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A FULL LIST OF NOTATIONS

For any two functions f(d, δ, T ) and g(d, δ, T ), we write f(d, δ, T ) ≲ g(d, δ, T ) (resp. f(d, δ, T ) ≳
g(d, δ, T )) for some universal constant (not depending on δ, d or T ) L < ∞ (resp. L > 0) if
lim supT→∞ |f(d, δ, T )/ g(d, δ, T )| ≤ L (resp. lim infT→∞ |f(d, δ, T )/g(d, δ, T )| ≥ L). We write
f(d, δ, T ) ≍ g(d, δ, T ) when both f(d, δ, T ) ≲ g(d, δ, T ) and f(d, δ, T ) ≳ g(d, δ, T ) hold. Note
that the dependence on δ and d is retained with ≲,≳,≍. We write f(d, δ, T ) = O(g(T )) (resp.
f(d, δ, T ) = Ω(g(T ))) if f(d, δ, T ) ≲ L(d, δ)g(T ) (resp. f(d, δ, T ) ≳ L(d, δ)g(T )) holds for some
L(d, δ) (possibly depending on δ and d). We write f(d, δ, T ) = o(g(T )) if lim supT→∞ |f(d, δ, T )
/g(T )| = 0. We write f(d, δ, T ) = Õ(g(T )) if f(d, δ, T ) = O(g(T )(log g(T ))k) for some constant
k. Note that the big-O notation omits the dependence on δ and d. In the asymptotic when ε−1 → ∞,
we write f(d, ε−1) = O(g(d, ε−1)) if f(d, δ, ε−1) ≲ g(d, δ, ε−1)(log g(ε−1))k for some constant
k. Unless otherwise specified, we write xi(1 ≤ i ≤ d) as the i-th element of a vector x ∈ Rd and
[A]ij as the (i, j)-th element of a matrix A. For a function f(x) : Rd → R, we write ∂if(z) as a
shorthand for ∂

∂xi f(x)
∣∣∣
x=z

, and similarly for higher moments. For a vector (resp. matrix), all norms,
if not explicitly specified, are referred to 2-norm (resp. spectral norm). For a vector x and matrix P ,
define ∥x∥P :=

√
a⊺Pa. For matrices A,B, Tr(A) is the trace of A, and A ⪯ B means that B −A

is positive semi-definite. For a positive integer n, [n] := {1, . . . , n}.

B RELATED WORKS ON UNCONDITIONAL DDPM SAMPLERS

Given time-averaged L2 unconditional score estimation error (Hyvärinen, 2005), polynomial-time
convergence guarantees have been established for wide families of target distributions (De Bortoli
et al., 2021; Chen et al., 2023d; Lee et al., 2023; Chen et al., 2023a; Benton et al., 2024a; Pedrotti
et al., 2023; Conforti et al., 2023). For all target distributions with finite second moment, under L2

score estimation error, O(d log(1/δ)2/ε2) number of steps are sufficient to achieve ε2 KL divergence
between the δ-perturbed target distribution and the generated distribution using the specially designed
exponential-decay-then-constant step-sizes (Benton et al., 2024a; Conforti et al., 2023). The analysis
usually involves applying the Girsanov change-of-measure framework and the Fokker-Plank equation
(Chen et al., 2023d;a) to either the original SDE diffusion process or some transformed process
(Benton et al., 2024a; Conforti et al., 2023), followed by an analysis of the discretization of the
continuous-time process. More recently, similar convergence guarantees have been established
using non-SDE-type techniques, such as with typical sets (Li et al., 2024c) and with tilting factor
representations (Liang et al., 2024). Here the new analysis introduced in Liang et al. (2024) is
applicable to a larger set of step-sizes (equivalently, noise schedules) than the ones commonly used in
previous analyses (Chen et al., 2023a; Benton et al., 2024a; Conforti et al., 2023). In this paper, we
employ the same analytical framework as in Liang et al. (2024).

Some other works analyzed sampling errors using a different measure (the Wasserstein-2 distance)
(Bruno et al., 2023; Gao et al., 2023; Gao & Zhu, 2024). Beyond stochastic samplers, another line
of studies provided theoretical guarantees for the deterministic sampler corresponding to DDPM
(Chen et al., 2023e;c; Huang et al., 2024). Besides, Cheng et al. (2023); Benton et al. (2024b); Jiao
et al. (2024); Gao et al. (2024) provided guarantees for the closely-related flow-matching model,
which learns a deterministic coupling between any two distributions. Also, Lyu et al. (2024); Li et al.
(2024b) provided convergence guarantees for the closely-related consistency models (Song et al.,
2023b). Finally, in order to achieve an end-to-end analysis, several works also developed sample
complexity bounds to achieve the L2 score estimation error for a variety of distributions (Oko et al.,
2023; Shah et al., 2023; Gatmiry et al., 2024; Chen et al., 2024; Cole & Lu, 2024; Zhang et al., 2024;
Mei & Wu, 2023; Chen et al., 2023b).
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C DETAILS OF NUMERICAL SIMULATIONS

In Figure 1, we compared the performances of our optimal BO-DDNM sampler (with the f∗
t,y in (10))

against the DDNM and DDNM+ samplers (Wang et al., 2023) at different levels of σ2
y . For Gaussian,

we use µ0 = 0, d = 4, p = 2, and y = (0.5 0.5). We first randomly generate a positive definite
matrix Σ0 and uniformly sample ρ ∈ [0.4, 0.7), and then this correlation coefficient is enforced for
any [Σ0]

ij where i ∈ [p] and j ∈ {p+ 1, . . . , d}. We use the noise schedule in (8) with c = 3 and
δ = 0.0001 for Gaussian Q0. For Gaussian mixture, we use N = 2, d = 2, p = 1, and y = 1. We set
πn = (0.4 0.6), diag(Σ0) = (0.1 1), and ρ = 0.6. We further uniformly sample {µ0,n}Nn=1 in
the space [−1, 1)× [−1, 1). We use the noise schedule in (8) with c = 4 and δ = 0.02 for Gaussian
mixture Q0. We use 150000 samples to estimate the divergence when Q0 is Gaussian mixture.

In Figure 2, we numerically verify the exact bias in KL divergence as a function of y and ρ for
Gaussian Q0. Here Q0 = N (0,Σ0), d = 4 and p = 2. Suppose that σ2

y = 0. We assume that each
element of y has equal values. The correlation coefficient ρ is enforced for any pair of xi and xj

where i ∈ [p] and j ∈ {p+ 1, . . . , d}. We first randomly generate a positive definite matrix Σ0 and
then enforce the correlation condition for any xi and xj where i ∈ [p] and j ∈ {p+ 1, . . . , d}. We
use a sufficiently large number of steps T = 20000. The conditional sampler is set as ft,y = f∗

t,y
given in (10). The noise schedule in (8) with c = 3 and δ = 0.0001 is used.

D DERIVATION OF SCORE BIAS FOR EXISTING ZERO-SHOT DDPM
SAMPLERS

In this section we show some examples of zero-shot conditional samplers proposed in the literature
and in particular how they are related to the formulation of interest in (6). We recall the notations H ,
y, and σt from Section 2.3. Also denote

µt :=
1

√
αt

xt +
1− αt√

αt
∇ log qt(xt) = EXt−1∼Qt−1|t(·|xt)[Xt−1|xt]

which is the mean of the unconditional reverse-step at time t ≥ 1.

D.1 COME-CLOSER-DIFFUSE-FASTER (CCDF)

We first examine the Come-Closer-Diffuse-Faster (CCDF) algorithm (Chung et al., 2022b). The
CCDF algorithm using DDPM samplers gives that

x′
t−1 = µt + σtzt,1,

xt−1 = (I −H†H)x′
t−1 +

√
ᾱtH

†y +
√
1− ᾱtzt,2

where zt,1, zt,2
i.i.d.∼ N (0, Id) are standard Gaussian random variables. Thus, the conditional mean

of the update is

µt,y = (I −H†H)µt +
√
ᾱt−1H

†y

=
1

√
αt

xt +
1− αt√

αt
(I −H†H)∇ log qt(xt) +

√
ᾱtH

†y − 1
√
αt

H†Hxt

in which

ft,y(xt) =
1

1− αt

(√
αt

√
ᾱtH

†y −H†Hxt

)
.

D.2 DDNM AND DDNM+

Next, we examine the DDNM algorithm and its modified version DDNM+ (Wang et al., 2023). We
first note that the unconditional DDPM satisfies that (cf. (Ho et al., 2020, Equations (7) and (11))),

µt :=

√
ᾱt−1(1− αt)

1− ᾱt
x0|t +

√
αt(1− ᾱt−1)

1− ᾱt
xt,

x0|t :=
1√
ᾱt

xt +
1− ᾱt√

ᾱt
∇ log qt(xt) = EX0∼Q0|t(·|xt)[X0|xt]. (11)

17



Published as a conference paper at ICLR 2025

Combining these two lines, we have µt = 1√
αt
(xt + (1 − αt)∇ log qt(xt)). In DDNM, x0|t is

projected along the direction of the given y, which yields

x0|t,y := H†y + (Id −H†H)x0|t,

and the corresponding conditional mean of the update becomes

µt,y =

√
ᾱt−1(1− αt)

1− ᾱt
x0|t,y +

√
αt(1− ᾱt−1)

1− ᾱt
xt.

Thus,

µt,y =

√
ᾱt−1(1− αt)

1− ᾱt

(
H†y + (Id −H†H)x0|t

)
+

√
αt(1− ᾱt−1)

1− ᾱt
xt

(i)
= (Id −H†H)µt +H†

(√
ᾱt−1(1− αt)

1− ᾱt
y +

√
αt(1− ᾱt−1)

1− ᾱt
Hxt

)
=

1
√
αt

xt +
1− αt√

αt
(Id −H†H)∇ log qt(xt)

+

(√
ᾱt−1(1− αt)

1− ᾱt
H†y +

√
αt(1− ᾱt−1)

1− ᾱt
H†Hxt −

1
√
αt

H†Hxt

)
where (i) follows from (11). Thus, to express this conditional mean in the form of (6),

ft,y(xt) =

√
ᾱt

1− ᾱt
H†y +

1

1− αt

(
αt(1− ᾱt−1)

1− ᾱt
− 1

)
H†Hxt

=
1

1− ᾱt

(√
ᾱtH

†y −H†Hxt

)
.

Here note that ft,y(xt) is supported on range(H†H). Also note that for DDNM, ft,y = f∗
t,y , which

is the BO-DDNM sampler defined in (10), when there is no measurement noise (i.e., σ2
y = 0).

Next we investigate its modified version, DDNM+, in particular when H = (Ip 0). To relate the
notations of (Wang et al., 2023, Section 3.3 and Appendix I) with ours, note that Σ = A = H ,
U = Ip, V = Id, s1, . . . , sp = 1, sp+1, . . . , sd = 0, and a =

√
ᾱt−1(1−αt)

1−ᾱt
. If σt ≥ aσy , we have

Σt = Id, Φt =

(
(σ2

t − a2σ2
y)Ip 0

0 σ2
t Id−p

)
.

Otherwise, if σt < aσy , we have

Σt =

( σt

aσy
Ip 0

0 Id−p

)
, Φt =

(
0 0
0 σ2

t Id−p

)
.

Observe that the only difference is on the space that supports H†H .

From (Wang et al., 2023, Equations (17) and (18)), we can write

x̂0|t,y := (Id −H†H)x0|t +ΣtH
†y + (Id − Σt)H

†Hx0|t︸ ︷︷ ︸
supported on range(H†H)

,

Thus, with similar arguments above,

µt,y =

√
ᾱt−1(1− αt)

1− ᾱt
x̂0|t,y +

√
αt(1− ᾱt−1)

1− ᾱt
xt

=
1

√
αt

xt +
1− αt√

αt
(Id −H†H)∇ log qt(xt)

+
1− αt√
αt(1− ᾱt)

(√
ᾱt(ΣtH

†y + (Id − Σt)H
†Hx0|t)−H†Hxt

)︸ ︷︷ ︸
supported on range(H†H)

where ft,y is again supported on range(H†H).
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D.3 SAMPLERS USING HIGHER-ORDER DERIVATIVES

Before we end this section, we note that the formulation in (6) only uses (estimates of) first-order
derivatives of (unconditional) log-p.d.f.s (a.k.a. unconditional score functions). This might not
correspond to the optimal zero-shot sampler, and in practice there have been methods that use both
first- and second-order derivatives (namely, in ∂x0|t(xt)/∂xt) to achieve better zero-shot sampling
performance (Chung et al., 2023; Song et al., 2023a). Nevertheless, the second-order derivatives
might be hard to obtain, which require extra machine time and memory in the calculation. We leave
investigations to use second-order derivatives in zero-shot conditional samplers as future work.

E PROOF SKETCH OF THEOREM 1

We now provide a proof sketch of Theorem 1 to describe the idea of our analysis approach. The
main technical challenge due to mismatched scores is to analyze the expected tilting factor under
a mean-perturbed Gaussian, providing an upper bound of the asymptotic orders of all Gaussian
non-centralized moments. See the full proof in Appendix F.

To begin, with Lemma 1, we decompose the total error as KL(Q̃0∥P̂0) ≤ EXT∼Q̃T

[
log q̃T (XT )

p̂T (XT )

]
+∑T

t=1 EXt,Xt−1∼Q̃t,t−1

[
log

pt−1|t(Xt−1|Xt)

p̂t−1|t(Xt−1|Xt)

]
+
∑T

t=1 EXt,Xt−1∼Q̃t,t−1

[
log

pt−1|t(Xt−1|Xt)

p̂t−1|t(Xt−1|Xt)

]
. These

three terms correspond respectively to the initialization error, estimation error, and reverse-step
error. The initialization error can be bounded by ᾱT d in order using (Liang et al., 2024, Lemma 3)
under Assumption 1. Below we focus on the remaining two terms.

Step 1: Bounding estimation error under mismatch (Lemma 2). At each time t = 1, . . . , T ,
log(pt−1|t(xt−1|xt)/p̂t−1|t(xt−1|xt)) has an explicit expression since they are conditional Gaussians
with the same variance. However, differently from the typical matched case, the mean of Pt−1|t

(i.e., µt(xt)) is no longer equal to the posterior mean of Q̃t−1|t (i.e., mt(xt)). Their difference is
contained in ∆t(xt), whose asymptotic order needs to be upper-bounded in light of Assumption 2.

Step 2: Decomposing reverse-step error under mismatch (Equation (15)). First we decompose
the tilting factor as ζ̃t,t−1(xt, xt−1) = ζ̃mis(xt, xt−1) + ζ̃van(xt, xt−1), where

ζ̃mis :=
√
αt∆t(xt)

⊺(xt−1 −mt(xt))

ζ̃van := (∇ log q̃t−1(mt(xt))−
√
αt∇ log q̃t(xt))

⊺(xt−1 −mt(xt)) +

∞∑
p=2

Tp(log q̃t−1, xt,mt(xt)).

Here ζ̃mis captures the factor that contributes to the total bias within ζ̃t,t−1. Define the oracle sampling
process as P̃t−1|t = N (mt,y, σ

2
t Id). Then, the reverse-step error can be decomposed as

EQ̃t,t−1
[ζ̃t,t−1]− EQ̃t×Pt−1|t

[ζ̃t,t−1] =
(
EQ̃t,t−1

[ζ̃t,t−1]− EQ̃t×Pt−1|t
[ζ̃t,t−1]

)
︸ ︷︷ ︸

Woracle, rev-step

+
(
EQ̃t×P̃t−1|t

[ζ̃mis]− EQ̃t×Pt−1|t
[ζ̃mis]

)
︸ ︷︷ ︸

Wbias, rev-step

+
(
EQ̃t×P̃t−1|t

[ζ̃van]− EQ̃t×Pt−1|t
[ζ̃van]

)
︸ ︷︷ ︸

Wvanish, rev-step

.

