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Abstract

Prototypical parts networks combine the power of deep learning with the
explainability of case-based reasoning to make accurate, interpretable de-
cisions. They follow the this looks like that reasoning, representing each
prototypical part with patches from training images. However, a single
image patch comprises multiple visual features, such as color, shape, and
texture, making it difficult for users to identify which feature is important
to the model. To reduce this ambiguity, we introduce the Lucid Prototyp-
ical Parts Network (LucidPPN), a novel prototypical parts network that
separates color prototypes from other visual features. Our method em-
ploys two reasoning branches: one for non-color visual features, processing
grayscale images, and another focusing solely on color information. This
separation allows us to clarify whether the model’s decisions are based on
color, shape, or texture. Additionally, LucidPPN identifies prototypical
parts corresponding to semantic parts of classified objects, making compar-
isons between data classes more intuitive, e.g., when two bird species might
differ primarily in belly color. Our experiments demonstrate that the two
branches are complementary and together achieve results comparable to
baseline methods. More importantly, LucidPPN generates less ambiguous
prototypical parts, enhancing user understanding.

1 Introduction

Increased adoption of deep neural networks across critical fields, such as healthcare (Rymar-
czyk et al., 2022b), and autonomous driving (Wu et al., 2017), shows the need to develop
models in which decisions are interpretable, ensuring accountability and transparency in
decision-making processes (Rudin, 2019; Rudin et al., 2022). One promising approach is
based on prototypical parts (Chen et al., 2019; Nauta et al., 2023; Rymarczyk et al., 2021;
2022d), which integrate the power of deep learning with interpretability, particularly in
fine-grained image classification tasks. During training, these models learn visual concepts
characteristic for each class, called Prototypical Parts (PPs). In inference, predictions are
made by identifying the PPs of distinct classes within an image. This way, the user is
provided with explanations in the form of “This looks like that”.
The primary benefit of PPs-based methods over post hoc approaches is their ability to in-
corporate explanations into the prediction process (Chen et al., 2019) directly. Nevertheless,
a significant challenge with these methods lies in the ambiguity of prototypical parts, vi-
sualized using five to ten nearest patches. Each patch encodes a range of visual features,
including color1, shape, texture, and contrast (Nauta et al., 2021a), making it difficult for
users to identify which of them are relevant. This issue is compounded by the fact that neu-
ral networks are generally biased towards texture (Geirhos et al., 2019) and color (Hosseini
et al., 2018), whereas humans are typically biased towards shape (Landau et al., 1988).

1We follow the color definition from the research of (Berga et al., 2020; Khan et al., 2012)

1



�S�m�#�H�B�b�?�2�/ ���b �� �+�Q�M�7�2�`�2�M�+�2 �T���T�2�` ���i �A�*�G�_ �k�y�k�8

�6�B�;�m�`�2 �R�, �P�m�` �M�Q�p�2�H �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b�@�#���b�2�/ �K�Q�/�2�H�- �G�m�+�B�/�S�S�L�- �2�M���#�H�2�b �i�?�2 �/�B�b�2�M�i���M�;�H�B�M�;
�Q�7 �+�Q�H�Q�` �B�M�7�Q�`�K���i�B�Q�M �7�`�Q�K �i�?�2 �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b�X �h�?�B�b �+���T���#�B�H�B�i�v ���H�H�Q�r�b �m�b �i�Q �2�t���K�B�M�2 �K�Q�`�2
�+�H�Q�b�2�H�v �i�?�2 �/�B�z�2�`�2�M�+�2�b �#�2�i�r�2�2�M ���M �B�K���;�2 �T���i�+�? ���M�/ �T���i�+�?�2�b �`�2�T�`�2�b�2�M�i�B�M�; �� �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�X
���b �b�?�Q�r�M �B�M �i�?�2 �B�K���;�2�- �Q�m�` �K�Q�/�2�H �+���M �p�B�b�m���H�B�x�2 �i�?���i �i�?�2 �?�2���/ �Q�7 �� �#�B�`�/�- �+�Q�K�T���`�2�/ �i�Q �i�?�2
�T�`�Q�i�Q�i�v�T�B�+���H �T���`�i �Q�7 �� �#�B�`�/�ö�b �?�2���/ �7�`�Q�K �/�B�z�2�`�2�M�i �+�H���b�b�2�b�- �b�?�Q�r�b �� �?�B�;�? �`�2�b�2�K�#�H���M�+�2 �B�M �b�?���T�2
���M�/ �i�2�t�i�m�`�2 �#�m�i �/�B�z�2�`�b �B�M �+�Q�H�Q�`�X �a�m�+�? �/�2�i���B�H�2�/ ���M���H�v�b�B�b �r���b �M�Q�i �T�Q�b�b�B�#�H�2 �r�B�i�? �T�`�2�p�B�Q�m�b
�T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b�@�#���b�2�/ ���T�T�`�Q���+�?�2�b�X
�h�?�2�`�2�7�Q�`�2�- �`�2�+�2�M�i �r�Q�`�F�b �?���p�2 ���i�i�2�K�T�i�2�/ �i�Q �b�Q�H�p�2 �i�?�B�b �T�`�Q�#�H�2�K �m�b�B�M�; �p���`�B�Q�m�b �b�i�`���i�2�;�B�2�b�X �a�Q�K�2
�r�Q�`�F�b �T�`�Q�T�Q�b�2 �i�Q �`�2�/�m�+�2 �i�?�2 ���K�#�B�;�m�B�i�v �Q�7 �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b �#�v �p�B�b�m���H�B�x�B�M�; �i�?�2�K �i�?�`�Q�m�;�?
�� �H���`�;�2�` �M�m�K�#�2�` �Q�7 �T���i�+�?�2�b �U�J�� �2�i ���H�X�- �k�y�k�9�c �L���m�i�� �2�i ���H�X�- �k�y�k�j�V�X �>�Q�r�2�p�2�`�- �B�i �/�Q�2�b �M�Q�i
�b�Q�H�p�2 �i�?�2 �T�`�Q�#�H�2�K �r�B�i�? �p���`�B�Q�m�b �p�B�b�m���H �7�2���i�m�`�2�b �2�M�+�Q�/�2�/ �B�M �2���+�? �T���i�+�?�X �P�i�?�2�` ���T�T�`�Q���+�?�2�b
�i�2�M�/ �i�Q �b�Q�H�p�2 �i�?�B�b �T�`�Q�#�H�2�K �#�v �[�m���M�i�B�7�v�B�M�; �i�?�2 ���T�T�2���`���M�+�2 �Q�7 �b�T�2�+�B�}�+ �p�B�b�m���H �7�2���i�m�`�2�b �U�L���m�i��
�2�i ���H�X�- �k�y�k�R���V �Q�` �+�Q�M�+�2�T�i�b �U�q���M �2�i ���H�X�- �k�y�k�9�V �Q�M �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b�X �>�Q�r�2�p�2�`�- �i�?�2�v �;�2�M�2�`���i�2
���K�#�B�;�m�Q�m�b �b�i���i�2�K�2�M�i�b �b�m�+�? ���b �ó�+�Q�H�Q�` �B�b �B�K�T�Q�`�i���M�i�ô�- �H�2���/�B�M�; �i�Q �7�m�`�i�?�2�` �[�m�2�b�i�B�Q�M�b �U�2�X�;�X ���#�Q�m�i
�r�?�B�+�? �+�Q�H�Q�`�V �i�?���i �+�Q�K�T�H�B�+���i�2 �m�M�/�2�`�b�i���M�/�B�M�; �U�J�� �2�i ���H�X�- �k�y�k�9�c �s�m�@�.���`�K�2 �2�i ���H�X�- �k�y�k�j�V�X

