed the distributional constraints in Eq. (9) to just two
endpoints. We solve Eq. (10) for each pair(x0; x1) � p�

0;1 and later marginalize to constructpt .
The conditioned probability path is approximated in a simulation-free manner as a Gaussian path
pt j0;1 � N (I t j0;1; � t I d), whereI t j0;1 � I (t; x 0; x1) is the interpolant function between the pinned
endpointsI 0 = x0, I 1 = x1, and� is the standard deviation with� 0 = � 1 = 0 . This enables us to
compute a closed-form expression for the conditional drift of the uncoupled pairs (Särkkä & Solin,
2019; Albergo et al., 2023).

ut j0;1 = @t I t j0;1+
� @t � t

� t
�

� 2

2� 2
t

�
(X t � I t ) (11)

where� is by de�nition of � t = �
p

t(1 � t). More details are left for Appendix B.1.

3.2.3 COUPLING OPTIMIZATION

Subsequently, we will match the parameterized driftu�
t , given the prescribed pathpt j0;1 of the

uncoupled samples from the previous step, which will further improve the intermediate path in
the next iteration. The more general form of the Lagrangian in Eq. (10) prompts us to express
the variational gap through the Bregman divergence, following recent advancements in bridging
optimality gaps for general Lagrangian costs Neklyudov et al. (2023). However, before deriving the
expression of the variational gap, we need the convex conjugate of the Lagrangian in Eq. (10).
Proposition 3.5. The convex conjugate of the Lagrangian in Eq. (10) is de�ned as the Hamiltonian
H (x t ; at ; t) = sup u t j 0 ; 1

hut j0;1; at i � L (x t ; ut j0;1; t). The optimization with respect to the drift yields
ut j0;1 = at � g(a|

t r Gt j0)r Gt j0, wherer Gt j0 � G(X t ; x0), andg(�) : R ! R is given by

g(a|
t r Gt j0) =

(
a |

t r G t j 0

kr G t j 0 k2 if ja|
t r Gt j0j � kr Gt j0k2

sgn(a|
t r Gt j0) else

Finally, we obtain the Hamiltonian associated with the Lagrangian in Eq. (10)

H (x t ; at ; t) =
1
2

jjat � g(a|
t r Gt j0) � r Gt j0jj2 �

� 2

2
� G(X t ; x0) (12)

At this point, we introduce our Entropic Lagrangian Bridge Matching objective through the Bregman
divergence, using the Hamiltonian in Eq. (12).
Proposition 3.6. Consider the optimized conditional driftu?

t j0;1 following the optimization in Eq. (10).

The parameterized driftu�
t is matched tou?

t j0;1 given the prescribed marginal path by minimizing the
variational gap expressed through the Bregman divergence:DL, H = L(X t ; ut ; t) + H (X t ; at ; t) �
hat ; ut i

min
�

Z 1

0
Ep0; 1 Ept j 0 ; 1 ka�

t � u?
t j0;1 � g(a|

t r Gt j0) � r Gt j0k2dt (13)

From Proposition 3.5, the parameterized drift can be expressed asu�
t = a�

t � g(a|
t r Gt j0) � r Gt j0.

Therefore, the matching objective of Eq. (13) can be rewritten as the objective in Eq. (5)

min
�

Z 1

0
Ept jju

?
t j0;1 � u�

t jj2dt (14)
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Algorithm 1 Feedback Schrödinger Bridge Matching (FSBM)

1: Input : Boundary distributions� 0 , and� 1 and the pairs from the key-point (KP) setf xn
0 ; xn

1 gN
n =1 , and their

�xed trajectories
2: Initializeu�

t , and� 0;1 as independent coupling� 0 
 � 1 .
3: repeat
4: Samplex0 ; x1 ; X t k by forward propagating usingu�

t , on time steps0 < t 1 < � � � < t K < 1
5: Find closest aligned samplex i

0 to x0 , and calculated(x0 ; x i
0)

6: Using the samei th data point from the KP set, calculated(X t k ; x i
t k

)
7: G(X t k ; x0) from Eq. (7)
8: Fix thex0 ; x1 , and obtainp?

t j 0;1 using Eq. (10)
9: Calculateut j 0;1 from Eq. (11)

10: Updateu�
t , from Eq. (14)