Step 3: Bounding Woracle, rev-step and Wbias, rev-step (Equations (16) and (17)). Under Assumption 3,
the dominant term of Woracle, rev-step is given by (Liang et al., 2024, Theorem 1). Also, the calculation
of Wbias, rev-step is reduced to the difference in conditional mean, which is proportional to ∥∆t(xt)∥2.

Step 4: Bounding Wvanish, rev-step (Lemmas 3 and 4). To upper-bound Wvanish, rev-step, with results
on the matched case in Liang et al. (2024), we need only to characterize the mean of ζ̃van under the
mismatched posterior Pt−1|t. We determine the dominant order in the expected values of all Taylor
polynomials, which includes calculating all non-centralized moments. We first calculate the first three
non-centralized moments (Lemma 3) and then determine the asymptotic order of all higher moments
(Lemma 4). With these, we can finally locate the terms of dominating order in Wvanish, rev-step.
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F PROOF OF THEOREM 1 AND COROLLARY 1
Overall, the structure of the proof of Theorem 1 is similar to that for (Liang et al., 2024, Theorem 1).
To start, we note that with similar arguments in (Liang et al., 2024, Equation 13), an upper bound on
KL(Q̃0∥P̂0) is given by

KL(Q̃0∥P̂0)

= KL(Q̃T ∥P̂T ) +

T∑
t=1

EXt∼Q̃t

[
KL(Q̃t−1|t(·|Xt)∥P̂t−1|t(·|Xt))

]
−

T∑
t=1

EXt−1∼Q̃t−1

[
KL(Q̃t|t−1(·|Xt−1)∥P̂t|t−1(·|Xt−1))

]
≤ KL(Q̃T ∥P̂T ) +

T∑
t=1

EXt∼Q̃t

[
KL(Q̃t−1|t(·|Xt)∥P̂t−1|t(·|Xt))

]
= EXT∼Q̃T

[
log

q̃T (XT )

p̂T (XT )

]
︸ ︷︷ ︸

Term 1: initialization error

+

T∑
t=1

EXt,Xt−1∼Q̃t,t−1

[
log

pt−1|t(Xt−1|Xt)

p̂t−1|t(Xt−1|Xt)

]
︸ ︷︷ ︸

Term 2: estimation error

+

T∑
t=1

EXt,Xt−1∼Q̃t,t−1

[
log

q̃t−1|t(Xt−1|Xt)

pt−1|t(Xt−1|Xt)

]
︸ ︷︷ ︸

Term 3: reverse-step error

. (12)

The last equality holds because p̂T = pT . Now, we provide an upper bound for the reverse-step error
that is ready for further analysis. In the following lemma, we show that the mismatched q̃t−1|t is an
exponentially tilted form of pt−1|t.

Lemma 1. Fixed t ≥ 1. For any fixed xt ∈ Rd, as long as q̃t−1 exists, we have

q̃t−1|t(xt−1|xt) =
pt−1|t(xt−1|xt)e

ζ̃t,t−1(xt,xt−1)

EXt−1∼Pt−1|t [e
ζ̃t,t−1(xt,Xt−1)]

where

ζ̃t,t−1(xt, xt−1)

:=
√
αt∆t(xt)

⊺(xt−1 −mt(xt)) + (∇ log q̃t−1(mt(xt))−
√
αt∇ log q̃t(xt))

⊺(xt−1 −mt(xt))

+

∞∑
p=2

Tp(log q̃t−1, xt−1,mt(xt)).

Here we define the p-th order term in the Taylor expansion of f(x) around µ as

Tp(f, x, µ) :=
1

p!

∑
γ∈Nd:

∑
i γ

i=p

∂p
af(µ)

d∏
i=1

(xi − µi)γ
i

where a ∈ [d]p are the indices of differentiation in which the multiplicity of i ∈ [d] is γi.

Proof. See Appendix H.1.

We abbreviate ζ̃t,t−1 = ζ̃t,t−1(xt, xt−1). Given the expression of ζ̃t,t−1, the conditional reverse-step
error can be upper-bounded for any fixed xt as

EXt−1∼Q̃t−1|t

[
log

q̃t−1|t(Xt−1|xt)

pt−1|t(Xt−1|xt)

]
= EXt−1∼Q̃t−1|t

[
ζ̃t,t−1 − logEXt−1∼Pt−1|t [e

ζ̃t,t−1 ]
]
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(i)

≤ EXt−1∼Q̃t−1|t

[
ζ̃t,t−1

]
+ EXt−1∼Pt−1|t

[
− log eζ̃t,t−1

]
= EXt−1∼Q̃t−1|t

[ζ̃t,t−1]− EXt−1∼Pt−1|t [ζ̃t,t−1] (13)

where in (i) we use Jensen’s inequality and note that − log(·) is convex. Thus, from (12), we have an
upper bound as

KL(Q̃0∥P̂0) ≤ EXT∼Q̃T

[
log

q̃T (XT )

p̂T (XT )

]
︸ ︷︷ ︸

Term 1: initialization error

+

T∑
t=1

EXt,Xt−1∼Q̃t,t−1

[
log

pt−1|t(Xt−1|Xt)

p̂t−1|t(Xt−1|Xt)

]
︸ ︷︷ ︸

Term 2: estimation error

+

T∑
t=1

EXt−1∼Q̃t−1|t
[ζ̃t,t−1]− EXt−1∼Pt−1|t [ζ̃t,t−1]︸ ︷︷ ︸

Term 3: reverse-step error

.

Here, using (Liang et al., 2024, Lemma 3), the initialization error can be upper-bounded as, when
T → ∞,

EXT∼Q̃T

[
log

q̃T (XT )

p̂T (XT )

]
≤ 1

2
EX0∼Q̃0

∥X0∥2 ᾱT +O
(
ᾱ2
T

)
.

This implies that, under Assumption 1 and if c > 1,

EXT∼Q̃T

[
log

q̃T (XT )

pT (XT )

]
= o(T−1).

Also, under Assumption 3, the higher-order Taylor polynomials enjoy exponential rate of decay in
expectation, which is contained in powers of (1− αt). Thus, we are allowed to exchange the limit
(of Taylor expansion) and the expectation operators (cf. (Liang et al., 2024, Lemma 11)).

Now, we upper-bound the estimation error and reverse-step error under score mismatch separately.

F.1 STEP 1: BOUNDING ESTIMATION ERROR UNDER MISMATCH

The following lemma provides an upper bound for the estimation error under score mismatch.

Lemma 2. Under Assumptions 2 and 4, with the αt satisfying Definition 1, we have
T∑

t=1

EXt,Xt−1∼Q̃t,t−1

[
log

pt−1|t(Xt−1|Xt)

p̂t−1|t(Xt−1|Xt)

]
≲ max

t≥1

√
EXt∼Q̃t

∥∆t(Xt)∥2(log T )ε+ (log T )ε2.

Proof. See Appendix H.2.

F.2 STEP 2: DECOMPOSING REVERSE-STEP ERROR UNDER MISMATCH

Now, we decompose ζ̃t,t−1(xt, xt−1) = ζ̃mis + ζ̃van where

ζ̃mis :=
√
αt∆t(xt)

⊺(xt−1 −mt(xt)),

ζ̃van := (∇ log q̃t−1(mt(xt))−
√
αt∇ log q̃t(xt))

⊺(xt−1 −mt(xt)) +

∞∑
p=2

Tp(log q̃t−1, xt−1,mt(xt)).

(14)

Here ζ̃van is the same tilting factor without score bias (cf. Liang et al. (2024)). Also, define an
auxiliary conditional probability P̃t−1|t such that

P̃t−1|t := N
(
mt(xt),

1− αt

αt
Id

)
,

which corresponds to the oracle reverse process that knows the true scores of the perturbed target
distributions. Thus, we can decompose the expected value of (13) in the following way:

EXt∼Q̃t

(
EXt−1∼Q̃t−1|t

− EXt−1∼Pt−1|t

)
[ζ̃t,t−1]
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= EXt∼Q̃t

(
EXt−1∼Q̃t−1|t

− EXt−1∼P̃t−1|t

)
[ζ̃t,t−1]︸ ︷︷ ︸

Woracle, rev-step

+ EXt∼Q̃t

(
EXt−1∼P̃t−1|t

− EXt−1∼Pt−1|t

)
[ζ̃mis]︸ ︷︷ ︸

Wbias, rev-step

+ EXt∼Q̃t

(
EXt−1∼P̃t−1|t

− EXt−1∼Pt−1|t

)
[ζ̃van]︸ ︷︷ ︸

Wvanish, rev-step

. (15)

F.3 STEP 3: BOUNDING WORACLE, REV-STEP AND WBIAS, REV-STEP

Among the terms above, (Liang et al., 2024, Theorem 1) shows that, under Assumption 3 and using
the αt in Definition 1,

Woracle, rev-step ≲
T∑

t=1

(1− αt)
2EXt∼Q̃t

[
Tr
(
∇2 log q̃t−1(mt(Xt))∇2 log q̃t(Xt)

)]
. (16)

Also, for Wbias, rev-step, since direct calculation yields

EXt−1∼P̃t−1|t
[ζ̃mis(xt, Xt−1)] = EXt−1∼Q̃t−1|t

[ζ̃mis(xt, Xt−1)] = 0,

EXt−1∼Pt−1|t [ζ̃mis(xt, Xt−1)] = −(1− αt) ∥∆t(xt)∥2 ,

we have

Wbias, rev-step = EXt∼Q̃t

(
EXt−1∼P̃t−1|t

− EXt−1∼Pt−1|t

)
[ζ̃mis(Xt, Xt−1)]

= (1− αt)EXt∼Q̃t
∥∆t(Xt)∥2 . (17)

F.4 STEP 4: BOUNDING WVANISH, REV-STEP

Next, for Wvanish, rev-step, we first note that P̃t−1|t is conditional Gaussian. Thus, under Assumption 3,
we are able to exchange the limit (from Taylor series) and the expectation due to Gaussian-like
moments (cf. (Liang et al., 2024, Lemma 11)), which gives us

EXt−1∼P̃t−1|t
[ζ̃van(xt, Xt−1)]

=
1− αt

2αt
Tr(∇2 log q̃t−1(mt(xt))) +

∞∑
p=4

EXt−1∼P̃t−1|t
[Tp(log q̃t−1, Xt−1,mt(xt))] .

Here the expected value at p = 3 is zero because all odd-order centralized moments of Gaussian
vanish.

Now it remains to characterize the expectation of ζ̃van(xt, xt−1) under Pt−1|t. To this end, we
introduce the following notation.

Definition 2 (Big-O in Lp space). For a random variable ZT , we say that ZT (x) = OLp(Q)(1) if

(EX∼Q |ZT (X)|p)1/p = O(1) for all p ≥ 1 as T → ∞. Define ÕLp(Q) likewise.

One property is that if ZT (x) = OLp(Q)(1) then EX∼Q |ZT (X)| = O(1). Another property is that
if Z1 = OLp(Q)(aT ) and Z2 = OLp(Q)(bT ) for all p ≥ 1, applying Cauchy-Schwartz inequality we
get, for all p ≥ 1,

(EX∼Q |Z1Z2|p)
1/p ≤

(
EX∼QZ

2p
1 EX∼QZ

2p
2

)1/(2p)
= O(aT bT ),

which implies that OLp(Q)(aT )OLp(Q)(bT ) = OLp(Q)(aT bT ). Now, with this notation, the first lines
of Assumption 3 can be equivalently written as

(1− αt)
m
∣∣∂k

a log qt(Xt)
∣∣ = OLp(Q̃t)

((1− αt)
m) , ∀p ≥ 1,

(1− αt)
m
∣∣∂k

a log qt−1(mt(Xt))
∣∣ = OLp(Q̃t)

((1− αt)
m) , ∀p ≥ 1.

22



Published as a conference paper at ICLR 2025

Also, Assumption 4 can be equivalently written as

(1− αt)
m ∥∆t,y(Xt)∥ = OLp(Q̃t)

(ᾱt(1− αt)
m), ∀p ≥ 1.

With these notations, the following lemma characterizes the expectation of ζ̃van(xt, xt−1) under
Pt−1|t, which involves non-centralized Gaussian moments.

Lemma 3. As long as q̃t−1 is defined, with the definition of ζ̃van in (14), under Assumptions 3 and 4,
we have ∀ℓ ≥ 1,

EXt−1∼Pt−1|t [ζ̃van(xt, Xt−1)]

= −1− αt√
αt

(∇ log q̃t−1(mt(xt))−
√
αt∇ log q̃t(xt))

⊺∆t(xt)

+
1− αt

2αt
Tr(∇2 log q̃t−1(mt)) +

(1− αt)
2

2αt
∆t(xt)

⊺∇2 log q̃t−1(mt)∆t(xt)

− 1

3!

(
(1− αt)

2

αt
3/2

)3

d∑
i=1

∂3
iii log q̃t−1(mt)∆

i
t +

d∑
i,j=1
i ̸=j

∂3
iij log q̃t−1(mt)∆

j
t


+

∞∑
p=4

EXt−1∼Pt−1|t [Tp(log q̃t−1, Xt−1,mt(xt))] +OLℓ(Q̃t)

(
(1− αt)

3
)
.

Proof. See Appendix H.3.

The following lemma provides the rate of decay of the difference in expectation of all Taylor
polynomials with order p ≥ 4.

Lemma 4. As long as q̃t−1 is defined, under Assumptions 3 and 4, we have, ∀p ≥ 4, ℓ ≥ 1,(
EXt−1∼P̃t−1|t

− EXt−1∼Pt−1|t

)
[Tp(log q̃t−1, Xt−1,mt(Xt))] = OLℓ(Q̃t)

(
(1− αt)

3
)
.

Proof. See Appendix H.4.

Thus, with the help of Lemmas 3 and 4, we can identify the dominating terms in Wvanish, rev-step when
1− αt is small. The dominating term is

Wvanish, rev-step = EXt∼Q̃t

(
EXt−1∼P̃t−1|t

− EXt−1∼Pt−1|t

)
[ζ̃van(Xt, Xt−1)]

=
1− αt√

αt
EXt∼Q̃t

[(∇ log q̃t−1(mt(Xt))−
√
αt∇ log q̃t(Xt))

⊺∆t(Xt)]

− (1− αt)
2

2αt
EXt∼Q̃t

[
∆t(Xt)

⊺∇2 log q̃t−1(mt(Xt))∆t(Xt)
]

+
1

3!

(
(1− αt)

2

αt
3/2

)
EXt∼Q̃t

[
3

d∑
i=1

∂3
iii log q̃t−1(mt(Xt))∆t(Xt)

i

+

d∑
i,j=1
i̸=j

∂3
iij log q̃t−1(mt(Xt))∆t(Xt)

j

]

+O((1− αt)
3). (18)

Therefore, with the decomposition in (15) in mind, an upper bound on the reverse-step error is
achieved by summing up (16), (17) and (18). The proof of Theorem 1 is now complete.
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F.5 COROLLARY 1 AND ITS PROOF

Below we state and prove a corollary of Theorem 1 when q̃0 does not exist. By (Liang et al.,
2024, Lemma 6), q̃1 always exists, which provides us with the following convergence result with
early-stopping.