�J�Q�i�B�p���i�2�/ �#�v �i�?�2 �+�?���H�H�2�M�;�2 �Q�7 �/�2�+�Q�/�B�M�; �i�?�2 �+�`�m�+�B���H �p�B�b�m���H ���i�i�`�B�#�m�i�2�b �Q�7 �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b�- �r�2
�B�M�i�`�Q�/�m�+�2 �i�?�2 �G�m�+�B�/ �S�`�Q�i�Q�i�v�T�B�+���H �S���`�i�b �L�2�i�r�Q�`�F �U�G�m�+�B�/�S�S�L�V�X �A�i �m�M�B�[�m�2�H�v �/�B�p�B�/�2�b �i�?�2 �K�Q�/�2�H
�B�M�i�Q �i�r�Q �#�`���M�+�?�2�b�, �i�?�2 �}�`�b�i �7�Q�+�m�b�2�b �Q�M �B�/�2�M�i�B�7�v�B�M�; �p�B�b�m���H �7�2���i�m�`�2�b �Q�7 �i�2�t�i�m�`�2 ���M�/ �b�?���T�2
�+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �b�T�2�+�B�}�+ �Q�#�D�2�+�i �T���`�i�b �U�2�X�;�X �?�2���/�b�- �i���B�H�b�- �r�B�M�;�b �7�Q�` �#�B�`�/�b�V�- �r�?�B�H�2 �i�?�2 �b�2�+�Q�M�/
�B�b �/�2�/�B�+���i�2�/ �b�Q�H�2�H�v �i�Q �+�Q�H�Q�`�X �A�i ���H�H�Q�r�b �m�b �i�Q �/�B�b�2�M�i���M�;�H�2 �+�Q�H�Q�` �7�2���i�m�`�2�b �7�`�Q�K �i�?�2 �T�`�Q�i�Q�i�v�T�B�+���H
�T���`�i�b ���M�/ �T�`�2�b�2�M�i �T���B�`�b �Q�7 �� �b�B�K�T�H�B�}�2�/ �;�`���v �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i ���M�/ �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+�Q�H�Q�` �U�b�2�2
�6�B�;�m�`�2 �R�V�X �h�?�2 �b�2�+�Q�M�/ ���/�p���M�i���;�2 �Q�7 �G�m�+�B�/�S�S�L �B�b �i�?���i �i�?�2 �b�m�+�+�2�b�b�B�p�2 �T�`�Q�i�Q�i�v�T�2�b �B�M �2���+�?
�+�H���b�b �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2 �b���K�2 �Q�#�D�2�+�i �T���`�i�b �U�2�X�;�X�- �i�?�2 �}�`�b�i �T�`�Q�i�Q�i�v�T�2�b ���`�2 �?�2���/�b�- �i�?�2 �b�2�+�Q�M�/
�T�`�Q�i�Q�i�v�T�2�b ���`�2 �H�2�;�b�- �2�i�+�X�V�X ���H�i�Q�;�2�i�?�2�`�- �B�i �2�M���#�H�2�/ �m�b �i�Q �B�M�i�`�Q�/�m�+�2 �� �M�Q�p�2�H �i�v�T�2 �Q�7 �p�B�b�m���H�B�x���i�B�Q�M
�T�`�2�b�2�M�i�2�/ �B�M �6�B�;�m�`�2 �k�- �K�Q�`�2 �B�M�i�m�B�i�B�p�2 ���M�/ �H�2�b�b ���K�#�B�;�m�Q�m�b ���+�+�Q�`�/�B�M�; �i�Q �Q�m�` �m�b�2�` �b�i�m�/�B�2�b�X

�1�t�i�2�M�b�B�p�2 �2�t�T�2�`�B�K�2�M�i�b �/�2�K�Q�M�b�i�`���i�2 �i�?���i �G�m�+�B�/�S�S�L ���+�?�B�2�p�2�b �`�2�b�m�H�i�b �+�Q�K�T�2�i�B�i�B�p�2 �r�B�i�? �+�m�`�@
�`�2�M�i �S�S�b�@�#���b�2�/ �K�Q�/�2�H�b �r�?�B�H�2 �b�m�+�+�2�b�b�7�m�H�H�v �/�B�b�2�M�i���M�;�H�B�M�; ���M�/ �7�m�b�B�M�; �+�Q�H�Q�` �B�M�7�Q�`�K���i�B�Q�M�X ���/�/�B�@
�i�B�Q�M���H�H�v�- �m�b�B�M�; �G�m�+�B�/�S�S�L �- �r�2 �+���M �B�/�2�M�i�B�7�v �i���b�F�b �r�?�2�`�2 �+�Q�H�Q�` �B�M�7�Q�`�K���i�B�Q�M �B�b ���M �m�M�B�K�T�Q�`�i���M�i
�7�2���i�m�`�2�- ���b �/�2�K�Q�M�b�i�`���i�2�/ �Q�M �i�?�2 �a�i���M�7�Q�`�/ �*���`�b �/���i���b�2�i �U�E�`���m�b�2 �2�i ���H�X�- �k�y�R�j�V�X �6�B�M���H�H�v�- ��
�m�b�2�` �b�i�m�/�v �b�?�Q�r�2�/ �i�?���i �T���`�i�B�+�B�T���M�i�b�- �;�m�B�/�2�/ �#�v �G�m�+�B�/�S�S�L �2�t�T�H���M���i�B�Q�M�b�- �K�Q�`�2 ���+�+�m�`���i�2�H�v
�B�/�2�M�i�B�}�2�/ �i�?�2 �;�`�Q�m�M�/ �i�`�m�i�? �+�Q�K�T���`�2�/ �i�Q �i�?�Q�b�2 �m�b�B�M�; �S�A�S�@�L�2�i�X

�P�m�` �+�Q�M�i�`�B�#�m�i�B�Q�M�b �+���M �#�2 �b�m�K�K���`�B�x�2�/ ���b �7�Q�H�H�Q�r�b�,