11: until converges

3.3 TRAINING SCHEME

A summary of our training procedure is presented in Alg. 1. Our algorithm �nds a solution(p?
t ; u?

t )
to Eq. (9) by iteratively optimizing Eq. (10), and Eq. (14). First, we draw pairs(x0; x1), and �x the
parameterized coupling� �

0;1. Subsequently, to compute the guidance function, let thei th data point
from the KPs setx i

0 2 K be closest tox0 in the source distribution, the distanced(x0; x i
0) between the

two samples is evaluated. Next, for every sampled time-steptk , we compute the distanced(X t k ; X i
t k

)
betweenX t k , andX i

t k
, and evaluateG(X t k ; x0). Then, optimizing Eq. (10), between the endpoints

(x0; x1) from the �rst step, yields the optimal conditional pathp?
t j0;1, whose corresponding driftu?

t j0;1
is obtained from Eq. (11). This drift ensures that the uncoupled data follow the trajectory of the KPs.
Lastly, we �x the marginal path and optimize the coupling, by matching the parameterized driftu�

t to
the optimized drift of the uncoupled samplesu?

t j0;1, using Eq. (14). The optimized parameterized

drift u�
t induces an improved coupling� �

0;1 by propagating the dynamics through the SDE in Eq. (6).

4 EXPERIMENTS

We demonstrate the ef�cacy of our FSBM in a variety of distribution matching tasks, such as Crowd
Navigation, Opinion Depolarization, and Unpaired Image Translation, compared against other state-
of-the-art distribution matching frameworks such as GSBM (Liu et al., 2024), DSBM (Shi et al.,
2023), and Light and Optimal Schrodinger Bridge Matching (LOSBM; Gushchin et al. (2024)).

4.1 CROWD NAVIGATION

We �rst showcase the ef�cacy of our FSBM in solving complex crowd navigation tasks and its
superior capability to generalize under a variety of initial conditions, listed as:i) Vanilla : initial
distribution is the same as the one the model was trained on,ii) Perturbed Mean: shift the mean of
Vanilla, iii) Perturbed STD: shift the standard deviation (STD) of Vanilla,iv) Uniform Distribution :
the initial distribution is de�ned as a uniform distribution. We compare our FSBM with the GSBM
framework (Liu et al., 2024). The aligned pairs used to guide the transport map were less than 4% of
the uncoupled pairs for both tasks. More details are left for Appendix C.1.

Table 1 shows that FSBM generated more accurately the targeted distribution in both tasks. Addition-
ally, Figure 4 depicts our FSBM consistently producing better trajectories, successfully avoiding the
obstacles under all initial conditions, and generating �nal distributionsp�

1, that more closely match
the target distribution� 1, also shown by the smaller values of the Wasserstein distanceW2(p�

1; � 1).
In contrast, under GSBM, several particles were observed to diverge completely in the S-tunnel task
under shifted initial conditions, causing the increase of theW2 distance. Additionally, notice that
the �nal distributions generated by GSBM (see navy blue particles in the upper row of Figure 4),
even for the samples that did not diverge, were substantially more inaccurate when compared to our
FSBM. Lastly, Fig. 5 illustrates that our FSBM required signi�cantly less wall-clock time for training.
This is attributed to the faster convergence of FSBM with regards to the number of epochs, but also
due to GSBM requiring the computation of the entropy and congestion cost, which according to our
experiments has been shown to increase training duration signi�cantly.
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Figure 4: Crowd Navigation comparison between GSBM and FSBM in the S-tunnel, and V-neck
under perturbed mean and uniform initial distribution, and in the V-neck under perturbed mean and
perturbed STD. The color of particles means:i) Yellow: initial conditions,ii) Green and Cyan:
intermediate trajectory,iii) Red: target distribution,iv) Navy Blue: generated distribution

Table 1:W2 distance between generated and ground truth
distributions for GSBM and FSBM in (Lower is better)

S-tunnel V-neck
GSBM FSBM GSBM FSBM

Vanilla 0.02 0.02 0.01 0.01

Perturbed
Mean 8.87e+5 0.67 0.68 0.34

Perturbed
STD 2.43e+10 0.34 3.03 0.11

Uniform
Distribution 6.65e+9 0.49 0.10 0.10

Figure 5: Training time percentage
comparison between GSBM and
FSBM in Crowd Navigation tasks