Corollary 1. Suppose that Assumptions 1 to 4 are satisfied. Then, suppose that the αt satisfies
Definition 1 at t ≥ 2, the distribution P̂1 from the discrete-time DDPM under score bias satisfies

KL(Q̃1∥P̂1)

≲
T∑

t=2

(1− αt)EXt∼Q̃t
∥∆t(Xt)∥2

+

T∑
t=2

1− αt√
αt

EXt∼Q̃t

[
(∇ log q̃t−1(mt(Xt))−

√
αt∇ log q̃t(Xt))

⊺∆t(Xt)

]

+

T∑
t=2

(1− αt)
2

2αt
EXt∼Q̃t

[
Tr
(
∇2 log q̃t−1(mt(Xt))

(
∇2 log q̃t(Xt)−∆t(Xt)∆t(Xt)

⊺
) )]

+

T∑
t=2

(1− αt)
2

3!αt
3/2

EXt∼Q̃t

3 d∑
i=1

∂3
iii log q̃t−1(mt(Xt))∆t(Xt)

i +

d∑
i,j=1
i ̸=j

∂3
iij log q̃t−1(mt(Xt))∆t(Xt)

j


+max

t≥2

√
EXt∼Q̃t

∥∆t(Xt)∥2(log T )ε+ (log T )ε2,

where W2(Q̃1, Q̃0)
2 ≲ (1− α1)d.

Proof. The result directly follows with the same arguments as in the proof of Theorem 1. The only
difference is the guarantee under the Wasserstein distance, which can be obtained using (Liang et al.,
2024, Lemma 12).

G PROOF OF THEOREM 2
We first recall some of the properties of the noise schedule in (8). By Lemma 6, the noise schedule
in (8) satisfies that 1−αt

(1−ᾱt−1)p
≲ log T log(1/δ)

δp−1T for all p ≥ 1 while ᾱT = o(T−1), and thus such αt

satisfies Definition 1 when t ≥ 2. Further, with the αt in (8), (Liang et al., 2024, Lemmas 15 and 17)
show that for any Q0 with finite variance under early-stopping, ∀p, ℓ ≥ 1,

EXt∼Q̃t
|∂p

a log q̃t(Xt)|ℓ = O

(
1

(1− ᾱt)pℓ/2

)
,

EXt∼Q̃t
|∂p

a log q̃t−1(mt(Xt))|ℓ = O

(
1

(1− ᾱt−1)pℓ/2

)
.

Thus, using Lemma 6, Assumption 3 is satisfied (since δ is constant). In the following, we further
verify the last relationship in Assumption 3 holds.

Therefore, since Assumptions 1, 2 and 4 have been satisfied, we can invoke Corollary 1 and get
KL(Q̃1∥P̂1) ≲ Woracle +Wbias +Wvanish. Now, we investigate the dimensional dependence for each
term of the upper bound in Corollary 1.

To start, from (Liang et al., 2024, Theorem 3), for any Q̃0 having finite variance, with the αt in (8),
we have

Woracle ≲
d2 log2(1/δ)(log T )2

T
+ (log T )ε2.

Also, since by assumption EXt∼Q̃t
∥∆t(Xt)∥2 ≲ ᾱt

(1−ᾱt)r
dγ , with the αt in (8), we have from

Lemma 7 that when δ ≪ 1,

Wbias ≲
dγ

δr

(
1− 2 log(1/δ) log T

T

)
.
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Now we investigate each term in Wvanish. The following lemma is useful to determine the rate of
difference of the first-order Taylor polynomials.

Lemma 5. When EX0∼Q̃0
∥X0∥6 ≲ d3, with the αt in (8), we have

(1− αt)
√

EXt∼Q̃t
∥∇ log q̃t−1(mt(Xt))−

√
αt∇ log q̃t(Xt)∥2 ≲

d3/2(1− αt)
2

(1− ᾱt−1)3
.

As a result, Assumption 3 holds.

Proof. See Appendix H.5.

In other words, combining Lemma 5 and Lemma 6, we have

(1− αt)
√
EXt∼Q̃t

∥∇ log q̃t−1(mt(Xt))−
√
αt∇ log q̃t(Xt)∥2 = Õ

(
1

T 2

)
. (19)

Now, by Cauchy-Schwartz inequality and Lemma 5,
T∑

t=2

1− αt√
αt

EXt∼Q̃t

[
(∇ log q̃t−1(mt(Xt))−

√
αt∇ log q̃t(Xt))

⊺∆t(Xt)

]

≤
T∑

t=2

1− αt√
αt

√
EXt∼Q̃t

∥∆t(Xt)∥2×√
EXt∼Q̃t

∥∇ log q̃t−1(mt(Xt))−
√
αt∇ log q̃t(Xt)∥2

≲
dγ/2

(1− ᾱt)r/2
× d3/2(1− αt)

2

(1− ᾱt−1)3

≲
T∑

t=2

d
3+γ
2 log(1/δ)2(log T )2

δ1+r/2T 2

≤ d
3+γ
2 log(1/δ)2(log T )2

δ1+r/2T
.

To proceed for higher orders of Taylor polynomials, we first note that from (Liang et al., 2024,
Section G.2), the second and third derivatives of log q̃t are

∇2 log q̃t(x) = − 1

1− ᾱt
Id +

1

(1− ᾱt)2

(
EX0∼Q̃0|t(·|x)

[
(x−

√
ᾱtX0)(x−

√
ᾱtX0)

⊺
]

−
(
EX0∼Q̃0|t(·|x)

[
x−

√
ᾱtX0

]) (
EX0∼Q̃0|t(·|x)

[
x−

√
ᾱtX0

])⊺)
∂3
ijk log q̃t(x) = −

∫
zizjzkdQ̃0|t(x0|x)

+
∑

a1=i,j,k
a2<a3, a2,a3 ̸=a1

∫
za1dQ̃0|t(x0|x)

∫
za2za3dQ̃0|t(x0|x)

− 2

∫
zidQ̃0|t(x0|x)

∫
zjdQ̃0|t(x0|x)

∫
zkdQ̃0|t(x0|x)

where z := x−
√
ᾱtx0

1−ᾱt
. Thus, in order to provide an upper bound on the expected norm of the

second-order derivative of log q̃t−1(mt), we can calculate

EXt∼Q̃t

∥∥∥EX0∼Q̃0|t−1(·|mt)
[(mt −

√
ᾱt−1X0)(mt −

√
ᾱt−1X0)

⊺]
∥∥∥2
F

≤ EXt∼Q̃t,X0∼Q̃0|t−1(·|mt)
∥(mt −

√
ᾱt−1X0)(mt −

√
ᾱt−1X0)

⊺∥2F
= EXt∼Q̃t,X0∼Q̃0|t−1(·|mt)

∥mt −
√
ᾱt−1X0∥

4

25



Published as a conference paper at ICLR 2025

(i)

≲ d2(1− ᾱt−1)
2,

and

EXt∼Q̃t

∥∥∥(EX0∼Q̃0|t−1
[mt −

√
ᾱt−1X0]

)(
EX0∼Q̃0|t−1

[mt −
√
ᾱt−1X0]

)⊺∥∥∥2
F

= EXt∼Q̃t

∥∥∥EX0∼Q̃0|t−1(·|mt)
[mt −

√
ᾱt−1X0]

∥∥∥4
≤ EXt∼Q̃t,X0∼Q̃0|t−1(·|mt)

∥mt −
√
ᾱt−1X0∥

4

(ii)

≲ d2(1− ᾱt−1)
2,

where both (i) and (ii) follow from (Liang et al., 2024, Lemma 16). Thus,

EXt∼Q̃t

∥∥∇2 log q̃t−1(mt(Xt))
∥∥2
F
≲

1

(1− ᾱt−1)2
d2.

For third-order derivatives, we can similarly use (Liang et al., 2024, Lemma 16) and get (cf. (Liang
et al., 2024, Section G.2))

EXt∼Q̃t

[
d∑

i=1

(∂3
iii log q̃t−1(mt(Xt)))

2

]
≲

1

(1− ᾱt−1)3

d∑
i=1

E(Zi)6 ≲
d

(1− ᾱt−1)3
,

EXt∼Q̃t

 d∑
i,j=1

(∂3
iij log q̃t−1(mt(Xt)))

2

 ≲
1

(1− ᾱt−1)3

d∑
i,j=1

(
E(Zi)6

)2/3 (E(Zj)6
)1/3

≲
d2

(1− ᾱt−1)3
.

Here we denote Z ∼ N (0, Id), and note that E(Zi)6,E(Zj)6 ≲ 1.

Therefore, by Cauchy-Schwartz inequality,

T∑
t=2

(1− αt)
2

2αt
EXt∼Q̃t

[
∆t(Xt)

⊺∇2 log q̃t−1(mt(Xt))∆t(Xt)
]

≤
T∑

t=2

(1− αt)
2

2αt

√
EXt∼Q̃t

∥∆t(Xt)∥4
√

EXt∼Q̃t
∥∇2 log q̃t−1(mt(Xt))∥2

≲
T∑

t=2

(1− αt)
2

2αt

dγ

(1− ᾱt)r

√
EXt∼Q̃t

∥∇2 log q̃t−1(mt(Xt))∥2F

≲
T∑

t=2

(1− αt)
2

2αt

dγ

(1− ᾱt)r

√
d2

(1− ᾱt−1)2

≲
d1+γ log(1/δ)2(log T )2

δr−1T
,

and
T∑

t=2

(1− αt)
2

3!αt
3/2

EXt∼Q̃t

[
3

d∑
i=1

∂3
iii log q̃t−1(mt(Xt))∆t(Xt)

i

]

≤
T∑

t=2

3(1− αt)
2

3!αt
3/2

√
EXt∼Q̃t

∥∆t(Xt)∥2
√√√√EXt∼Q̃t

d∑
i=1

(∂3
iii log q̃t−1(mt(Xt)))2

≲
T∑

t=2

(1− αt)
2 dγ/2

(1− ᾱt)r/2

√
d

(1− ᾱt−1)3
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≲
d

1+γ
2 log(1/δ)2(log T )2

δ
r−1
2 T

,

and, with M being a matrix such that M ij(x) := ∂3
iij log q̃t−1(mt(x)),

T∑
t=2

(1− αt)
2

3!αt
3/2

EXt∼Q̃t

 d∑
i,j=1
i ̸=j

∂3
iij log q̃t−1(mt(Xt))∆t(Xt)

j


≤

T∑
t=2

(1− αt)
2

3!αt
3/2

EXt∼Q̃t
∥M(Xt)∆t(Xt)∥1

≤
T∑

t=2

(1− αt)
2

3!αt
3/2

√
d
√
EXt∼Q̃t

∥∆t(Xt)∥2
√

EXt∼Q̃t
∥M(Xt)∥2

≤
T∑

t=2

(1− αt)
2

3!αt
3/2

√
d
√
EXt∼Q̃t

∥∆t(Xt)∥2

√√√√√EXt∼Q̃t

 d∑
i,j=1

(∂3
iij log q̃t−1(mt(Xt)))2


≲

T∑
t=2

(1− αt)
2 d(1+γ)/2

(1− ᾱt)r/2

√
d2

(1− ᾱt−1)3

≲
d

3+γ
2 log(1/δ)2(log T )2

δ
r−1
2 T

,

and

max
t≥2

√
EXt∼Q̃t

∥∆t(Xt)∥2(log T )ε ≲
dγ/2

δr/2
(log T )ε.

Therefore, combining all the above, we get

KL(Q̃1∥P̂1) ≲ dγδ−r

(
1− 2 log(1/δ) log T

T

)
+max{d(3+γ)/2δ−

r+2
2 , d1+γδ−(r−1)} (log T )

2

T

+ dγ/2δ−r/2(log T )ε.

H AUXILIARY LEMMAS AND PROOFS IN SECTION 3

H.1 PROOF OF LEMMA 1
We remind readers that throughout this proof xt is fixed. For brevity write mt = mt(xt), µt = µt(xt),
and ∆t(xt) = ∆t. Recall that mt = xt/

√
αt +(1−αt)/

√
αt∇ log q̃t(xt). By Bayes’ rule, we have

q̃t−1|t(xt−1|xt)

=
q̃t|t−1(xt|xt−1)q̃t−1(xt−1)

q̃t(xt)

∝ q̃t−1(xt−1)q̃t|t−1(xt|xt−1)

(i)
∝ q̃t−1(xt−1) exp

(
−
∥∥xt −

√
αtxt−1

∥∥2
2(1− αt)

)

∝ q̃t−1(xt−1)pt−1|t(xt−1|xt) exp

(
∥xt−1 − µt∥2 −

∥∥xt−1 − xt/
√
αt

∥∥2
2(1− αt)/αt

)

= q̃t−1(xt−1)pt−1|t(xt−1|xt) exp

(∥∥xt−1 − xt/
√
αt + xt/

√
αt − µt

∥∥2 − ∥∥xt−1 − xt/
√
αt

∥∥2
2(1− αt)/αt

)
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∝ q̃t−1(xt−1)pt−1|t(xt−1|xt) exp

(
(xt−1 − xt/

√
αt)

⊺(xt/
√
αt − µt)

(1− αt)/αt

)
where (i) follows because the forward process is Markov and q̃t|t−1 = qt|t−1. Here, the exponent is
equal to

(xt−1 − xt/
√
αt)

⊺(xt/
√
αt − µt)

(1− αt)/αt

=
(xt−1 − xt/

√
αt)

⊺(mt − µt)

(1− αt)/αt
−

(xt−1 − xt/
√
αt)

⊺((1− αt)/
√
αt)∇ log q̃t(xt)

(1− αt)/αt

=
√
αt∆

⊺
t (xt−1 − xt/

√
αt)−

√
αt(xt−1 − xt/

√
αt)

⊺∇ log q̃t(xt).

Thus,
q̃t−1|t(xt−1|xt) ∝ pt−1|t(xt−1|xt) exp

(
ζ̃t,t−1(xt, xt−1)

)
where

ζ̃t,t−1(xt, xt−1) =
√
αt∆

⊺
t (xt−1 −mt) + log q̃t−1(xt−1)−

√
αt(xt−1 −mt)

⊺∇ log q̃t(xt).

Finally, since all partial derivatives of q̃t−1 exists for any t ≥ 2 (See (Liang et al., 2024, Lemma 6)),
the Taylor expansion of log q̃t−1 around mt gives the desirable result.

H.2 PROOF OF LEMMA 2
For each t = 1, . . . , T ,

log
pt−1|t(xt−1|xt)

p̂t−1|t(xt−1|xt)
=

αt

2(1− αt)

(
∥xt−1 − µ̂t(xt)∥2 − ∥xt−1 − µt(xt)∥2

)
=

αt

(1− αt)
(xt−1 − µt(xt))

⊺(µt(xt)− µ̂t(xt)) +
αt

2(1− αt)
∥µt(xt)− µ̂t(xt)∥2 .

For the first term above,

EXt,Xt−1∼Q̃t,t−1
[(Xt−1 − µt(Xt))

⊺(µt(Xt)− µ̂t(Xt))]

= EXt∼Q̃t
[(mt(Xt)− µt(Xt))

⊺(µt(Xt)− µ̂t(Xt))]

=
1− αt√

αt
EXt∼Q̃t

[∆t(Xt)
⊺(µt(Xt)− µ̂t(Xt))]

≤ 1− αt√
αt

√
EXt∼Q̃t

∥∆t(Xt)∥2 EXt∼Q̃t
∥µt(Xt)− µ̂t(Xt)∥2.