�Ç �q�2 �B�M�i�`�Q�/�m�+�2 �G�m�+�B�/�S�S�L�- �� �M�Q�p�2�H ���`�+�?�B�i�2�+�i�m�`�2 �#���b�2�/ �Q�M �S�S�b�- �r�?�B�+�? �/�B�b�2�M�i���M�;�H�2�b
�+�Q�H�Q�` �7�2���i�m�`�2�b �7�`�Q�K �i�?�2 �S�S�b �B�M �B�M�7�2�`�2�M�+�2�X �*�Q�M�b�2�[�m�2�M�i�H�v�- �i�?���M�F�b �i�Q �G�m�+�B�/�S�S�L �r�2
�F�M�Q�r �i�?�2 �`�2�H�2�p���M�+�2 �Q�7 �i�?�2 �+�Q�H�Q�` ���M�/ �b�?���T�2 �r�B�i�? �i�2�t�i�m�`�2 �B�M �i�?�2 �/�2�+�B�b�B�Q�M �T�`�Q�+�2�b�b�k�X

�Ç �q�2 �T�`�Q�T�Q�b�2 �� �K�2�+�?���M�B�b�K �i�?���i �2�M�b�m�`�2�b �b�m�+�+�2�b�b�B�p�2 �T�`�Q�i�Q�i�v�T�2�b �r�B�i�?�B�M �2���+�? �+�H���b�b �+�Q�M�@
�b�B�b�i�2�M�i�H�v �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2 �b���K�2 �Q�#�D�2�+�i �T���`�i�b�X

�Ç �q�2 �B�M�i�`�Q�/�m�+�2 �� �K�Q�`�2 �B�M�i�m�B�i�B�p�2 �i�v�T�2 �Q�7 �p�B�b�m���H�B�x���i�B�Q�M �B�M�+�Q�`�T�Q�`���i�B�M�; �i�?�2 ���b�b�m�K�T�i�B�Q�M
���#�Q�m�i �i�?�2 �}�M�2�@�;�`���B�M�2�/ �+�H���b�b�B�}�+���i�B�Q�M�X

�Ç �q�2 �+�Q�M�/�m�+�i �� �+�Q�K�T�`�2�?�2�M�b�B�p�2 �2�t���K�B�M���i�B�Q�M �/�2�K�Q�M�b�i�`���i�B�M�; �i�?�2 �m�b���#�B�H�B�i�v ���M�/ �H�B�K�B�i���@
�i�B�Q�M�b �Q�7 �G�m�+�B�/�S�S�L�X �a�T�2�+�B�}�+���H�H�v�- �r�2 �?�B�;�?�H�B�;�?�i �b�+�2�M���`�B�Q�b �r�?�2�`�2 �+�Q�H�Q�` �B�M�7�Q�`�K���i�B�Q�M �K���v
�M�Q�i �#�2 �T�B�p�Q�i���H �Q�` �2�p�2�M �+�Q�M�7�m�b�2�b �i�?�2 �K�Q�/�2�H �B�M �}�M�2�@�;�`���B�M�2�/ �B�K���;�2 �+�H���b�b�B�}�+���i�B�Q�M�X

�k�a�2�2 �i�?�2 �/�B�b�+�m�b�b�B�Q�M �B�M �T���`���;�`���T�? �*�Q�H�Q�` �A�K�T���+�i �B�M �a�2�+�i�B�Q�M �8�X

�k



�S�m�#�H�B�b�?�2�/ ���b �� �+�Q�M�7�2�`�2�M�+�2 �T���T�2�` ���i �A�*�G�_ �k�y�k�8

�6�B�;�m�`�2 �k�, �P�m�` �M�Q�p�2�H �i�v�T�2 �Q�7 �p�B�b�m���H�B�x���i�B�Q�M �m�i�B�H�B�x�2�b �i�?�2 �7���+�i �i�?���i �i�?�2 �b�m�+�+�2�b�b�B�p�2 �T�`�Q�i�Q�i�v�T�2�b
�B�M �2���+�? �+�H���b�b �Q�7 �G�m�+�B�/�S�S�L �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2 �b���K�2 �Q�#�D�2�+�i �T���`�i�b�X �h�?���i �B�b �r�?�v �r�2 �m�b�2 ��
�b�+�?�2�K���i�B�+ �/�`���r�B�M�; �Q�7 �� �#�B�`�/ �i�Q �b�?�Q�r �i�?�2 �H�Q�+���i�B�Q�M �Q�7 �i�?�2 �b�T�2�+�B�}�+ �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b�X �J�Q�`�2�Q�p�2�`�-
�G�m�+�B�/�S�S�L �/�B�b�2�M�i���M�;�H�2�b �+�Q�H�Q�` �7�2���i�m�`�2�b �7�`�Q�K �i�?�2 �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b �i�Q �T�`�2�b�2�M�i �T���B�`�b �Q�7 ��
�b�B�K�T�H�B�}�2�/ �;�`���v �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i ���M�/ �� �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+�Q�H�Q�`�X �h�?�2 ���;�;�`�2�;���i�2�/ �`�2�b�2�K�#�H���M�+�2 �B�b
�Q�#�i���B�M�2�/ �#�v �K�m�H�i�B�T�H�v�B�M�; �i�?�2 �`�2�b�2�K�#�H���M�+�2 �i�Q �i�?�2 �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i ���M�/ �i�?�2 �`�2�b�2�K�#�H���M�+�2 �i�Q
�i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+�Q�H�Q�`�X