4.2 OPINION DYNAMICS

Subsequently, we consider high-dimensional opinion depolarization, where each particle possesses a
high-dimensional opinionX t 2 R100 that evolves through interaction with the other agents under
polarizing dynamics which tend to segregate them into two groups of diametrically opposing opinions
(see Figure 6: �rst row, second column). More information about the polarization base drift are left in
Appendix C.2. To mitigate the segregation, we apply our FSBM method employing the KPs samples
to guide the rest of the population to a more uniform opinion, closer to the target distribution (see
Figure 6: second row third column). We compare against DeepGSB and GSBM (Liu et al., 2022a;
2024), which employ state cost to mitigate polarizing dynamics. Lastly, it is worth noting that the size
of the KP set utilized for the opinion depolarization was approximately 2%, of the entire population.

The results shown demonstrate that the utilization of certain opinion leaders, that guide the overall
opinion of the population to depolarization renders our FSBM a highly ef�cient model to mitigate
opinion segregation. The metrics used to evaluate the proximity of the generated and target distribu-
tions (e.g.p�

1, � 1 respectively) are theW2(p�
1; � 1) distance and the KL divergence. Observation of

Table 2 and Figure 6 indicates that our FSBM retrieves a solution that is slightly closer to the targeted
distribution compared to GSBM, albeit needing half of the training time.
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Table 2: Comparison ofW2(p�
1; � 1) distance and KL

divergence between target and generated distribution
in High Dimensional(X 2 R100) Opinion Dynamics
among Deep GSB, GSBM and FSBM (ours) (Lower is
better in all metrics)

Optimizer
Time

(hours:min)
W2

Distance
KL

divergence

DeepGSB 4:37 58.16 0.096

GSBM 5:29 43.41 0.034

FSBM 2:43 42.91 0.034

Figure 6: Opinion depolarization from
our FSBM and GSBM, and DeepGSB

4.3 IMAGE TRANSLATION

Finally, we present the results of our FSBM in two types of image translations:i) Gender translation,ii)
Age translation. We follow the setup of (Korotin et al., 2023) with the pre-trained ALAE autoencoder
(Pidhorskyi et al., 2020) on the 1024×1024 FFHQ dataset (Karras et al., 2019) to perform the
translation in the latent space of dimensions512� 1, enabling more ef�cient training and sampling.
Notably, the number of aligned images was4% of the total dataset for the gender translation and8%
for the age translation. Our method is compared with other state-of-the-art matching frameworks,
such as DSBM (Shi et al., 2023) and Light and Optimal SBM (LOSBM)(Gushchin et al., 2024).
Additional details are left for Appendix C.3.

Table 3: FID values in 4 translation tasks for DSBM,
LOSBM, and our FSBM (Lower is better)

Optimizer
Man to
Woman

Woman
to Man

Old to
Young

Young
to Old

DSBM 15.90 17.02 16.83 17.76

LOSBM 18.89 17.24 17.89 19.32

FSBM 14.78 16.12 15.52 17.14
Figure 7: Translation comparison be-
tween our FSBM, LOSBM and DSBM

Table 3 shows that our FSBM consistently achieves lower FID value, than the other methods.
Additionally, it is demonstrated that our FSBM recovers better couplings through the qualitative
comparison in Figure 7 and quantitatively through the LPIPS values in Table 5. We can see that DSBM
and FSBM return very close LPIPS values, along with very similar images, which suggests that the
two methods converge to close solutions. Conversely, the translations of LOSBM in the validation set
were losing some of the features of the input image. Figure 8 presents additional examples of the
couplings obtained from our FSBM. Our FSBM demonstrates highly accurate translations preserving
key features identical, such as smile, accessories, angle of the face, and background color. Notably,
Table 4 demonstrates that FSBM requiredonly an additional 180 MB of VRAMcompared to DSBM,
to manage the aligned latent vectors, which is tractable for most modern GPUS, while training DSBM
and FSBM for the same number of epochs requiresvirtually identical training duration.

4.4 LIMITIONS AND DISCUSSIONS

Our FSBM has demonstrated remarkable results in leveraging partially aligned datasets for distribution
matching. However, our framworks relies heavily on the availability and the quality of the available
KP pairs. The manner in which we sample from solution of the static SB does not ensure that all
modes are equally and satisfactorily represented. This implies that in cases where a minimal number
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