Here we recall the definition of ∆t from (2) where mt(x)− µt(x) =
1−αt√

αt
∆t(x). Thus,

T∑
t=1

EXt,Xt−1∼Q̃t,t−1

[
log

pt−1|t(Xt−1|Xt)

p̂t−1|t(Xt−1|Xt)

]

≲
T∑

t=1

(
√
αt

√
EXt∼Q̃t

∥∆t(Xt)∥2 EXt∼Q̃t
∥µt(Xt)− µ̂t(Xt)∥2 +

αt

1− αt
EXt∼Qt

∥µt(Xt)− µ̂t(Xt)∥2
)

=

T∑
t=1

(1− αt)
√

EXt∼Q̃t
∥∆t(Xt)∥2 ×

√
αt

(1− αt)2
EXt∼Q̃t

∥µt(Xt)− µ̂t(Xt)∥2

+

T∑
t=1

(1− αt)
αt

(1− αt)2
EXt∼Qt

∥µt(Xt)− µ̂t(Xt)∥2

(i)

≲
log T

T

T∑
t=1

√
EXt∼Q̃t

∥∆t(Xt)∥2 ×
√

αt

(1− αt)2
EXt∼Q̃t

∥µt(Xt)− µ̂t(Xt)∥2

+
log T

T

T∑
t=1

αt

(1− αt)2
EXt∼Qt ∥µt(Xt)− µ̂t(Xt)∥2
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≤ max
t≥1

√
EXt∼Q̃t

∥∆t(Xt)∥2
log T

T

T∑
t=1

√
αt

(1− αt)2
EXt∼Q̃t

∥µt(Xt)− µ̂t(Xt)∥2

+
log T

T

T∑
t=1

αt

(1− αt)2
EXt∼Qt

∥µt(Xt)− µ̂t(Xt)∥2

(ii)

≲ max
t≥1

√
EXt∼Q̃t

∥∆t(Xt)∥2(log T )

√√√√ 1

T

T∑
t=1

αt

(1− αt)2
EXt∼Q̃t

∥µt(Xt)− µ̂t(Xt)∥2

+
log T

T

T∑
t=1

αt

(1− αt)2
EXt∼Qt

∥µt(Xt)− µ̂t(Xt)∥2

(iii)

≲ max
t≥1

√
EXt∼Q̃t

∥∆t(Xt)∥2(log T )ε+ (log T )ε2

where (i) follows from Definition 1, (ii) follows from the fact that for any non-negative sequence

at, 1
T

∑T
t=1

√
at ≤

√
1
T

∑T
t=1 at by Jensen’s inequality, and (iii) follows from Assumption 2. The

proof is complete.

H.3 PROOF OF LEMMA 3

Recall that Pt−1|t = N (µt,
1−αt

αt
Id), and thus EXt−1∼Pt−1|t [Xt−1 − mt(xt)] = − 1−αt√

αt
∆t(xt).

Note that we can change the limit and the expectation under Assumption 3. Now, we can calculate
that

EXt−1∼Pt−1|t [ζ̃van(xt, Xt−1)]

= −1− αt√
αt

(∇ log q̃t−1(mt(xt))−
√
αt∇ log q̃t(xt))

⊺∆t(xt)

+

∞∑
p=2

EXt−1∼Pt−1|t [Tp(log q̃t−1, Xt−1,mt(xt))] .

Below we write mt = mt(xt). Since T2 is in quadratic form, the expected value under Pt−1|t for
this term is

EXt−1∼Pt−1|t [T2(log q̃t−1, Xt−1,mt)]

=
1− αt

2αt
Tr(∇2 log q̃t−1(mt)) +

(1− αt)
2

2αt
∆t(xt)

⊺∇2 log q̃t−1(mt)∆t(xt).

Recall the formula for Gaussian non-centralized third moment. If Z ∼ N (µ, σ2), then E[Z2] =
µ2 + σ2 and E[Z3] = µ3 + 3µσ2. Thus, the expected value under Pt−1|t for T3 is

EXt−1∼Pt−1|t [T3(log q̃t−1, Xt−1,mt)]

=
1

3!

d∑
i=1

∂3
iii log q̃t−1(mt)EXt−1∼Pt−1|t(X

i
t−1 −mi

t)
3

+
1

3!

d∑
i,j=1
i̸=j

∂3
iij log q̃t−1(mt)EXt−1∼Pt−1|t(X

i
t−1 −mi

t)
2(Xj

t−1 −mj
t )

+
1

3!

d∑
i,j,k=1

i,j,k all differ

∂3
ijk log q̃t−1(mt)EXt−1∼Pt−1|t(X

i
t−1 −mi

t)(X
j
t−1 −mj

t )(X
k
t−1 −mk

t )

=
1

3!

d∑
i=1

∂3
iii log q̃t−1(mt)

((
−1− αt√

αt
∆i

t

)3

+ 3

(
−1− αt√

αt
∆i

t

)(
1− αt

αt

))
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+
1

3!

d∑
i,j=1
i̸=j

∂3
iij log q̃t−1(mt)

((
−1− αt√

αt
∆i

t

)2

+

(
1− αt

αt

))(
−1− αt√

αt
∆j

t

)

+
1

3!

d∑
i,j,k=1

i,j,k all differ

∂3
ijk log q̃t−1(mt)

(
−1− αt√

αt
∆i

t

)(
−1− αt√

αt
∆j

t

)(
−1− αt√

αt
∆k

t

)

=
1

3!

(
− (1− αt)

2

αt
3/2

)3

d∑
i=1

∂3
iii log q̃t−1(mt)∆

i
t +

d∑
i,j=1
i ̸=j

∂3
iij log q̃t−1(mt)∆

j
t


+OLℓ(Q̃t)

(
(1− αt)

3
)
, ∀ℓ ≥ 1.

Here the last line follows because (1 − αt)
3
∣∣∣∂3

ijk log q̃t−1(mt)
∣∣∣ = OLℓ(Q̃t)

(
(1− αt)

3
)

under

Assumption 3 and (1 − αt)
3 ∥∆t∥ = OLℓ(Q̃t)

((1 − αt)
3) under Assumption 4, both for all ℓ ≥ 1.

The proof is now complete.

H.4 PROOF OF LEMMA 4
Fix xt ∈ Rd. For brevity write mt = mt(xt), µt = µt(xt), and ∆t = ∆t(xt). Recall that

Tp(log q̃t−1, xt−1,mt) =
1

p!

∑
γ∈Nd:

∑
i γ

i=p

∂p
a log q̃t−1(mt)

d∏
i=1

(xi
t−1 −mi

t)
γi

where a ∈ [d]p are the indices of differentiation in which the multiplicity of i is γi. First, for the
expectation under P̃t−1|t (i.e., Gaussian centralized moments),

EXt−1∼P̃t−1|t

[
d∏

i=1

(Xi
t−1 −mi

t)
γi

]
=

d∏
i=1

EXt−1∼P̃t−1|t

[
(Xi

t−1 −mi
t)

γi
]

=

d∏
i=1

(
1− αt

αt

)γi/2

(γi − 1)!!1{γi is even}

=

(
1− αt

αt

)p/2 d∏
i=1

(γi − 1)!!1{γi is even},

where we use the convention that (−1)!! = 1. Next, for the expectation under Pt−1|t (i.e., Gaussian
non-centralized moments),

EXt−1∼Pt−1|t

[
d∏

i=1

(Xi
t−1 −mi

t)
γi

]

=

d∏
i=1

EXt−1∼Pt−1|t

[
(Xi

t−1 − µi
t −

1− αt√
αt

∆i
t)

γi

]

=

d∏
i=1

γi∑
ℓ=0
ℓ even

(
γi

ℓ

)(
−1− αt√

αt
∆i

t

)γi−ℓ(
1− αt

αt

)ℓ/2

(ℓ− 1)!!

To investigate their difference, we divide into the following few cases. Note that under Assumption 4,
(1− αt)

m ∥∆t(xt)∥ = OLℓ(Q̃t)
((1− αt)

m) for any m ≥ 1/2 and ℓ ≥ 1.

1. Case 1: p is even and all elements of γi are even. Then,

EXt−1∼Pt−1|t

[
d∏

i=1

(Xi
t−1 −mi

t)
γi

]
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=

d∏
i=1

((
1− αt

αt

)γi/2

(γi − 1)!! +OLℓ(Q̃t)

(
(1− αt)

γi/2+1
))

=

(
1− αt

αt

)p/2 d∏
i=1

(γi − 1)!! +OLℓ(Q̃t)

(
(1− αt)

p/2+1
)

2. Case 2: p is even and ∃i∗ such that γi∗ is odd. Since
∑

i γ
i = p, there exists j∗ such that

γj∗ is also odd. Then,

EXt−1∼Pt−1|t

[
(Xi∗

t−1 −mi∗

t )γ
i∗
]
= OLℓ(Q̃t)

(
(1− αt)

(γi∗+1)/2
)
,

EXt−1∼Pt−1|t

[
(Xj∗

t−1 −mj∗

t )γ
j∗
]
= OLℓ(Q̃t)

(
(1− αt)

(γj∗+1)/2
)
,

which implies that

EXt−1∼Pt−1|t

[
d∏

i=1

(Xi
t−1 −mi

t)
γi

]
= OLℓ(Q̃t)

(
(1− αt)

p/2+1
)

3. Case 3: p is odd and ∃i∗ such that γi∗ is odd. Then,

EXt−1∼Pt−1|t

[
(Xi∗

t−1 −mi∗

t )γ
i∗
]
= OLℓ(Q̃t)

(
(1− αt)

(γi∗+1)/2
)
,

which implies that

EXt−1∼Pt−1|t

[
d∏

i=1

(Xi
t−1 −mi

t)
γi

]
= OLℓ(Q̃t)

(
(1− αt)

(p+1)/2
)

Combining these cases, we get

(
EXt−1∼P̃t−1|t

− EXt−1∼Pt−1|t

)[ d∏
i=1

(Xi
t−1 −mi

t)
γi

]

=

{
OLℓ(Q̃t)

(
(1− αt)

p
2+1
)
, ∀p ≥ 4 even

OLℓ(Q̃t)

(
(1− αt)

p+1
2

)
, ∀p ≥ 4 odd

The proof is complete by noting that the rate does not change when we take the expectation over Q̃t

under Assumptions 3 and 4.

H.5 PROOF OF LEMMA 5
Note that q̃t|0(x|x0) = qt|0(x|x0) is the p.d.f. of N (

√
ᾱtx0, (1 − ᾱt)Id). Thus, the gradient of

log q̃t(x) equals

∇ log q̃t(x) =

∫
x0∈Rd ∇q̃t|0(x|x0)dQ̃0(x0)

q̃t(x)
= − 1

1− ᾱt

∫
x0∈Rd

(x−
√
ᾱtx0)dQ̃0|t(x0|x). (20)

Thus,

∇ log q̃t−1(mt)−
√
αt∇ log q̃t(xt)

= − 1

1− ᾱt−1

∫
x0∈Rd

(mt −
√
ᾱt−1x0)dQ̃0|t−1(x0|mt) +

√
αt

1− ᾱt

∫
x0∈Rd

(xt −
√
ᾱtx0)dQ̃0|t(x0|xt)

= − 1

1− ᾱt

((
1− ᾱt

1− ᾱt−1
− 1

)∫
x0∈Rd

(mt −
√
ᾱt−1x0)dQ̃0|t−1(x0|mt)

+

∫
x0∈Rd

(mt −
√
ᾱt−1x0)dQ̃0|t−1(x0|mt)−

√
αt

∫
x0∈Rd

(xt −
√
ᾱtx0)dQ̃0|t(x0|xt)

)
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(i)
=

1

1− ᾱt

(
(1− ᾱt − (1− ᾱt−1))∇ log q̃t−1(mt)

)
− 1

1− ᾱt

(∫
x0∈Rd

(mt −
√
ᾱt−1x0)dQ̃0|t−1(x0|mt)−

√
αt

∫
x0∈Rd

(xt −
√
ᾱtx0)dQ̃0|t(x0|xt)

)

=
ᾱt−1(1− αt)

1− ᾱt
∇ log q̃t−1(mt)︸ ︷︷ ︸

term 1

− 1

1− ᾱt
(mt −

√
αtxt)︸ ︷︷ ︸

term 2

+

√
ᾱt−1(1− αt)

1− ᾱt

∫
x0∈Rd

x0dQ̃0|t(x0|xt)︸ ︷︷ ︸
term 3

+

√
ᾱt−1

1− ᾱt

(∫
x0∈Rd

x0dQ̃0|t−1(x0|mt)−
∫
x0∈Rd

x0dQ̃0|t(x0|xt)

)
︸ ︷︷ ︸

term 4

(21)

where (i) follows from Tweedie’s formula. Among the four terms in (21), the first term satisfies that

EXt∼Q̃t

∥∥∥∥ ᾱt−1(1− αt)

1− ᾱt
∇ log q̃t−1(mt)

∥∥∥∥2 ≲
d(1− αt)

2

(1− ᾱt)2(1− ᾱt−1)

by (Liang et al., 2024, Lemma 17). In the second term in (21), by Tweedie’s formula,

mt −
√
αtxt =

xt√
αt

+
1− αt√

αt
∇ log q̃t(xt)−

√
αtxt

=
1− αt√

αt
(xt +∇ log q̃t(xt)).

Thus, by (Liang et al., 2024, Lemma 15) and Assumption 1, the second term satisfies that

EXt∼Q̃t

∥∥∥∥ 1

1− ᾱt
(mt −

√
αtxt)

∥∥∥∥2 ≲
d(1− αt)

2

(1− ᾱt)3
.

The third term in (21) satisfies that

EXt∼Q̃t

∥∥∥∥√ᾱt−1(1− αt)

1− ᾱt

∫
x0∈Rd

x0dQ̃0|t(x0|xt)

∥∥∥∥2 ≲
d(1− αt)

2

(1− ᾱt)2

by Jensen’s inequality and Assumption 1.

To deal with the last term in (21), note that

dQ̃0|t−1(x0|mt) =
q̃t−1|0(mt|x0)

q̃t−1(mt)
dQ̃0(x0) =

q̃t−1|0(mt|x0)∫
y∈Rd q̃t−1|0(mt|y)dQ̃0(y)

dQ̃0(x0),

dQ̃0|t(x0|xt) =
q̃t|0(xt|x0)

q̃t(xt)
dQ̃0(x0) =

q̃t|0(xt|x0)∫
y∈Rd q̃t|0(xt|y)dQ̃0(y)

dQ̃0(x0).

Thus, the last term in (21) is equal to
√
ᾱt−1

1− ᾱt

(∫
x0∈Rd

x0dQ̃0|t−1(x0|mt)−
∫
x0∈Rd

x0dQ̃0|t(x0|xt)

)
=

√
ᾱt−1

1− ᾱt
· 1

q̃t−1(mt)q̃t(xt)

(∫
x,y∈Rd

x(q̃t−1|0(mt|x)q̃t|0(xt|y)− q̃t|0(xt|x)q̃t−1|0(mt|y))dQ̃0(x)dQ̃0(y)

)
where

q̃t−1|0(mt|x)q̃t|0(xt|y)− q̃t|0(xt|x)q̃t−1|0(mt|y)

= q̃t|0(xt|x)q̃t−1|0(mt|y)
(
q̃t−1|0(mt|x)q̃t|0(xt|y)
q̃t|0(xt|x)q̃t−1|0(mt|y)

− 1

)
= q̃t|0(xt|x)q̃t−1|0(mt|y)×(

exp

(
−∥mt −

√
ᾱt−1x∥2

2(1− ᾱt−1)
− ∥xt −

√
ᾱty∥

2

2(1− ᾱt)
+

∥mt −
√
ᾱt−1y∥2

2(1− ᾱt−1)
+

∥xt −
√
ᾱtx∥

2

2(1− ᾱt)

)
− 1

)
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=: q̃t|0(xt|x)q̃t−1|0(mt|y)(e∆ − 1)

in which we have defined the exponent as ∆. Now,

∆ = −∥mt −
√
ᾱt−1x∥2

2(1− ᾱt−1)
− ∥xt −

√
ᾱty∥

2

2(1− ᾱt)
+

∥mt −
√
ᾱt−1y∥2

2(1− ᾱt−1)
+

∥xt −
√
ᾱtx∥

2

2(1− ᾱt)

=

√
ᾱt−1(x− y)⊺mt + ᾱt−1 ∥y∥2 − ᾱt−1 ∥x∥2

2(1− ᾱt−1)
−

√
ᾱt(x− y)⊺xt + ᾱt ∥y∥2 − ᾱt ∥x∥2

2(1− ᾱt)

=
1

2

( √
ᾱt(1− αt)

αt(1− ᾱt−1)(1− ᾱt)
xt +

√
ᾱt−1(1− αt)√
αt(1− ᾱt−1)

∇ log q̃t(xt)

)⊺

(x− y)

+
ᾱt−1(1− αt)

(1− ᾱt−1)(1− ᾱt)
(∥y∥2 − ∥x∥2).