�k �_�2�H���i�2�/ �r�Q�`�F�b

���M�i�2�@�?�Q�+ �K�2�i�?�Q�/�b �7�Q�` �s���A�X�a�2�H�7�@�2�t�T�H���B�M���#�H�2 �K�Q�/�2�H�b �U���M�i�2�@�?�Q�+�V ���B�K �i�Q �K���F�2 �i�?�2 �/�2�@
�+�B�b�B�Q�M �T�`�Q�+�2�b�b �K�Q�`�2 �i�`���M�b�T���`�2�M�i �#�v �T�`�Q�p�B�/�B�M�; �i�?�2 �2�t�T�H���M���i�B�Q�M �i�Q�;�2�i�?�2�` �r�B�i�? �i�?�2 �T�`�2�/�B�+�i�B�Q�M�-
���M�/ �i�?�2�v �?���p�2 ���i�i�`���+�i�2�/ �b�B�;�M�B�}�+���M�i ���i�i�2�M�i�B�Q�M �U���H�p���`�2�x �J�2�H�B�b �� �C�����F�F�Q�H���- �k�y�R�3�c �"�º�?�H�2 �2�i ���H�X�-
�k�y�k�k�c �"�`�2�M�/�2�H �� �"�2�i�?�;�2�- �k�y�R�N�V�X �J�m�+�? �Q�7 �i�?�B�b ���i�i�2�M�i�B�Q�M �?���b �7�Q�+�m�b�2�/ �Q�M �2�M�?���M�+�B�M�; �i�?�2 �+�Q�M�+�2�T�i
�Q�7 �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b �B�M�i�`�Q�/�m�+�2�/ �B�M �S�`�Q�i�Q�S�L�2�i �U�*�?�2�M �2�i ���H�X�- �k�y�R�N�V �i�Q �`�2�T�`�2�b�2�M�i �i�?�2 ���+�i�B�p���@
�i�B�Q�M �T���i�i�2�`�M�b �Q�7 �M�2�i�r�Q�`�F�b�X �a�2�p�2�`���H �2�t�i�2�M�b�B�Q�M�b �?���p�2 �#�2�2�M �T�`�Q�T�Q�b�2�/�- �B�M�+�H�m�/�B�M�; �h�2�b�L�2�i �U�q���M�;
�2�i ���H�X�- �k�y�k�R�V ���M�/ �.�2�7�Q�`�K���#�H�2 �S�`�Q�i�Q�S�L�2�i �U�.�Q�M�M�2�H�H�v �2�i ���H�X�- �k�y�k�k�V�- �r�?�B�+�? �2�t�T�H�Q�B�i �Q�`�i�?�Q�;�Q�M���H�@
�B�i�v �B�M �T�`�Q�i�Q�i�v�T�2 �+�Q�M�b�i�`�m�+�i�B�Q�M�X �S�`�Q�i�Q�S�a�?���`�2 �U�_�v�K���`�+�x�v�F �2�i ���H�X�- �k�y�k�R�V�- �S�`�Q�i�Q�h�`�2�2 �U�L���m�i��
�2�i ���H�X�- �k�y�k�R�#�V�- �S�`�Q�i�E�L�L �U�l�F���B �2�i ���H�X�- �k�y�k�k�V�- ���M�/ �S�`�Q�i�Q�S�Q�Q�H �U�_�v�K���`�+�x�v�F �2�i ���H�X�- �k�y�k�k�/�V
�`�2�/�m�+�2 �i�?�2 �M�m�K�#�2�` �Q�7 �T�`�Q�i�Q�i�v�T�2�b �m�b�2�/ �B�M �+�H���b�b�B�}�+���i�B�Q�M�X �P�i�?�2�` �K�2�i�?�Q�/�b �+�Q�M�b�B�/�2�` �?�B�2�`���`�+�?�B�@
�+���H �+�H���b�b�B�}�+���i�B�Q�M �r�B�i�? �T�`�Q�i�Q�i�v�T�2�b �U�>���b�2 �2�i ���H�X�- �k�y�R�N�V�- �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i �i�`���M�b�7�Q�`�K���i�B�Q�M �U�G�B
�2�i ���H�X�- �k�y�R�3�V�- ���M�/ �F�M�Q�r�H�2�/�;�2 �/�B�b�i�B�H�H���i�B�Q�M �i�2�+�?�M�B�[�m�2�b �7�`�Q�K �T�`�Q�i�Q�i�v�T�2�b �U�E�2�b�r���M�B �2�i ���H�X�- �k�y�k�k�V�X
�S�`�Q�i�Q�i�v�T�2�@�#���b�2�/ �b�Q�H�m�i�B�Q�M�b �?���p�2 �#�2�2�M �r�B�/�2�H�v ���/�Q�T�i�2�/ �B�M �p���`�B�Q�m�b ���T�T�H�B�+���i�B�Q�M�b �b�m�+�? ���b �K�2�/�B�+���H
�B�K���;�B�M�; �U���7�M���M �2�i ���H�X�- �k�y�k�R�c �"���`�M�2�i�i �2�i ���H�X�- �k�y�k�R�c �E�B�K �2�i ���H�X�- �k�y�k�R�c �_�v�K���`�+�x�v�F �2�i ���H�X�- �k�y�k�k�#�V�-
�i�B�K�2�@�b�2�`�B�2�b ���M���H�v�b�B�b �U�:�2�2 �2�i ���H�X�- �k�y�R�N�V�- �;�`���T�? �+�H���b�b�B�}�+���i�B�Q�M �U�_�v�K���`�+�x�v�F �2�i ���H�X�- �k�y�k�j���c �w�?���M�;
�2�i ���H�X�- �k�y�k�k�V�- �b�2�K���M�i�B�+ �b�2�;�K�2�M�i���i�B�Q�M �U�a���+�?�� �2�i ���H�X�- �k�y�k�j�V�- ���M�/ �+�H���b�b �B�M�+�`�2�K�2�M�i���H �H�2���`�M�B�M�; �U�_�v�@
�K���`�+�x�v�F �2�i ���H�X�- �k�y�k�j�#�V�X

�>�Q�r�2�p�2�`�- �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b �b�i�B�H�H �M�2�2�/ �i�Q �#�2 �B�K�T�`�Q�p�2�/�- �2�b�T�2�+�B���H�H�v �`�2�;���`�/�B�M�; �i�?�2 �m�M�/�2�`�b�i���M�/�@
���#�B�H�B�i�v ���M�/ �+�H���`�B�i�v �Q�7 �i�?�2 �m�M�/�2�`�H�v�B�M�; �7�2���i�m�`�2�b �`�2�b�T�Q�M�b�B�#�H�2 �7�Q�` �i�?�2 �T�`�2�/�B�+�i�B�Q�M �U�E�B�K �2�i ���H�X�-
�k�y�k�k�V�X �A�b�b�m�2�b �b�m�+�? ���b �b�T���i�B���H �K�B�b���H�B�;�M�K�2�M�i �Q�7 �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b �U�*���`�K�B�+�?���2�H �2�i ���H�X�- �k�y�k�9�c
�a���+�?�� �2�i ���H�X�- �k�y�k�9�V ���M�/ �B�K�T�`�2�+�B�b�2 �p�B�b�m���H�B�x���i�B�Q�M �i�2�+�?�M�B�[�m�2�b �U�:���m�i���K �2�i ���H�X�- �k�y�k�j�c �s�m�@�.���`�K�2
�2�i ���H�X�- �k�y�k�j�V �?���p�2 �#�2�2�M �B�/�2�M�i�B�}�2�/�X �h�?�2�`�2 ���`�2 ���H�b�Q �T�Q�b�i�@�?�Q�+ �2�t�T�H���B�M�2�`�b ���M���H�v�x�B�M�; �p�B�b�m���H �7�2���@
�i�m�`�2�b �b�m�+�? ���b �+�Q�H�Q�`�- �b�?���T�2�- ���M�/ �i�2�t�i�m�`�2�b �U�L���m�i�� �2�i ���H�X�- �k�y�k�R���V�- ���M�/ ���T�T�`�Q���+�?�2�b �m�b�B�M�; �K�m�H�i�B�T�H�2
�B�K���;�2 �T���i�+�?�2�b �i�Q �p�B�b�m���H�B�x�2 �i�?�2 �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b �U�J�� �2�i ���H�X�- �k�y�k�9�c �L���m�i�� �2�i ���H�X�- �k�y�k�j�V�X �A�M
�i�?�B�b �r�Q�`�F�- �r�2 ���/�/�`�2�b�b �i�?�2 ���K�#�B�;�m�B�i�v �Q�7 �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b �#�v �T�`�2�b�2�M�i�B�M�; �� �/�2�/�B�+���i�2�/ ���`�+�?�B�@
�i�2�+�i�m�`�2�- �G�m�+�B�/�S�S�L�- �i�?���i �/�2�i�2�+�i�b �b�2�T���`���i�2 �b�2�i�b �Q�7 �T�`�Q�i�Q�i�v�T�2�b �7�Q�` �b�?���T�2�b �r�B�i�? �i�2�t�i�m�`�2�b ���M�/
���M�Q�i�?�2�` �b�2�i �7�Q�` �+�Q�H�Q�`�b�X �h�?�B�b ���T�T�`�Q���+�? ���B�K�b �i�Q �2�M�?���M�+�2 �i�?�2 �B�M�i�2�`�T�`�2�i���#�B�H�B�i�v ���M�/ �+�H���`�B�i�v �Q�7 �i�?�2
�B�M�i�2�`�T�`�2�i���i�B�Q�M�b�X

�l�b���;�2 �Q�7 �H�Q�r�@�H�2�p�2�H �p�B�b�B�Q�M �7�2���i�m�`�2�b �7�Q�` �B�K���;�2 �+�H���b�b�B�}�+���i�B�Q�M�X�J�m�H�i�B�T�H�2 ���T�T�`�Q���+�?�2�b �i�Q
�2�t�i�`���+�i�B�M�; �7�2���i�m�`�2�b �#���b�2�/ �Q�M �i�2�t�i�m�`�2 �U���`�K�B �� �6�2�F�`�B�@�1�`�b�?���/�- �k�y�R�N�c �>���`���H�B�+�F �2�i ���H�X�- �R�N�d�j�V�-
�b�?���T�2 �U�E�?���M �2�i ���H�X�- �k�y�R�k�c �J�B�M�;�[�B���M�; �2�i ���H�X�- �k�y�y�3�V�- ���M�/ �+�Q�H�Q�` �U�*�?�2�M �2�i ���H�X�- �k�y�R�y�c �E�Q�#���v���b�?�B
�� �P�i�b�m�- �k�y�y�N�V �?���p�2 �#�2�2�M �T�`�Q�T�Q�b�2�/ �#�2�7�Q�`�2 �i�?�2 �/�2�2�T �H�2���`�M�B�M�; �2�`���- �#���b�2�/ �Q�M �i�?�2 �F�M�Q�r�H�2�/�;�2
���#�Q�m�i �?�m�K���M �T�2�`�+�2�T�i�B�Q�M �U�6���M �2�i ���H�X�- �k�y�R�d�V�X �a�B�K�B�H���` �7�2���i�m�`�2�b ���`�2 �i�`���B�M�2�/ �#�v �b�?���H�H�Q�r �H���v�2�`�b
�Q�7 �/�2�2�T �M�2�i�r�Q�`�F�b�- �r�?�B�+�? �+���M �#�2 �p�B�b�m���H�B�x�2�/ �r�B�i�? �K�2�i�?�Q�/�b �b�m�+�? ���b �U�w�2�B�H�2�`�- �k�y�R�9�c �a�T�`�B�M�;�2�M�#�2�`�;
�2�i ���H�X�- �k�y�R�9�V�X �>�Q�r�2�p�2�`�- �r�?�B�H�2 �i�?�2�b�2 �K�2�i�?�Q�/�b �2�z�2�+�i�B�p�2�H�v �B�H�H�m�b�i�`���i�2 �H�Q�r�@�H�2�p�2�H �7�2���i�m�`�2�b�- �i�?�2�v
�b�i�`�m�;�;�H�2 �r�B�i�? �/�2�2�T�2�` �H���v�2�`�b�- �r�?�2�`�2 �i�?�2 �p�B�b�m���H�B�x�2�/ �+�Q�M�+�2�T�i�b �2�M�i���M�;�H�2 �K�m�H�i�B�T�H�2 �p�B�b�m���H �7�2���i�m�`�2�b
���M�/ �H�2���/ �i�Q ���K�#�B�;�m�Q�m�b �2�t�T�H���M���i�B�Q�M�b�X �a�B�K�B�H���` �#�2�?���p�B�Q�` �+���M �#�2 �Q�#�b�2�`�p�2�/ �B�M �`�2�+�2�M�i �2�s�T�H���B�M���#�H�2
���A �U�s���A�V �K�2�i�?�Q�/�b �U�"���b���D �2�i ���H�X�- �k�y�k�R�c �G���B�M�� �2�i ���H�X�- �k�y�k�k�c �_�v�K���`�+�x�v�F �2�i ���H�X�- �k�y�k�k���c �w�B�2�H�B�–�b�F�B
�� �:�¦�`�b�x�+�x���F�- �k�y�k�R�c �L���m�i�� �2�i ���H�X�- �k�y�k�R���V�X �"�v �m�b�B�M�; �i�r�Q �#�`���M�+�?�2�b�- �Q�M�2 �7�Q�` �+�Q�H�Q�` ���M�/ �Q�M�2 �7�Q�`
�`�2�K���B�M�B�M�; �p�B�b�m���H �7�2���i�m�`�2�b�- �Q�m�` �K�2�i�?�Q�/ �2�t�T�H�B�+�B�i�H�v �/�B�b�2�M�i���M�;�H�2�b �i�?�2�b�2 �p�B�b�m���H �7�2���i�m�`�2�b�- �`�2�/�m�+�B�M�;
���K�#�B�;�m�B�i�v �Q�7 �2�t�T�H���M���i�B�Q�M�b �#���b�2�/ �Q�M �?�B�;�?�@�H�2�p�2�H �+�Q�M�+�2�T�i�b�X

�j



�S�m�#�H�B�b�?�2�/ ���b �� �+�Q�M�7�2�`�2�M�+�2 �T���T�2�` ���i �A�*�G�_ �k�y�k�8