Now, with the αt defined in (8), following from Lemma 6,
√
ᾱt(1− αt)

αt(1− ᾱt−1)(1− ᾱt)
= O

(
1− αt

(1− ᾱt−1)2

)
= O

(
log T

T

)
,

1− αt

1− ᾱt−1
= O

(
log T

T

)
,

ᾱt−1(1− αt)

(1− ᾱt−1)(1− ᾱt)
= O

(
1− αt

(1− ᾱt−1)2

)
= O

(
log T

T

)
.

Thus, for fixed x, y, xt, ∆ → 0 as T → ∞, and thus when T becomes large,

e∆ − 1 = ∆+O(∆2) ≲ |∆| , ∀xt ∈ Rd.

Also, since q̃t|0(xt|x) and q̃t−1|0(mt|y) decay exponentially in terms of x and y (for any fixed xt),
we have ∫

q̃t|0(xt|x)poly(x)dQ̃0(x) < ∞,∫
q̃t−1|0(mt|y)poly(y)dQ̃0(y) < ∞.

Thus, the limit and the integral can be exchanged due to Dominated Convergence Theorem. Thus,
the fourth term in (21) gives us

√
ᾱt−1

1− ᾱt

(∫
x0∈Rd

x0dQ̃0|t−1(x0|mt)−
∫
x0∈Rd

x0dQ̃0|t(x0|xt)

)
≲

√
ᾱt−1

1− ᾱt
· 1

q̃t−1(mt)q̃t(xt)

(∫
x,y∈Rd

xq̃t|0(xt|x)q̃t−1|0(mt|y) |∆|dQ̃0(x)dQ̃0(y)

)
=

√
ᾱt−1

1− ᾱt

(∫
x,y∈Rd

(x · |∆|)dQ̃0|t(x|xt)dQ̃0|t−1(y|mt)

)
and, from definition of ∆ and using Cauchy-Schwartz and Jensen’s inequality, we have

EXt∼Q̃t

∥∥∥∥√ᾱt−1

1− ᾱt

∫
x,y∈Rd

(x · |∆|)dQ̃0|t(x|Xt)dQ̃0|t−1(y|mt(Xt))

∥∥∥∥2
≲

(1− αt)
2

(1− ᾱt−1)2(1− ᾱt)4
·

E Xt∼Q̃t

X∼Q̃0|t(·|Xt)

Y∼Q̃0|t−1(·|mt(Xt))

[ ∥∥√ᾱtX
∥∥2((∥Xt∥2 + (1− ᾱt)

2 ∥∇ log q̃t(Xt)∥2)

(
∥∥√ᾱtX

∥∥2 + ∥
√
ᾱt−1Y ∥2) + (

∥∥√ᾱtX
∥∥4 + ∥

√
ᾱt−1Y ∥4)

)]
=

(1− αt)
2

(1− ᾱt−1)2(1− ᾱt)4
·
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E Xt∼Q̃t

X∼Q̃0|t(·|Xt)

Y∼Q̃0|t−1(·|mt(Xt))

[ ∥∥√ᾱtX
∥∥4 (∥Xt∥2 + (1− ᾱt)

2 ∥∇ log q̃t(Xt)∥2)

+
∥∥√ᾱtX

∥∥2 ∥√ᾱt−1Y ∥2 (∥Xt∥2 + (1− ᾱt)
2 ∥∇ log q̃t(Xt)∥2)

+
∥∥√ᾱtX

∥∥6 + ∥∥√ᾱtX
∥∥2 ∥√ᾱt−1Y ∥4

]
≤ (1− αt)

2

(1− ᾱt−1)2(1− ᾱt)4
·(

EX∼Q̃0

∥∥√ᾱtX
∥∥6)2/3 (EXt∼Q̃t

(∥Xt∥6 + (1− ᾱt)
6 ∥∇ log q̃t(Xt)∥6)

)1/3
+
(
EX∼Q̃0

∥∥√ᾱtX
∥∥6)1/3E Xt∼Q̃t

Y∼Q̃0|t−1(·|mt(Xt))

∥
√
ᾱt−1Y ∥6

1/3

(
EXt∼Q̃t

(∥Xt∥6 + (1− ᾱt)
6 ∥∇ log q̃t(Xt)∥6)

)1/3
+ EX∼Q̃0

∥∥√ᾱtX
∥∥6 + (EX∼Q̃0

∥∥√ᾱtX
∥∥6)1/3E Xt∼Q̃t

Y∼Q̃0|t−1(·|mt(Xt))

∥
√
ᾱt−1Y ∥6

2/3

(ii)

≲
d3(1− αt)

2

(1− ᾱt−1)2(1− ᾱt)4
,

where (ii) follows because, following (Liang et al., 2024, Lemmas 15–17) and by the lemma
assumption that EX0∼Q̃0

∥X0∥6 ≲ d3, we have

EX∼Q̃0

∥∥√ᾱtX
∥∥6 ≲ d3,

EXt∼Q̃t
∥Xt∥6 ≤ EX0∼Q̃0

∥∥√ᾱtX0

∥∥6 + (1− ᾱt)
3EW̄∼N (0,Id)

∥∥W̄∥∥6 ≲ d3,

EXt∼Q̃t
∥∇ log q̃t(Xt)∥6 ≲

d3

(1− ᾱt)3
,

E Xt∼Q̃t

Y∼Q̃0|t−1(·|mt(Xt))

∥
√
ᾱt−1Y ∥6

≤ E Xt∼Q̃t

Y∼Q̃0|t−1(·|mt(Xt))

∥mt −
√
ᾱt−1Y ∥6 + EXt∼Q̃t

∥mt∥6 ≲ d3.

Hence, combining the rates of all parts, we obtain that

(1− αt)
√

EXt∼Q̃t
∥∇ log q̃t−1(mt(Xt))−

√
αt∇ log q̃t(Xt)∥2 ≲

d3/2(1− αt)
2

(1− ᾱt−1)3
.

H.6 LEMMA 6 AND ITS PROOF

Lemma 6. The αt defined in (8) (with c > 1) satisfy
1− αt

(1− ᾱt−1)p
≲

log T log(1/δ)

δp−1T
while ᾱT = o(T−1), ∀2 ≤ t ≤ T, p ≥ 1.

Proof. The proof is similar to that of (Li et al., 2024c, Eq (39)). We first prove the second relationship.
First, note that if T is large,

δ

(
1 +

c log T

T

) T
log T

≍ δec > 1.

Thus, with any fixed r ∈ (0, 1) such that t ≥ rT (≥ T
log T ), we have

1− αt =
c log T

T
min

{
δ

(
1 +

c log T

T

)t

, 1

}
=

c log T

T
.
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As a result,

ᾱT ≤
T∏

t=⌊rT⌋

αt =

(
1− c log T

T

)⌈(1−r)T⌉

≍ exp

(
⌈(1− r)T ⌉

(
−c log T

T

))
= O(T−(1−r)c).

(22)
Given any c > 1, we can always find some r such that (1− r)c > 1 (say, r = (c− 1)/2 if c ∈ (1, 2)
and r = 1/4 if c ≥ 2). This shows that αt satisfies ᾱT = o

(
T−1

)
if c > 1.

Now, for the first relatinoship, define τ such that

δ

(
1 +

c log T

T

)τ

≤ 1 < δ

(
1 +

c log T

T

)τ+1

. (23)

Here τ is unique since 1 − αt is non-decreasing. In other words, τ is the last time that 1 − αt is
exponentially growing. Assume that T is large enough such that τ ≥ 2. Below, we show that

1− ᾱt−1 ≥ 1

3
δ

(
1 +

c log T

T

)t

, ∀2 ≤ t ≤ τ. (24)

If t = 2,

1− ᾱt−1 = 1− ᾱ1 = 1− α1 = δ ≥ 1

3
δ

(
1 +

c log T

T

)
.

Here the last inequality holds when T is sufficiently large. For t > 2, suppose for purpose of
contradiction that there exists 2 < t0 ≤ τ such that

1− ᾱt0−1 <
1

3
δ

(
1 +

c log T

T

)t0

while 1− ᾱt−1 ≥ 1

3
δ

(
1 +

c log T

T

)t

, ∀2 ≤ t ≤ t0 − 1.

In words, t0 is defined as the first time that (24) is violated. To arrive at a contradiction, we first write

1− ᾱt0−1 = (1− ᾱt0−2)

(
1 +

ᾱt0−2(1− αt0−1)

1− ᾱt0−2

)
≥ 1

3
δ

(
1 +

c log T

T

)t0−1(
1 +

ᾱt0−2(1− αt0−1)

1− ᾱt0−2

)
.

Here the inequality holds because t0 is the first time that (24) is violated, and thus (24) stills holds for
t = t0 − 1. Also,

1− ᾱt0−2 ≤ 1− ᾱt0−1

(i)
<

1

3
δ

(
1 +

c log T

T

)t0 (ii)

≤ 1

2
δ

(
1 +

c log T

T

)t0−1 (iii)

≤ 1

2

where (i) holds because (24) is violated at t = t0, (ii) holds when T is sufficiently large, and (iii)
holds because t0 − 1 ≤ τ and by the definition of τ in (23). Thus,

ᾱt0−2(1− αt0−1)

1− ᾱt0−2
≥

1
2
c log T

T δ
(
1 + c log T

T

)t0−1

1
2δ
(
1 + c log T

T

)t0−1 =
c log T

T
,

and thus

1− ᾱt0−1 ≥ 1

3
δ

(
1 +

c log T

T

)t0−1(
1 +

ᾱt0−2(1− αt0−1)

1− ᾱt0−2

)
≥ 1

3
δ

(
1 +

c log T

T

)t0

.

We have reached a contradiction. Therefore, we have shown that (24) holds.

Now, (24) implies that

1− ᾱt−1 ≥ 1

3
δ

(
1 +

c log T

T

)t

≥ 1

3
δ

(
1 +

c log T

T

)t/p

, ∀2 ≤ t ≤ τ.

There are two cases:
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• If 2 ≤ t ≤ τ , then

1− αt

(1− ᾱt−1)p
≤

c log T
T δ

(
1 + c log T

T

)t
1
3p δ

p
(
1 + c log T

T

)t =
3pc log T

δp−1T
.

• If t > τ , then

1− αt

(1− ᾱt−1)p
≤ 1− αt

(1− ᾱτ−1)p
≤

c log T
T

1
3p δ

p
(
1 + c log T

T

)τ =

c log T
T

(
1 + c log T

T

)
3−pδp−1

(
1 + c log T

T

)τ+1

<
3pc log T

δp−1T

(
1 +

c log T

T

)
.

In both cases, if T is large enough, noting that c ≳ log(1/δ), we have

1− αt

(1− ᾱt−1)p
≤ 4pc log T

δp−1T
≲

log T log(1/δ)

δp−1T
, ∀2 ≤ t ≤ T

because p and c are constants (that do not depend on T , d, and δ). The proof is now complete.

H.7 LEMMA 7 AND ITS PROOF

Lemma 7. With the αt defined in (8), given any p > 0, if δp < 1,
T∑

t=2

(1− αt)ᾱ
p
t ≤

(
1

p
(1− δ)pe−pδ log(1/δ) + (1− δ)p

e−pδ log(1/δ) − 1

1− δp

)(
1 +O

(
log T

T

))
.

Further, when δ ≪ 1,
T∑

t=2

(1− αt)ᾱ
p
t ≤ 1

p
−
(
1 +

p+ 1

2p

)
c log T

T
+ Õ

(
1

T 2

)
.

Proof. Define the sum as sT . Recall that

1− α1 = δ, 1− αt =
c log T

T
min

{
δ

(
1 +

c log T

T

)t

, 1

}
, ∀2 ≤ t ≤ T.

We first note a relationship that for fixed δ ̸= 0 and p > 0. As z → ∞,

(1− δz−1)pz = epz log(1−δz−1) = epz(−δz−1+δ2z−2/2+O(z−3)) = e−δp(1 + δ2pz−1/2) +O(z−2).
(25)

We also use the fact from binomial series that

(1− z−1)p = 1− pz−1 +
p(p− 1)

2
z−2 +O(z−3). (26)

Define t∗ := sup

{
t ∈ [1, T ] : δ

(
1 + c log T

T

)t
≤ 1

}
. Thus, αt ≡ 1 − c log T

T for all t > t∗. Note

that when T becomes large, t∗ = Θ
(

T
log T

)
. To further understand the big-Θ term, note that using

(25),

δ

(
1 +

c log T

T

)T log(1/δ)
c log T −log(1/δ)

=

(
1 +

log(1/δ)c log T

2T
+ Õ

(
1

T 2

))(
1− log(1/δ)c log T

T
+ Õ

(
1

T 2

))
= 1− log(1/δ)c log T

2T
+ Õ

(
1

T 2

)
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< 1 as T → ∞.