�j �J�2�i�?�Q�/

�j�X�R�S�`�2�H�B�K�B�M���`�B�2�b

�S�`�Q�#�H�2�K �7�Q�`�K�m�H���i�B�Q�M�X�P�m�` �Q�#�D�2�+�i�B�p�2 �B�b �i�Q �i�`���B�M �� �}�M�2�@�;�`���B�M�2�/ �+�H���b�b�B�}�+���i�B�Q�M �K�Q�/�2�H �#���b�2�/
�Q�M �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b�- �r�?�B�+�? ���+�+�m�`���i�2�H�v �T�`�2�/�B�+�i�b �Q�M�2 �Q�7M �b�m�#�i�H�v �/�B�z�2�`�2�M�i�B���i�B�M�; �+�H���b�b�2�b�X
�q�2 �m�b�2N �B�K���;�2�@�H���#�2�H �T���B�`�bf (x0; y0); : : : ; (xN ; yN )g � I � f 1; : : : ; M g ���b �� �i�`���B�M�B�M�; �b�2�i �i�Q
�Q�#�i���B�M �i�?�2 �K�Q�/�2�H �`�2�i�m�`�M�B�M�; �?�B�;�?�H�v ���+�+�m�`���i�2 �T�`�2�/�B�+�i�B�Q�M�b ���M�/ �H�m�+�B�/ �2�t�T�H���M���i�B�Q�M�b�X �6�Q�` �i�?�B�b�-
�r�2 �b�2�T���`���i�2 �+�Q�H�Q�` �7�`�Q�K �Q�i�?�2�` �p�B�b�m���H �7�2���i�m�`�2�b ���i �i�?�2 �B�M�T�m�i ���M�/ �T�`�Q�+�2�b�b �i�?�2�K �i�?�`�Q�m�;�? �i�r�Q
�M�2�i�r�Q�`�F �#�`���M�+�?�2�b �r�B�i�? �b�2�T���`���i�2 �b�2�i�b �Q�7 �S�S�b�X

�S�.�B�b�+�Q�L�2�i�X�S�.�B�b�+�Q�L�2�i �U�p���M �/�2�` �E�H�B�b �2�i ���H�X�- �k�y�k�j�V �;�2�M�2�`���i�2�b �b�2�;�K�2�M�i���i�B�Q�M �K���b�F�b �Q�7 �Q�#�D�2�+�i
�T���`�i�b�- �m�b�2�/ �B�M �i�`���B�M�B�M�; �Q�7 �G�m�+�B�/�S�S�L �i�Q ���H�B�;�MK �b�m�+�+�2�b�b�B�p�2 �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b �Q�7 �2���+�? �+�H���b�b
�r�B�i�?K �b�m�+�+�2�b�b�B�p�2 �Q�#�D�2�+�i �T���`�i�b�X �q�2 �/�2�+�B�/�2�/ �i�Q �m�b�2 �B�i �B�M�b�i�2���/ �Q�7 �?�m�K���M ���M�M�Q�i���i�Q�`�b �#�2�+���m�b�2
�B�i �B�b �K�Q�`�2 �2�{�+�B�2�M�i ���M�/ �+�Q�b�i�@�2�z�2�+�i�B�p�2�X �>�Q�r�2�p�2�`�- �B�i �+���M �#�2 �`�2�T�H���+�2�/ �r�B�i�? ���M�v �K�2�i�?�Q�/ �Q�7 �Q�#�D�2�+�i
�T���`�i �b�2�;�K�2�M�i���i�B�Q�M �/�m�2 �i�Q �i�?�2 �K�Q�/�m�H���`�B�i�v �Q�7 �Q�m�` ���T�T�`�Q���+�?�X

�S�.�B�b�+�Q�L�2�i �K�Q�/�2�Hf Disco �m�i�B�H�B�x�2�b �� �+�Q�M�p�Q�H�m�i�B�Q�M���H �M�2�m�`���H �M�2�i�r�Q�`�F �U�*�L�L�V �i�Q �;�2�M�2�`���i�2 �� �7�2���i�m�`�2
�K���TZDisco = [ zij ]i;j 2 (RD Disco )H Disco � W Disco �7�`�Q�K �� �;�B�p�2�M �B�K���;�2x�X �1���+�? �Q�7HDisco �
WDisco �p�2�+�i�Q�`�b �7�`�Q�K �b�m�+�? �7�2���i�m�`�2 �K���T �B�b �i�?�2�M �+�Q�K�T���`�2�/ �i�Q �i�`���B�M���#�H�2 �p�2�+�i�Q�`�bqk 2 RD Disco

�`�2�T�`�2�b�2�M�i�B�M�;K �Q�#�D�2�+�i �T���`�i�b ���M�/ �#���+�F�;�`�Q�m�M�/�- �m�b�B�M�; �b�B�K�B�H���`�B�i�v �#���b�2�/ �Q�M �1�m�+�H�B�/�2���M �/�B�b�i���M�+�2

tk
ij =

�2�t�T(�jj zij � qk jj2)
P K +1

k 0=1 �2�t�T(�jj zij � qk 0jj2)
; �U�R�V

�7�Q�`i = 1 ; : : : ; WDisco ���M�/j = 1 ; : : : ; HDisco �- ���M�/k 2 f 1; : : : ; K + 1g�X �h�?�B�b �r���v�- �r�2 �Q�#�i���B�M
���M ���i�i�2�M�i�B�Q�M �K���TT k = [ tk

ij ]i;j 2 RH Disco � W Disco �7�Q�` �2���+�? �Q�#�D�2�+�i �T���`�i ���M�/ �#���+�F�;�`�Q�m�M�/�X �a�m�+�?
���i�i�2�M�i�B�Q�M �K���T�b ���`�2 �K�m�H�i�B�T�H�B�2�/ �#�v �7�2���i�m�`�2 �K���TZDisco ���M�/ ���p�2�`���;�2�/ �i�Q �Q�#�i���B�M �Q�M�2 �p�2�+�i�Q�` �T�2�`
�Q�#�D�2�+�i �T���`�i�X �h�?�Q�b�2 �p�2�+�i�Q�`�b ���`�2 �T���b�b�2�/ �i�Q �i�?�2 �+�H���b�b�B�}�+���i�B�Q�M �T���`�i �Q�7 �S�.�B�b�+�Q�L�2�i�- �r�?�B�+�? �B�M�p�Q�H�p�2�b
�H�2���`�M���#�H�2 �K�Q�/�m�H���i�B�Q�M �p�2�+�i�Q�`�b ���M�/ �� �H�B�M�2���` �+�H���b�b�B�}�2�`�X

�� �p�B�i���H �Q�#�b�2�`�p���i�B�Q�M �B�b �i�?���i �i�?�2 �K���T�bT k �+�Q�M�i�B�M�m�Q�m�b�H�v �b�T�H�B�i �i�?�2 �B�K���;�2 �B�M�i�Q �`�2�;�B�Q�M�b �+�Q�`�`�2�@
�b�T�Q�M�/�B�M�; �i�Q �/�B�b�+�Q�p�2�`�2�/ �Q�#�D�2�+�i �T���`�i�b �i�?���M�F�b �i�Q �� �r�2�H�H�@�+�Q�M�+�2�B�p�2�/ �b�2�i �Q�7 �H�Q�b�b �7�m�M�+�i�B�Q�M�b ���/�/�2�/
�i�Q �i�?�2 �m�b�m���H �+�`�Q�b�b�@�2�M�i�`�Q�T�v�X �h�?�2�v ���b�b�m�`�2 �i�?�2 �/�B�b�i�B�M�+�i�B�p�2�M�2�b�b�- �+�Q�M�b�B�b�i�2�M�+�v�- ���M�/ �T�`�2�b�2�M�+�2 �Q�7 �i�?�2
�b�2�K���M�i�B�+ �`�2�;�B�Q�M�b�X �u�2�i�- �i�?�2 �Q�M�H�v ���M�M�Q�i���i�B�Q�M�b �m�b�2�/ �B�M �i�`���B�M�B�M�; ���`�2 �i�?�2 �+�H���b�b �H���#�2�H�b�X

�A�M �i�?�2 �b�m�#�b�2�[�m�2�M�i �b�2�+�i�B�Q�M�b�- �r�2 �B�;�M�Q�`�2 �i�?�2 �S�.�B�b�+�Q�L�2�i �T�`�2�/�B�+�i�B�Q�M�bPDisco �- �m�b�B�M�; �Q�M�H�v �i�?�2
���i�i�2�M�i�B�Q�M �K���T�bT k �- �r�?�B�+�? �r�2 �r�B�H�H �+���H�H�b�2�;�K�2�M�i���i�B�Q�M �K���b�F�b�7�`�Q�K �M�Q�r �Q�M�X

�j�X�k �G�m�+�B�/�S�S�L

�j�X�k�X�R���`�+�?�B�i�2�+�i�m�`�2

�G�m�+�B�/�S�S�L �B�b �� �/�2�2�T ���`�+�?�B�i�2�+�i�m�`�2�- �T�`�2�b�2�M�i�2�/ �B�M �6�B�;�m�`�2 �j�- �+�Q�M�b�B�b�i�B�M�; �Q�7 �i�r�Q �#�`���M�+�?�2�b�, �Q�M�2 �7�Q�`
�`�2�p�2���H�B�M�; �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �b�?���T�2 ���M�/ �i�2�t�i�m�`�2 �U�a�?���T�2�h�2�t�L�2�i�V�- ���M�/ �i�?�2 �b�2�+�Q�M�/ �/�2�/�B�+���i�2�/ �i�Q
�+�Q�H�Q�` �U�*�Q�H�Q�`�L�2�i�V�X �h�?���i �B�b �r�?�v�a�?���T�2�h�2�t�L�2�i�Q�T�2�`���i�2�b �Q�M �;�`���v�b�+���H�2�/ �B�M�T�m�i�- �r�?�B�H�2�*�Q�H�Q�`�L�2�i
�m�b�2�b ���;�;�`�2�;���i�2�/ �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �i�?�2 �+�Q�H�Q�`�X
�a�?���T�2�h�2�t�L�2�i�X �� �;�`���v�b�+���H�2�/ �p�2�`�b�B�Q�M �Q�7 �B�K���;�2x �B�b �Q�#�i���B�M�2�/ �#�v �+�Q�M�p�2�`�i�B�M�; �B�i�b �+�?���M�M�2�H�bx =
(r; g; b) �i�QxS = ( w; w; w)�- �r�?�2�`�2w = 0 :299r + 0 :587g + 0 :114b�X �h�?�B�b �7�Q�`�K�m�H�� ���T�T�`�Q�t�B�K���i�2�b
�?�m�K���M �T�2�`�+�2�T�i�B�Q�M �Q�7 �#�`�B�;�?�i�M�2�b�b �U�S�`���i�i�- �k�y�R�j�V ���M�/ �B�b �� �/�2�7���m�H�i �;�`���v�b�+���H�2 �K�2�i�?�Q�/ �m�b�2�/ �B�M
�+�Q�K�T�m�i���i�B�Q�M���H �H�B�#�`���`�B�2�b�- �b�m�+�? ���b �S�v�h�Q�`�+�? �U�S���b�x�F�2 �2�i ���H�X�- �k�y�R�N�V�X

�:�`���v�b�+���H�2�/ �B�K���;�2xS �B�b �7�2�/ �i�Q �� �+�Q�M�p�Q�H�m�i�B�Q�M���H �M�2�m�`���H �M�2�i�r�Q�`�F �#���+�F�#�Q�M�2f Sb �X �6�Q�` �i�?�B�b �T�m�`�T�Q�b�2�-
�r�2 ���/���T�i �i�?�2 �*�Q�M�p�L�2�s�i�@�i�B�M�v �U�G�B�m �2�i ���H�X�- �k�y�k�k�V �r�B�i�?�Q�m�i �+�H���b�b�B�}�+���i�B�Q�M �?�2���/ ���M�/ �r�B�i�? �B�M�+�`�2���b�2�/
�b�i�`�B�/�2 ���i �i�?�2 �i�r�Q �H���b�i �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�`�b �i�Q �B�M�+�`�2���b�2 �i�?�2 �`�2�b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �7�2���i�m�`�2 �K���T�- �H�B�F�2
�B�M �S�A�S�@�L�2�i �U�L���m�i�� �2�i ���H�X�- �k�y�k�j�V�X ���b ���M �Q�m�i�T�m�i �Q�7f Sb �- �r�2 �Q�#�i���B�M �� �K���i�`�B�t �Q�7 �/�B�K�2�M�b�B�Q�M
(D � H � W )�- �r�?�B�+�? �B�b �T�`�Q�D�2�+�i�2�/ �i�Q �/�B�K�2�M�b�B�Q�MKM � H � W �m�b�B�M�;1 � 1 �+�Q�M�p�Q�H�m�i�B�Q�M �H���v�2�`
f Scl �U�r�?�2�`�2K �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �Q�#�D�2�+�i �T���`�i�b ���M�/M �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �+�H���b�b�2�b�V �b�Q �i�?���i �2���+�?
�T�`�Q�i�Q�i�v�T�2 �?���b �B�i�b �+�?���M�M�2�H�X �h�?�2�M�- �B�i �B�b �`�2�b�?���T�2�/ �i�Q �i�?�2 �b�B�x�2 �Q�7K � M � H � W �Q�M �r�?�B�+�? �r�2
���T�T�H�v �i�?�2 �b�B�;�K�Q�B�/�X ���b �� �`�2�b�m�H�i�- �r�2 �Q�#�i���B�M�a�?���T�2�h�2�t�L�2�i �7�2���i�m� �̀2 �K���T�/�2�}�M�2�/ ���b

ZS = [ zkm
S ]k;m = � (f Scl (f Sb (xS ))) = f S (xS ) 2 (RH � W )K � M : �U�k�V
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�S�m�#�H�B�b�?�2�/ ���b �� �+�Q�M�7�2�`�2�M�+�2 �T���T�2�` ���i �A�*�G�_ �k�y�k�8