This implies that

t∗ ≥ log(1/δ)

(
T

c log T
− 1

)
. (27)

To start, we suppose T > t∗ is large enough and decompose the sum as

sT =

t∗∑
t=2

(1− αt)ᾱ
p
t +

T∑
t=t∗+1

(1− αt)ᾱ
p
t

=
c log T

T
δ(1− δ)p

t∗∑
t=2

(
1 +

c log T

T

)t t∏
i=2

(
1− δ

c log T

T

(
1 +

c log T

T

)i
)p

+ ᾱp
t∗
c log T

T

T∑
t=t∗+1

(
1− c log T

T

)p(t−t∗)

. (28)

Now we first focus on the second term in (28).

c log T

T

T∑
t=t∗+1

(
1− c log T

T

)p(t−t∗)

=

(
1− c log T

T

)p
c log T

T
·
1−

(
1− c log T

T

)p(T−t∗)

1−
(
1− c log T

T

)p
(i)
=

(
1− c log T

T

)p
c log T

T
·

1−
(
1− c log T

T

)p(T−t∗)

1−
(
1− pc log T

T + p(p− 1) c
2(log T )2

2T 2 + Õ
(

1
T 3

))
(ii)
=

1

p

(
1− pc log T

T
+ Õ

(
1

T 2

))(
1 +

(p− 1)c log T

2T
+ Õ

(
1

T 2

)
−O

(
1

T pc/2

))
=

1

p

(
1− (p+ 1)c log T

2T

)
+ Õ

(
1

T 2

)
where (i) follows from (26), and (ii) is because t∗ = Θ(T/ log T ) and thus T − t∗ > T/2 for large
T . Also, for all t = 2, . . . , t∗,

ᾱp
t = (1− δ)p

t∏
i=2

(
1− δ

c log T

T

(
1 +

c log T

T

)i
)p

≤ (1− δ)p
(
1− δ

c log T

T

)p(t−1)

Thus, we have

ᾱp
t∗ ≤ (1− δ)p

(
1− δ

c log T

T

)p(t∗−1)

= (1− δ)p
(
1 + δp

c log T

T
+ Õ

(
1

T 2

))(
1− δ

c log T

T

)pt∗

(iii)

≤ (1− δ)p
(
1 + δp(1 + log(1/δ))

c log T

T

)
×

e−pδ log(1/δ)

(
1 + δ2p log(1/δ)

c log T

2T

)
+ Õ

(
1

T 2

)
= (1− δ)pe−pδ log(1/δ)

(
1 + δp (1 + log(1/δ) + (δ/2) log(1/δ))

c log T

T

)
+ Õ

(
1

T 2

)
.
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Here (iii) follows because using (27) and (25), we have that(
1− δ

c log T

T

)pt∗

≤
(
1− δ

c log T

T

)p log(1/δ)( T
c log T −1)

=

(
1 + δp log(1/δ)

c log T

T

)
e−pδ log(1/δ)

(
1 + δ2p log(1/δ)

c log T

2T

)
+ Õ

(
1

T 2

)
. (29)

Thus, the second term in (28) satisfies that
T∑

t=t∗+1

(1− αt)ᾱ
p
t

≤ 1

p
(1− δ)pe−pδ log(1/δ)

(
1−

(
p+ 1

2
− δp (1 + log(1/δ) + (δ/2) log(1/δ))

)
c log T

T

)
+ Õ

(
1

T 2

)
. (30)

Now we turn to the first term in (28), in which the summation can be upper-bounded as

t∗∑
t=2

(
1 +

c log T

T

)t t∏
i=2

(
1− δ

c log T

T

(
1 +

c log T

T

)i
)p

≤
t∗∑
t=2

(
1 +

c log T

T

)t(
1− δ

c log T

T

)p(t−1)

=:

(
1 +

c log T

T

) t∗−1∑
t=1

qt

where

q :=

(
1 +

c log T

T

)(
1− δ

c log T

T

)p

=

(
1 +

c log T

T

)(
1− δp

c log T

T
+ δ2p(p− 1)

c2(log T )2

2T 2
+ Õ

(
1

T 3

))
= 1 + (1− δp)

c log T

T
+

(
δ2p(p− 1)

2
− δp

)
c2(log T )2

T 2
+ Õ

(
1

T 3

)
.

Note that by assumption δp < 1. Also, by definition of t∗ and (29),

δqt
∗
≤
(
1− δ

c log T

T

)pt∗

≤ e−pδ log(1/δ)

(
1 + δp log(1/δ)(1 + δ/2)

c log T

T

)
+ Õ

(
1

T 2

)
.

Thus, we have

δ
c log T

T

t∗−1∑
t=1

qt =
c log T

T
× δqt

∗ − δq

q − 1

≤ c log T

T
×

e−pδ log(1/δ)
(
1 + δp log(1/δ)(1 + δ/2) c log T

T

)
+ Õ

(
1
T 2

)
− δq

q − 1

(iv)
=

c log T

T
×

e−pδ log(1/δ)
(
1 + δp log(1/δ)(1 + δ/2) c log T

T

)
+ Õ

(
1
T 2

)
− 1− (1− δp) c log T

T + Õ
(

1
T 2

)
(1− δp) c log T

T +
(

δ2p(p−1)
2 − δp

)
c2(log T )2

T 2 + Õ
(

1
T 3

)
=

(
e−pδ log(1/δ) − 1

1− δp
+

(
δp log(1/δ)(1 + δ/2)

1− δp
− 1

)
c log T

T

)
×(

1 +
δp− δ2p(p−1)

2

1− δp
· c log T

T

)
+ Õ

(
1

T 2

)
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=
e−pδ log(1/δ) − 1

1− δp
+

(
δp log(1/δ)(1 + δ/2)

1− δp
− 1 +

e−pδ log(1/δ) − 1

1− δp
· δp(1− δ(p− 1)/2)

1− δp

)
c log T

T

+ Õ

(
1

T 2

)
.

where (iv) follows from (26). Therefore,

t∗∑
t=2

(1− αt)ᾱ
p
t = (1− δ)p

(
1 +

c log T

T

)(
δ
c log T

T

t∗−1∑
t=1

qt

)

≤ (1− δ)p
e−pδ log(1/δ) − 1

1− δp

+ (1− δ)p
(
δp log(1/δ)(1 + δ/2)

1− δp
− 1

+
e−pδ log(1/δ) − 1

1− δp

(
1 +

δp(1− δ(p− 1)/2)

1− δp

))
c log T

T
+ Õ

(
1

T 2

)
. (31)

Combining (30) and (31), we have that

sT ≤
(
1

p
(1− δ)pe−pδ log(1/δ) + (1− δ)p

e−pδ log(1/δ) − 1

1− δp

)
︸ ︷︷ ︸

=:s∞

(
1 +O

(
log T

T

))
.

Also, for all large T ’s, since s∞ → 1
p and δ log(1/δ) → 0 as δ → 0, when δ ≪ 1,

sT ≤ 1

p
−
(
1 +

p+ 1

2p

)
c log T

T
+ Õ

(
1

T 2

)
.

The proof is now complete.

I PROOFS IN SECTION 4
I.1 PROOF OF THEOREM 3
Fix t ≥ 1. Using the forward model in (5), we have that qt|0,y is the p.d.f. of N (

√
ᾱt(Id−H†H)x0+√

ᾱtH
†y,Σt|0,y). Thus,

∇ log qt|y(x) =
1

qt|y(x)

∫
x0∈Rd

∇qt|0,y(x|x0)dQ0|y(x0)

= − 1

qt|y(x)
Σ−1

t|0,y

∫
x0∈Rd

qt|0,y(x|x0)(x−
√
ᾱt(Id −H†H)x0 −

√
ᾱtH

†y)dQ0|y(x0)

= −Σ−1
t|0,y(x−

√
ᾱtH

†y)

+

√
ᾱt

qt|y(x)
Σ−1

t|0,y(Id −H†H)

∫
x0∈Rd

qt|0,y(x|x0)x0dQ0|y(x0).

Thus, the equality for ∇ log qt|y is established because by Lemma 9,

(σ2
yH

†(H†)⊺ + (1− ᾱt)Id)
−1(Id −H†H) = (1− ᾱt)

−1(Id −H†H).

To see the optimality with f∗
t,y, fix t ≥ 1 and x ∈ Rd. First note that (Id − H†H)f∗

t,y(x) =

(Id −H†H)Σ−1
t|0,y(

√
ᾱtH

†y −H†Hx) = 0 by Lemma 9. Now, suppose that ft,y = f∗
t,y + v such

that (Id −H†H)ft,y = 0 =⇒ (Id −H†H)v = 0. From the definition of ∆t,y in (7),

∆t,y(x) = (Id −H†H)(∇ log qt|y(x)−∇ log qt(x)) + (H†H)∇ log qt|y(x)− ft,y(x)

where

(H†H)∇ log qt|y(x)− ft,y(x)
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= (H†H)Σ−1
t|0,y(

√
ᾱtH

†y − x)− Σ−1
t|0,y(

√
ᾱtH

†y −H†Hx)− v

= −(H†H)Σ−1
t|0,y(Id −H†H)x− (Id −H†H)Σ−1

t|0,y(
√
ᾱtH

†y −H†Hx)− v

= −v

where the last line follows from Lemma 9.

Thus, if v = 0, then ft,y = f∗
t,y , and we have

∆t,y = (Id −H†H)(∇ log qt|y(x)−∇ log qt(x)). (32)

Also, if v ̸= 0, since v is orthogonal to the space induced by (Id −H†H), we have

∥∆t,y(x)∥2 =
∥∥(Id −H†H)(∇ log qt|y(x)−∇ log qt(x))

∥∥2 + ∥v∥2 (33)

which is minimized at v = 0. The proof is now complete.

I.2 PROOF OF THEOREM 4
Fix t ≥ 2. Recall that the unconditional score ∇ log qt(x) is

∇ log qt(x) =
1

qt(x)

∫
x0∈Rd

∇qt|0(x|x0)dQ0(x0)

= − 1

(1− ᾱt)qt(x)

∫
x0∈Rd

qt|0(x|x0)(x−
√
ᾱtx0)dQ0(x0)

= − 1

(1− ᾱt)
x+

√
ᾱt

(1− ᾱt)qt(x)

∫
x0∈Rd

qt|0(x|x0)x0dQ0(x0)

since qt|0 is the p.d.f. of N (
√
ᾱtx0, (1− ᾱt)Id).

In the first half, we consider the case where σ2
y is known, and thus ft,y = f∗

t,y in (10). Note that from
Theorem 3,

∇ log qt|y(x) = Σ−1
t|0,y(

√
ᾱtH

†y − x)

+

√
ᾱt

qt|y(x)
Σ−1

t|0,y(Id −H†H)

∫
x0∈Rd

qt|0,y(x|x0)x0dQ0|y(x0).

Here we also recall from Theorem 3 that

Σt|0,y := ᾱtσ
2
yH

†(H†)⊺ + (1− ᾱt)Id.

Since H†(H†)⊺ is positive semi-definite, all its eigenvalues are non-negative. Write the eigen-
decomposition as H†(H†)⊺ = Pdiag(D1, . . . , Dd)P

⊺ where D1 ≥ · · · ≥ Dd ≥ 0, ∀i ∈ [d]. Then,
λmin(Σt|0,y) ≥ ᾱtσ

2
yDd + 1− ᾱt ≥ 1− ᾱt, and we get∥∥∥Σ−1

t|0,y

∥∥∥ ≤ 1

1− ᾱt
. (34)

Also, from (6), with the f∗
t,y in (10),

gt,y(x) = f∗
t,y(x) + (Id −H†H)∇ log qt(x)

= Σ−1
t|0,y

(√
ᾱtH

†y −H†Hx
)
− 1

(1− ᾱt)
(Id −H†H)x

+

√
ᾱt

(1− ᾱt)qt(x)
(Id −H†H)

∫
x0∈Rd

qt|0(x|x0)x0dQ0(x0)

(i)
= Σ−1

t|0,y
(√

ᾱtH
†y −H†Hx

)
− Σ−1

t|0,y(Id −H†H)x

+

√
ᾱt

qt(x)
Σ−1

t|0,y(Id −H†H)

∫
x0∈Rd

qt|0(x|x0)x0dQ0(x0)

= Σ−1
t|0,y

(√
ᾱtH

†y − x
)
+

√
ᾱt

qt(x)
Σ−1

t|0,y(Id −H†H)

∫
x0∈Rd

qt|0(x|x0)x0dQ0(x0)
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where (i) follows from Lemma 9. Then, the norm-squared of the score mismatch at time t ≥ 2 is

∥∆t,y∥2 =
∥∥∇ log qt|y − gt,y

∥∥2 =
∥∥(Id −H†H)(∇ log qt|y −∇ log qt)

∥∥2
≤ ᾱt

∥∥∥Σ−1
t|0,y

∥∥∥2 ∥∥∥∥∥
∫
x0∈Rd qt|0,y(x|x0)x0dQ0|y(x0)

qt|y(x)
−
∫
x0∈Rd qt|0(x|x0)x0dQ0(x0)

qt(x)

∥∥∥∥∥
2

(ii)

≤ ᾱt

∥∥∥Σ−1
t|0,y

∥∥∥2 ∫
xa,xb∈Rd

∥xa − xb∥2 dQ0|t,y(xa)dQ0|t(xb)

≤ ᾱt

∥∥∥Σ−1
t|0,y

∥∥∥2 max
xa∈supp(Q0|y)

xb∈supp(Q0)

∥xa − xb∥2

(iii)

≲
ᾱt

(1− ᾱt)2
d. (35)

Here (ii) follows from Jensen’s inequality, and (iii) follows by (34) and from the assumption that
Q0 has bounded support (and thus also for both Q0|t and Q0|t,y). Therefore, with the αt in (8) (cf.
Lemma 6), since 1− ᾱt ≥ 1− δ which is a constant, Assumption 4 is satisfied for all σ2

y ≥ 0. Thus,
Theorem 2 holds with γ = 1 and r = 2.

Now, we consider the case where σ2
y is unknown, and the conditional sampler of interest is gNt,y(x) =

fN
t,y(x) + (Id − H†H)∇ log qt(x) where fN

t,y(x) = (1 − ᾱt)
−1
(√

ᾱtH
†y −H†Hx

)
. With the

same notation as in the proof of Theorem 3, we can write v = fN
t,y − f∗

t,y = ((1 − ᾱt)
−1Id −

Σ−1
t|0,y)

(√
ᾱtH

†y −H†Hx
)
. Note that v still satisfies that (Id −H†H)v = 0. Using the result in

(33), we have∥∥∆N
t,y

∥∥2 =
∥∥(Id −H†H)(∇ log qt|y(x)−∇ log qt(x))

∥∥2
+
∥∥∥(Σ−1

t|0,y − (1− ᾱt)
−1Id)

(√
ᾱtH

†y −H†Hx
)∥∥∥2

where the first term is the same as in (35) which can be upper-bounded in a similar way. To
upper-bound the second term, note that by Woodbury matrix identity,∥∥∥∥Σ−1

t|0,y −
1

1− ᾱt
Id

∥∥∥∥ =
ᾱtσ

2
y

(1− ᾱt)2

∥∥∥∥∥∥H†

(
Ip +

σ2
y

1− ᾱt
(H†)⊺H†

)−1

(H†)⊺

∥∥∥∥∥∥
≲

ᾱtσ
2
y

(1− ᾱt)2
(36)

where the inequality follows because
∥∥H†

∥∥ ≲ 1 is a constant and the minimum eigenvalue of

(Ip +
σ2
y

1−ᾱt
(H†)⊺H†) is at least 1. Thus,

EQt|y

∥∥∥(Σ−1
t|0,y − (1− ᾱt)

−1Id)
(√

ᾱtH
†y −H†HXt

)∥∥∥2
(iv)

≤
ᾱ2
tσ

4
y

(1− ᾱt)4
EQt|y

∥∥√ᾱtH
†y −H†HXt

∥∥2
=

ᾱ2
tσ

4
y

(1− ᾱt)4
EQ0|yEQt|0,y

∥∥√ᾱtH
†y −H†HXt

∥∥2
=

ᾱ2
tσ

4
y

(1− ᾱt)4
EQ0|yEQt|0

∥∥√ᾱtH
†y −H†HXt

∥∥2
≤

2ᾱ2
tσ

4
y

(1− ᾱt)4
EQ0|y

[
ᾱt

∥∥H†y −H†HX0

∥∥2 + EQt|0

∥∥H†H(Xt −
√
ᾱtX0)

∥∥2]
≤

2ᾱ2
tσ

4
y

(1− ᾱt)4
EQ0|y

[
ᾱt

∥∥H†y
∥∥2 + ᾱt ∥X0∥2 + d(1− ᾱt)

]
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(v)

≲
ᾱ2
tσ

4
y

(1− ᾱt)4
d

where (iv) follows from (36), and (v) follows from the fact that Q0|y has bounded support. Similarly,
for general moments ℓ ≥ 2,

EQt|y

∥∥∥(Σ−1
t|0,y − (1− ᾱt)

−1Id)
(√

ᾱtH
†y −H†HXt

)∥∥∥ℓ ≲ ( ᾱtσ
2
y

(1− ᾱt)2
d

)ℓ/2

.

Therefore, with the αt in (8), since 1−ᾱt ≥ 1−δ which is a constant, we still have that Assumption 4
is satisfied (see Lemma 6), and Theorem 2 still holds with γ = 1 and r = 4. The proof is now
complete.

I.3 THEOREM 6 AND ITS PROOF

Before we enter the proof of Proposition 1 and Theorem 5, we first state a similar set of results
for Gaussian Q0, which turns out to be useful for analyzing Gaussian mixture Q0’s. To begin,
the following lemma investigates EXt∼Qt|y ∥∆t,y(Xt)∥2 when Q0 is Gaussian. This quantity is
proportional to the asymptotic bias Wbias.

Proposition 2. For Q0 = N (µ0,Σ0), if ft,y = f∗
t,y in (10) and H = (Ip 0), with the αt’s

according to Definition 1, Assumption 4 is satisfied, and

EXt∼Qt|y ∥∆t,y(Xt)∥2 ≤ ᾱ2
t

max{
∥∥H†y −H†Hµ0

∥∥2 + d(λ1 + σ2
y), d}

min{λd, 1}2 min{λ̃d−p, 1}2
∥[Σ0]yȳ[Σ0]ȳy∥

≲ ᾱ2
t · (
∥∥H†y −H†Hµ0

∥∥2 + d)

where λ1 is the largest eigenvalue of Σ0, and λd and λ̃d−p are the smallest eigenvalues of Σ0 and
[Σ0]ȳȳ , respectively.

Proof. See Appendix J.1.

With this lemma, the following theorem characterizes the conditional KL divergence when Q0 is
Gaussian.

Theorem 6. Suppose that σ2
y > 0. Suppose that Assumptions 1 and 5 hold. Under the same

conditions as in Proposition 2, if αt further satisfies
∑T

t=1(1− αt)ᾱt = 1 + o(1), we have

KL(Q0|y∥P̂0|y) ≲ (
∥∥H†y −H†Hµ0

∥∥2 + d)

+ (
∥∥H†y −H†Hµ0

∥∥2 + d)
(log T )2

T
+

√
∥H†y −H†Hµ0∥2 + d · (log T )ε.

Note that a similar result can be obtained for KL(Q1|y∥P̂1|y) (where W2(Q1|y, Q0|y)
2 ≲ δd) for any

general σ2
y ≥ 0 using the αt in (8) (see Remark 1).

I.3.1 PROOF OF THEOREM 6
Throughout the proof we use the same notations as in (55). Since Assumption 4 is satisfied from
Proposition 2, in order to invoke Theorem 1, we still need to check Assumption 3. Since each
Qt|y (∀t ≥ 0) is Gaussian, all partial derivatives of its log-p.d.f. higher than third-order equal
zero. For the first and second-order, note that Σt|y = ᾱt(Id − H†H)Σ0(Id − H†H) + (1 −
ᾱt)Id + ᾱtσ

2
yH

†H . Thus, when σ2
y > 0, λmin(Σt−1|y) ≥ min{1− ᾱt + ᾱtσ

2
y, 1− ᾱt + ᾱtλ̃d} ≥

min{1, σ2
y, λ̃d} > 0, which yields ∥∥∥Σ−1

t−1|y

∥∥∥ ≲ 1, ∀t ≥ 1. (37)

Thus, we have, ∀ℓ ≥ 1,

EQt|y

∥∥∇ log qt|y(Xt)
∥∥ℓ
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= EQt|y

∥∥∥Σ−1
t|y (Xt − µt|y)

∥∥∥ℓ ≤ ∥∥∥Σ− 1
2

t|y

∥∥∥ℓ EQt|y

∥∥∥Σ− 1
2

t|y (Xt − µt|y)
∥∥∥ℓ

≲ dℓ/2 = O(1),

EQt|y

∥∥∇ log qt−1|y(mt,y(Xt))
∥∥ℓ

= EQt|y

∥∥∥Σ−1
t|y (mt,y(Xt)− µt|y)

∥∥∥ℓ
≲
∥∥∥Σ− 1

2

t|y

∥∥∥ℓ EQt|y

∥∥∥Σ− 1
2

t|y (Xt − µt|y)
∥∥∥ℓ + ∥∥∥Σ−1

t|y

∥∥∥ℓ EQt|y

∥∥∇ log qt|y(Xt)
∥∥ℓ

≲ dℓ/2 = O(1),

EQt|y

∥∥∇2 log qt|y(Xt)
∥∥ℓ = ∥∥∥Σ−1

t|y

∥∥∥ℓ = O(1),

EQt|y

∥∥∇2 log qt−1|y(mt,y(Xt))
∥∥ℓ = ∥∥∥Σ−1

t−1|y

∥∥∥ℓ = O(1).

Thus, Assumption 3 holds when 1− αt satisfies Definition 1.

Now, we can invoke Theorem 1 and get KL(Q0|y∥P̂0|y) ≲ Woracle +Wbias +Wvanish, where

Woracle =

T∑
t=1

(1− αt)
2

2αt
EXt∼Qt|y

[
Tr
(
∇2 log qt−1|y(mt,y(Xt))∇2 log qt|y(Xt)

)]
+ (log T )ε2

Wbias =

T∑
t=1

(1− αt)EXt∼Qt|y ∥∆t,y(Xt)∥2

Wvanish =

T∑
t=1

1− αt√
αt

EXt∼Qt|y

[
(∇ log qt−1|y(mt,y(Xt))−

√
αt∇ log qt|y(Xt))

⊺∆t,y(Xt)

]

−
T∑

t=1

(1− αt)
2

2αt
EXt∼Qt|y

[
∆t,y(Xt)

⊺∇2 log qt−1|y(mt,y(Xt))∆t,y(Xt)
]

+

T∑
t=1

(1− αt)
2

3!αt
3/2

EXt∼Qt|y

[
3

d∑
i=1

∂3
iii log qt−1|y(mt,y(Xt))∆t,y(Xt)

i

+

d∑
i,j=1
i ̸=j

∂3
iij log qt−1|y(mt,y(Xt))∆t,y(Xt)

j

]

+max
t≥1

√
EXt∼Qt|y ∥∆t,y(Xt)∥2(log T )ε.

We first consider the estimation error (in both Woracle and Wvanish), which can be upper-bounded as

max
t≥1

√
EXt∼Qt|y ∥∆t,y(Xt)∥2(log T )ε+ (log T )ε2 ≲

(∥∥H†y −H†Hµ0

∥∥2 + d
) 1

2

(log T )ε

from Proposition 2. Also, when Qt|y is Gaussian, we can calculate, for any xt ∈ Rd,

Tr
(
∇2 log qt−1|y(mt,y(xt))∇2 log qt|y(xt)

)
= Tr(Σ−1

t−1|yΣ
−1
t|y )

= Tr(Σ−1
t−1|y(αtΣt−1|y + (1− αt)Id)

−1)

(i)
= Tr(Σ−1

t−1|y(α
−1
t Σ−1

t−1|y −
1− αt

α2
t

Σ−2
t−1|y +O((1− αt)

2)))

≲
1

αt
Tr(Σ−2

t−1|y)

where (i) follows from Taylor expansion when 1− αt is small. Using (37), this implies that

Woracle ≲
d(log T )2

T
+ (log T )ε2.
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Also, from the condition on αt,
T∑

t=1

(1− αt)EXt∼Qt|y ∥∆t,y(Xt)∥2 ≲ (
∥∥H†y −H†Hµ0

∥∥2 + d).

Now we focus on Wvanish (except the estimation error). Since Qt|y is Gaussian, all third-order partial
derivatives are zero, and only the first two terms in Wvanish remain. In the following we fix t ≥ 1.
Also recall from (56) that when H = (Ip 0),

∆t,y = −ᾱt(Id −H†H)Σ−1
t,sig(Id −H†H)Σ0(H

†H)Σ−1
t (xt −

√
ᾱtµ0)

= −ᾱt(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1[Σ0]ȳy[Σ

−1
t ]y:(xt −

√
ᾱtµ0).

For the first term of Wvanish, we first calculate for each xt that

∇ log qt−1|y(mt,y)−
√
αt∇ log qt|y(xt)

=
√
αtΣ

−1
t|y (xt −

√
ᾱtµ0|y)− Σ−1

t−1|y(mt,y −
√
ᾱt−1µ0|y)

Recall that

mt,y =
1

√
αt

xt +
1− αt√

αt
∇ log qt|y(xt) =

1
√
αt

xt −
1− αt√

αt
Σ−1

t|y (xt −
√
ᾱtµ0|y),

Σ−1
t|y = (αtΣt−1|y + (1− αt)Id)

−1 =
1

αt
Σ−1

t−1|y −
1− αt

α2
t

Σ−2
t−1|y +O((1− αt)

2).

Thus,

∇ log qt−1|y(mt,y)−
√
αt∇ log qt|y(xt)

=
√
αt

(
1

αt
Σ−1

t−1|y −
1− αt

α2
t

Σ−2
t−1|y

)
(xt −

√
ᾱtµ0|y)

− Σ−1
t−1|y

(
1

√
αt

xt +
1− αt√

αt
∇ log qt|y(xt)−

√
ᾱt−1µ0|y

)
+O((1− αt)

2)

= −1− αt

α
3/2
t

Σ−2
t−1|y(xt −

√
ᾱtµ0|y) +

1− αt√
αt

Σ−1
t−1|yΣ

−1
t|y (xt −

√
ᾱtµ0|y) +O((1− αt)

2).

Combining with the definition for ∆t,y in (56) and using Lemma 9, we have

EXt∼Qt|y

[
∆t,y(Xt)

⊺(∇ log qt−1|y(mt,y(Xt))−
√
αt∇ log qt|y(Xt))

]
= ᾱtEXt∼Qt|y

[
(Xt −

√
ᾱtµ0)

⊺Σ−1
t (H†H)Σ0(Id −H†H)Σ−1

t,sig(Id −H†H)(
1− αt

α
3/2
t

Σ−2
t−1|y −

1− αt√
αt

Σ−1
t−1|yΣ

−1
t|y

)
(Xt −

√
ᾱtµ0|y)

]
+O((1− αt)

2)

(ii)
= ᾱtEXt∼Qt|y

[
(Xt −

√
ᾱtµ0)

⊺Σ−1
t (H†H)Σ0(Id −H†H)Σ−1

t,sig(Id −H†H)(
1− αt

α
3/2
t

Σ−1
t−1|y(Id −H†H)Σ−1

t−1|y −
1− αt√

αt
Σ−1

t−1|y(Id −H†H)Σ−1
t|y

)

(Id −H†H)(Xt −
√
ᾱtµ0)

]
+O((1− αt)

2)

= ᾱtEXt∼Qt|y

[
(Xt −

√
ᾱtµ0)

⊺[Σ−1
t ]:y[Σ0]yȳ(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1(
1− αt

α
3/2
t

[Σ−1
t−1|y]

2
ȳȳ −

1− αt√
αt

[Σ−1
t−1|y]ȳȳ[Σ

−1
t|y ]ȳȳ

)
(0 Id−p) (Xt −

√
ᾱtµ0)

]
+O((1− αt)

2)
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= ᾱtTr

(
[Σ−1

t ]:y[Σ0]yȳ(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1

(
1− αt

α
3/2
t

[Σ−1
t−1|y]

2
ȳȳ −

1− αt√
αt

[Σ−1
t−1|y]ȳȳ[Σ

−1
t|y ]ȳȳ

)

(0 Id−p)EXt∼Qt|y

[
(Xt −

√
ᾱtµ0)(Xt −

√
ᾱtµ0)

⊺
])

+O((1− αt)
2)

(iii)

≤
∥∥[Σ−1

t ]:y
∥∥ ∥[Σ0]yȳ∥

∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1
∥∥×(

1− αt

α
3/2
t

∥∥∥[Σ−1
t−1|y]ȳȳ

∥∥∥2 + 1− αt√
αt

∥∥∥[Σ−1
t−1|y]ȳȳ

∥∥∥∥∥∥[Σ−1
t|y ]ȳȳ

∥∥∥)×

Tr
(
EXt∼Qt|y

[
(Xt −

√
ᾱtµ0)(Xt −

√
ᾱtµ0)

⊺
])

(iv)

≲

(
1− αt

α
3/2
t

+
1− αt√

αt

)
max

{∥∥H†y −H†Hµ0

∥∥2 + d(λ1 + σ2
y), d

}
≲ (1− αt)

(∥∥H†y −H†Hµ0

∥∥2 + d
)

where (ii) follows by Lemma 9 and from definition that (Id − H†H)µ0|y = (Id − H†H)µ0,
(iii) follows because |Tr(UV )| ≤ ∥U∥Tr(V ) if V is positive semi-definite, and (iv) follows
from (58) and the same reasons for (57). In particular, we note that [Σ−1

t|y ]ȳȳ = [Σ−1
t,sig]ȳȳ =

(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1 and

∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1
∥∥ ≤ 1

min{λ̃d−p,1}
< ∞.

For the second term of Wvanish, we use the fact that [Σ−1
t−1|y]ȳȳ = (ᾱt−1[Σ0]ȳȳ + (1− ᾱt−1)Id−p)

−1

and have

− EXt∼Qt|y∆t,y(Xt)
⊺∇2 log qt−1|y(mt,y(Xt))∆t,y(Xt)

= ᾱ2
tEXt∼Qt|y

[
(Xt −

√
ᾱtµ0)

⊺Σ−1
t (H†H)Σ0(Id −H†H)Σ−1

t,sig(Id −H†H)Σ−1
t−1|y

(Id −H†H)Σ−1
t,sig(Id −H†H)Σ0(H

†H)Σ−1
t (Xt −

√
ᾱtµ0)

]
= ᾱ2

tTr

(
[Σ−1

t ]:y[Σ0]yȳ(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1(ᾱt−1[Σ0]ȳȳ + (1− ᾱt−1)Id−p)

−1

(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1[Σ0]ȳy[Σ

−1
t ]y:EXt∼Qt|y (Xt −

√
ᾱtµ0)(Xt −

√
ᾱtµ0)

⊺

)
(v)

≤ max
{∥∥H†y −H†Hµ0

∥∥2 + d(λ1 + σ2
y), d

}∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1
∥∥2∥∥(ᾱt−1[Σ0]ȳȳ + (1− ᾱt−1)Id−p)

−1
∥∥ ∥∥Σ−1

t

∥∥2 ∥[Σ0]yȳ[Σ0]ȳy∥

≲ max
{∥∥H†y −H†Hµ0

∥∥2 + d(λ1 + σ2
y), d

}
≲
∥∥H†y −H†Hµ0

∥∥2 + d.

Here (v) follows from the fact that |Tr(UV )| ≤ ∥U∥Tr(V ) if V is positive semi-definite and (58).
The proof is complete by plugging all the results above into Theorem 1.

Remark 1. Before we end the proof, we leave a note for the case of σ2
y = 0 (indeed, for any general

σ2
y ≥ 0). The only difference is how to upper-bound Woracle. In particular, if σ2

y = 0, (37) no longer

holds (i.e., we can no longer upper-bound
∥∥∥Σ−1

t−1|y

∥∥∥ as a constant). Instead, we can obtain an upper

bound as
∥∥∥Σ−1

t−1|y

∥∥∥ ≲ (1− ᾱt−1)
−1. Then, with the αt in (8), we have

Woracle ≲
d(log T )2 log(1/δ)2

T
+ (log T )ε2.
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The rest of the proof still follows because the αt satisfies Definition 1 when t ≥ 2. Combining with
Lemma 7, we would finally obtain

KL(Q1|y∥P̂1|y) ≲ (
∥∥H†y −H†Hµ0

∥∥2 + d)

(
1− 3 log(1/δ) log T

T

)
+ (
∥∥H†y −H†Hµ0

∥∥2 + d)
(log T )2 log(1/δ)2

T
+

√
∥H†y −H†Hµ0∥2 + d · (log T )ε.

Here W2(Q1|y, Q0|y)
2 ≲ δd.