�6�B�;�m�`�2 �j�, �G�m�+�B�/�S�S�L ���`�+�?�B�i�2�+�i�m�`�2 �+�Q�M�b�B�b�i�b �Q�7 �i�r�Q �#�`���M�+�?�2�b�,�*�Q�H�Q�`�L�2�i���M�/�a�?���T�2�h�2�t�L�2�i�i�?���i
�2�M�+�Q�/�2 �+�Q�H�Q�` ���M�/ �b�?���T�2 �r�B�i�? �i�2�t�i�m�`�2 �B�M �7�2���i�m�`�2 �K���T�bZC ���M�/ZS �- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?���M�F�b
�i�Q �� �b�T�2�+�B���H �i�v�T�2 �Q�7 �i�`���B�M�B�M�; �2���+�? �+�?���M�M�2�H �Q�7 �� �7�2���i�m�`�2 �K���T �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �b�B�K�B�H���`�B�i�v �i�Q ��
�b�T�2�+�B�}�+ �Q�#�D�2�+�i �T���`�i �Q�7 �� �;�B�p�2�M �+�H���b�b�X �A�M �i�?�B�b �B�K���;�2�- �;�`�2�2�M ���M�/ �Q�`���M�;�2 �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�r�Q
�Q�#�D�2�+�i �T���`�i�b�, �?�2���/ ���M�/ �#�2�H�H�v�- ���M�/ �`�2�/ ���M�/ �#�H�m�2 �+�Q�`�`�2�b�T�Q�M�/ �i�Q �+�H���b�b�2�b �� ���M�/ �"�X �h�?�2�`�2�7�Q�`�2�-
�2���+�? �7�2���i�m�`�2 �K���T �+�Q�M�b�B�b�i�b �Q�7 �7�Q�m�` �+�?���M�M�2�H�b �7�Q�` �?�2���/ �Q�7 ���- �#�2�H�H�v �Q�7 ���- �?�2���/ �Q�7 �"�- ���M�/ �#�2�H�H�v
�Q�7 �"�X �*�Q�`�`�2�b�T�Q�M�/�B�M�; �+�?���M�M�2�H�b �7�`�Q�K �#�Q�i�? �#�`���M�+�?�2�b ���`�2 �K�m�H�i�B�T�H�B�2�/ �i�Q �Q�#�i���B�M �7�2���i�m�`�2 �K���TZA �-
�r�?�B�+�? �B�b �i�?�2�M �T�Q�Q�H�2�/ �r�B�i�? �K���t�B�K�m�K �i�Q �Q�#�i���B�M �i�?�2 �`�2�b�2�K�#�H���M�+�2 �Q�7 �T�`�Q�i�Q�i�v�T�B�+���H �T���`�i�b �7�m�b�B�Q�M
���M�/ ���;�;�`�2�;���i�2�/ �i�?�`�Q�m�;�? �K�2���M �i�Q �Q�#�i���B�M �}�M���H �H�Q�;�B�i�b�X

�h�?�m�b�- �r�2 �H�B�M�F �2���+�? �K���Tzkm
S �i�Q �� �m�M�B�[�m�2�T� �̀Q�i�Q�i�v�T�B�+���H �T���`�i�Q�7 ���M �Q�#�D�2�+�i �T���`�ik �7�Q�` �+�H���b�bm�-

�7�`�Q�K �r�?�B�+�? �r�2 �+�Q�K�T�m�i�2�a�?���T�2�h�2�t�L�2�i � �̀2�b�2�K�#�H���M�+�2RS = [ r km
S ]k;m 2 [0; 1]K � M �- �r�?�2�`�2

r km
S = �J���t�S�Q�Q�H�k�.(zkm

S ): �U�j�V

�6�B�M���H�H�v�- �r�2 �Q�#�i���B�M�a�?���T�2�h�2�t�L�2�i �T� �̀2�/�B�+�i�B�Q�M�bPS = [ pm
S ]m 2 [0; 1]M �#�v �i���F�B�M�; �i�?�2 �K�2���M �Q�p�2�`

�i�?�2 �`�2�b�2�K�#�H���M�+�2 �Q�7 ���H�H �T���`�i�b �Q�7 �� �b�T�2�+�B�}�+ �+�H���b�b

pm
S =

1
K

KX

k=1

r km
S : �U�9�V

�*�Q�H�Q�`�L�2�i�X �h�Q �Q�#�i���B�M ���;�;�`�2�;���i�2�/ �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �+�Q�H�Q�`�- ���b ���M �B�M�T�m�i �Q�7�*�Q�H�Q�`�L�2�i�- �B�K���;�2
x �B�b �/�Q�r�M�b�+���H�2�/ �i�?�`�Q�m�;�? �#�B�H�B�M�2���` �B�M�i�2�`�T�Q�H���i�B�Q�M �i�QH � W �`�2�b�Q�H�m�i�B�Q�M�- �K���`�F�2�/ ���bxC �X �h�?�2�M�-
xC �B�b �T���b�b�2�/ �i�Q �+�Q�M�p�Q�H�m�i�B�Q�M���H �M�2�m�`���H �M�2�i�r�Q�`�Ff C �- �+�Q�K�T�Q�b�2�/ �Q�7 �b�B�t1 � 1 �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�`�b
�r�B�i�? �_�2�G�l ���+�i�B�p���i�B�Q�M�b�- �2�t�+�2�T�i �i�?�2 �H���b�i �H���v�2�` ���7�i�2�` �r�?�B�+�? �r�2 ���T�T�H�v �b�B�;�K�Q�B�/�X �h�?�B�b �r���v�- �r�2
�T�`�Q�+�2�b�b �2���+�? �B�M�T�m�i �T�B�t�2�H �Q�7xC �b�2�T���`���i�2�H�v�- �i���F�B�M�; �B�M�i�Q ���+�+�Q�m�M�i �Q�M�H�v �B�i�b �+�Q�H�Q�`�X ���b �� �`�2�b�m�H�i�- �r�2
�Q�#�i���B�M�*�Q�H�Q�`�L�2�i �7�2���i�m� �̀2 �K���T

ZC = [ zkm
C ]k;m = f C (xC ) 2 (RH � W )K � M : �U�8�V

���M���H�Q�;�Q�m�b�H�v �i�Q�a�?���T�2�h�2�t�L�2�i�- �2���+�? �/�B�K�2�M�b�B�Q�M �B�M �i�?�2 �7�2���i�m�`�2 �K���T �B�b �`�2�H���i�2�/ �i�Q �� �m�M�B�[�m�2
�T� �̀Q�i�Q�i�v�T�B�+���H �T���`�i�Q�7 ���M �Q�#�D�2�+�i �T���`�ik �B�M �+�H���b�bm�X �>�2�M�+�2�- ���b �#�2�7�Q�`�2�- �r�2 �+���H�+�m�H���i�2�*�Q�H�Q�`�L�2�i
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