I.4 PROOF OF PROPOSITION 1
We first introduce some useful notations for this subsection. Recall that Q0 has mixture p.d.f. in
which the mixture prior πn is independent of y (= Hx0 + n). Thus, using the fact that x0 =
(Id −H†H)x0 +H†y −H†n, we can define Q0,n|y as (cf. Flåm (2013))

Q0|y =

N∑
n=1

πnQ0,n|y

:=

N∑
n=1

πnN ((Id −H†H)µ0,n +H†y, (Id −H†H)Σ0(Id −H†H) + σ2
yH

†(H†)⊺).

Note that when H = (Ip 0) and σ2
y > 0, q0|y exists. From the conditional forward model in (5),

we further define

Qt =

N∑
n=1

πnQt,n, Qt|y =

N∑
n=1

πnQt,n|y, Qt,n := N (µt,n,Σt), Qt,n|y := N (µt,n|y,Σt|y)

µt,n :=
√
ᾱtµ0,n, Σt := ᾱtΣ0 + (1− ᾱt)Id, µt,n|y :=

√
ᾱt(Id −H†H)µ0,n +

√
ᾱtH

†y

Σt|y := Σt,sig + ᾱtσ
2
yH

†(H†)⊺, Σt,sig := ᾱt(Id −H†H)Σ0(Id −H†H) + (1− ᾱt)Id. (38)

Similar to (37), we still have ∥∥∥Σ−1
t−1|y

∥∥∥ ≲ 1, ∀t ≥ 1.

We can also calculate the scores of Qt and Qt|y in as follows.

∇ log qt(xt) = − 1

qt(xt)

N∑
n=1

πnqt,n(xt)Σ
−1
t (xt − µt,n),

∇ log qt|y(xt) = − 1

qt|y(xt)

N∑
n=1

πnqt,n|y(xt)Σ
−1
t|y (xt − µt,n|y). (39)

Now, with ft,y = f∗
t,y (in (10)), from the expression of ∆t,y in (32), under the assumption H =

(Ip 0), the score mismatch at each diffusion step is equal to

∆t,y = (Id −H†H)(∇ log qt|y −∇ log qt)

=
1

qt(xt)

N∑
n=1

πnqt,n(xt)(Id −H†H)Σ−1
t (xt −

√
ᾱtµ0,n)

− 1

qt|y(xt)

N∑
n=1

πnqt,n|y(xt)(Id −H†H)Σ−1
t|y (xt −

√
ᾱtµ0,n|y)

=

N∑
n=1

πn

(
qt,n(xt)

qt(xt)
−

qt,n|y(xt)

qt|y(xt)

)
(Id −H†H)Σ−1

t (xt −
√
ᾱtµ0,n)

+

N∑
n=1

πn

qt,n|y(xt)

qt|y(xt)
(Id −H†H)

(
Σ−1

t (xt −
√
ᾱtµ0,n)− Σ−1

t|y (xt −
√
ᾱtµ0,n|y)

)
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= −
√
ᾱt

N∑
n=1

πn

(
qt,n(xt)

qt(xt)
−

qt,n|y(xt)

qt|y(xt)

)
(Id −H†H)Σ−1

t µ0,n

+

N∑
n=1

πn

qt,n|y(xt)

qt|y(xt)
(Id −H†H)

(
Σ−1

t (xt −
√
ᾱtµ0,n)− Σ−1

t|y (xt −
√
ᾱtµ0,n|y)

)
(i)
= −

√
ᾱt

N∑
n=1

πn

(
qt,n(xt)

qt(xt)
−

qt,n|y(xt)

qt|y(xt)

)
(Id −H†H)Σ−1

t µ0,n

− ᾱt

N∑
n=1

πn

qt,n|y(xt)

qt|y(xt)
AtΣ0(H

†H)Σ−1
t (xt −

√
ᾱtµ0,n) (40)

where At := (Id −H†H)Σ−1
t,sig(Id −H†H). Here (i) follows from similar arguments as in (56).

Note that since H = (Ip 0), we have equivalently At = (Id − H†H)Σ−1
t|y (Id − H†H). Since

H†H =

(
Ip 0
0 0

)
, we can also re-express the second term in ∆t,y such that [∆t,y]y = 0 and

[∆t,y]ȳ = −
√
ᾱt

N∑
n=1

πn

(
qt,n(xt)

qt(xt)
−

qt,n|y(xt)

qt|y(xt)

)
[Σ−1

t ]ȳ:µ0,n

− ᾱt

N∑
n=1

πn

qt,n|y(xt)

qt|y(xt)
(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1[Σ0]ȳy[Σ
−1
t ]y:(xt −

√
ᾱtµ0,n)

(41)

since when H†H =

(
Ip 0
0 0

)
, At =

(
0 0
0 (ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1

)
.

Now, for the second moment, we follow similar analyses in (57) and get

EXt∼Qt|y ∥∆t,y∥2

≤ 4ᾱtEXt∼Qt|y max
n∈[N ]

∥∥Σ−1
t µ0,n

∥∥2
+ 2ᾱ2

t

∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1
∥∥2 ∥∥[Σ−1

t ]y:
∥∥2 ∥[Σ0]yȳ∥2 ×

EXt∼Qt|y

[
N∑

n=1

πn

qt,n|y(Xt)

qt|y(Xt)

∥∥Xt −
√
ᾱtµ0,n

∥∥2]
where

EXt∼Qt|y

[
N∑

n=1

πn

qt,n|y(Xt)

qt|y(Xt)

∥∥Xt −
√
ᾱtµ0,n

∥∥2]
= EXt∼Qt|yEN∼Π·|t,y

∥∥Xt −
√
ᾱtµ0,N

∥∥2
= EN∼Π·|yEXt∼Qt,N|y

∥∥Xt −
√
ᾱtµ0,N

∥∥2
(ii)
= EN∼Π·|y

[
Tr(Σt|y) + ᾱt

∥∥H†y −H†Hµ0,N

∥∥2]
= Tr(Σt|y) + ᾱt

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2
where (ii) follows from (58) and note that Qt,N |y is Gaussian for each N = n. Denote λ1 ≥ · · · ≥
λd > 0 and λ̃1 ≥ · · · ≥ λ̃d−p > 0 to be the eigenvalues of Σ0 and [Σ0]ȳȳ, respectively. Similarly
as the proof of Proposition 2, we have ∥[Σ0]ȳy∥ ≤ ∥Σ0∥ = λ1,

∥∥[Σ−1
t ]y:

∥∥ ≤
∥∥Σ−1

t

∥∥ ≤ (ᾱtλd +

(1 − ᾱt))
−1 ≤ 1

min{λd,1} ,
∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1
∥∥ ≤ 1

ᾱtλ̃d−p+(1−ᾱt)
≤ 1

min{λ̃d−p,1}
, and∥∥Σt|y

∥∥ ≤ ᾱt(λ1 + σ2
y) + (1− ᾱt). Therefore,

EXt∼Qt|y ∥∆t,y∥2
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≲ ᾱtd+ ᾱ2
t

∥[Σ0]yȳ∥2

min{λ̃d−p, 1}2 min{λd, 1}2
×(

d(1− ᾱt) + ᾱtd(λ1 + σ2
y) + ᾱt

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2)

≲ ᾱtd+ ᾱ2
t

∥[Σ0]yȳ∥2

min{λ̃d−p, 1}2 min{λd, 1}2
max

{
d(λ1 + σ2

y) +

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2 , d} .

The proof is complete.

I.5 PROOF OF THEOREM 5
We first recall all the notations in (38) under Gaussian mixture. We also recall the scores from (39):

∇ log qt(xt) = − 1

qt(xt)

N∑
n=1

πnqt,n(xt)Σ
−1
t (xt − µt,n)

= −Σ−1
t xt +

1

qt(xt)

N∑
n=1

πnqt,n(xt)Σ
−1
t µt,n

∇ log qt|y(xt) = − 1

qt|y(xt)

N∑
n=1

πnqt,n|y(xt)Σ
−1
t|y (xt − µt,n|y)

= −Σ−1
t|yxt +

1

qt|y(xt)

N∑
n=1

πnqt,n|y(xt)Σ
−1
t|yµt,n|y

Also, we recall the explicit expression of ∆t,y from (41), such that [∆t,y]y = 0 and

[∆t,y]ȳ = −
√
ᾱt

N∑
n=1

πn

(
qt,n(xt)

qt(xt)
−

qt,n|y(xt)

qt|y(xt)

)
[Σ−1

t ]ȳ:µ0,n

− ᾱt

N∑
n=1

πn

qt,n|y(xt)

qt|y(xt)
(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1[Σ0]ȳy[Σ
−1
t ]y:(xt −

√
ᾱtµ0,n).

In order to invoke Theorem 1, we need to check Assumptions 3 and 4. From (Liang et al., 2024,
Lemmas 13 and 14), since

∥∥∥Σ−1
t|y

∥∥∥ ≲ 1 for all t ≥ 0, the absolute values of any-order partial derivative
are bounded by O(1) in expectation, and thus Assumption 3 is satisfied. The following lemma verifies
Assumption 4 using the αt in Definition 1.

Lemma 8. Under the same condition of Theorem 5, Assumption 4 holds if the αt satisfies Definition 1.

Proof. See Appendix J.2.

Now we start to upper-bound the conditional KL-divergence of interest. Recall that from Theorem 1,
KL(Q0|y∥P̂0|y) ≲ Woracle +Wbias +Wvanish, where

Woracle =

T∑
t=1

(1− αt)
2

2αt
EXt∼Qt|y

[
Tr
(
∇2 log qt−1|y(mt,y(Xt))∇2 log qt|y(Xt)

)]
+ (log T )ε2

Wbias =

T∑
t=1

(1− αt)EXt∼Qt|y ∥∆t,y(Xt)∥2

Wvanish =

T∑
t=1

1− αt√
αt

EXt∼Qt|y

[
(∇ log qt−1|y(mt,y(Xt))−

√
αt∇ log qt|y(Xt))

⊺∆t,y(Xt)

]

−
T∑

t=1

(1− αt)
2

2αt
EXt∼Qt|y

[
∆t,y(Xt)

⊺∇2 log qt−1|y(mt,y(Xt))∆t,y(Xt)
]
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+

T∑
t=1

(1− αt)
2

3!αt
3/2

EXt∼Qt|y

[
3

d∑
i=1

∂3
iii log qt−1|y(mt,y(Xt))∆t,y(Xt)

i

+

d∑
i,j=1
i ̸=j

∂3
iij log qt−1|y(mt,y(Xt))∆t,y(Xt)

j

]

+max
t≥1

√
EXt∼Qt|y ∥∆t,y(Xt)∥2(log T )ε.

From (Liang et al., 2024, Theorem 2) (and by assumption N ≤ d), if the αt satisfies Definition 1,

Woracle ≲
d2(log T )2

T
+ (log T )ε2.

Also, from Proposition 1, under the assumption on αt, Wbias can be upper-bounded as

Wbias ≲ d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2 .
Among the terms in Wvanish, the last estimation error term can be upper-bounded using Proposition 1
as

max
t≥1

√
EXt∼Qt|y ∥∆t,y(Xt)∥2(log T )ε ≲

√√√√d+

N∑
n=1

πn ∥H†y −H†Hµ0,n∥2(log T )ε.

It remains to analyze the rest of the terms in Wvanish. In the following we fix t ≥ 1. We remind
readers of the notations in (38). For the first term in Wvanish, we first provide the following useful
calculations. Note that by exchanging the order of expectation, for any function fn we have

EXt∼Qt|y

[
N∑

n=1

πn

qt,n|y(Xt)

qt|y(Xt)
fn(Xt, n)

]
=

N∑
n=1

πnEXt∼Qt,n|y fn(Xt, n).

Thus,

EXt∼Qt|y

N∑
n=1

πn

qt,n|y(xt)

qt|y(xt)

∣∣(Xt −
√
ᾱtµ0,n)

⊺Xt

∣∣
=

N∑
n=1

πnEXt∼Qt,n|y

∣∣(Xt −
√
ᾱtµ0,n)

⊺Xt

∣∣
≤

N∑
n=1

πnEXt∼Qt,n|y

∥∥Xt −
√
ᾱtµ0,n

∥∥2 +√
ᾱt

N∑
n=1

πn ∥µ0,n∥
√

EXt∼Qt,n|y

∥∥Xt −
√
ᾱtµ0,n

∥∥2
(i)
= Tr(Σt|y) + ᾱt

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2
+
√
ᾱt

N∑
n=1

πn ∥µ0,n∥

√√√√Tr(Σt|y) + ᾱt

N∑
n=1

πn ∥H†y −H†Hµ0,n∥2

≲ d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2 (42)

where (i) follows from (58).

Also, note that (Id − H†H)Σ−r
t−1|y(H

†H) = 0 using the following simple induction argument.
For the base case, we have (Id − H†H)Σ−1

t−1|y(H
†H) = 0 from Lemma 9. Then, suppose
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(Id−H†H)Σ
−(r−1)
t−1|y (H†H) = 0, we have (Id−H†H)Σ−r

t−1|y(H
†H) = (Id−H†H)Σ

−(r−1)
t−1|y (Id−

H†H + H†H)Σ−1
t−1|y(H

†H) = (Id − H†H)Σ
−(r−1)
t−1|y (Id − H†H)Σ−1

t−1|y(H
†H) + (Id −

H†H)Σ
−(r−1)
t−1|y (H†H)Σ−1

t−1|y(H
†H) = 0. Thus, for all r ≥ 1 and any fixed vector v, with the

definition of ∆t,y in (40) and (41),

EXt∼Qt|y

∣∣∣(Σ−r
t−1|yv)

⊺∆t,y

∣∣∣
≤ ∥v∥EXt∼Qt|y

∥∥∥Σ−r
t−1|y∆t,y

∥∥∥ = ∥v∥EXt∼Qt|y

∥∥Ar
t−1∆t,y

∥∥
≤ 4 ∥v∥

∥∥(ᾱt−1[Σ0]ȳȳ + (1− ᾱt−1)Id−p)
−r
∥∥ max

n∈[N ]

∥∥[Σ−1
t ]ȳ:µ0,n

∥∥
+ 2 ∥v∥

∥∥(ᾱt−1[Σ0]ȳȳ + (1− ᾱt−1)Id−p)
−r
∥∥∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1[Σ0]ȳy[Σ
−1
t ]y:

∥∥×√√√√EXt∼Qt|y

N∑
n=1

πn

qt,n|y(Xt)

qt|y(Xt)

∥∥Xt −
√
ᾱtµ0,n

∥∥2
≲ d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2 (43)

where the last line follows from (58). Similarly,

EXt∼Qt|y

∣∣∣(Σ−r
t|yv)

⊺∆t,y

∣∣∣ ≲ d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2 .
Also, for all r ≥ 1,

EXt∼Qt|y

∣∣∣(Σ−r
t−1|yXt)

⊺∆t,y

∣∣∣ = EXt∼Qt|y

∣∣∣X⊺
t Σ

−r
t−1|y(Id −H†H)∆t,y

∣∣∣
= EXt∼Qt|y

∣∣X⊺
t A

r
t−1∆t,y

∣∣
≤ 4

∥∥(ᾱt−1[Σ0]ȳȳ + (1− ᾱt−1)Id−p)
−r
∥∥ max

n∈[N ]

∥∥[Σ−1
t ]ȳ:µ0,n

∥∥EXt∼Qt|y ∥Xt∥

+ 2
∥∥(ᾱt−1[Σ0]ȳȳ + (1− ᾱt−1)Id−p)

−r
∥∥∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1[Σ0]ȳy[Σ
−1
t ]y:

∥∥×
EXt∼Qt|y

N∑
n=1

πn

qt,n|y(xt)

qt|y(xt)

∣∣(Xt −
√
ᾱtµ0,n)

⊺Xt

∣∣
≲ d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2 (44)

where the last line follows from (42) and the fact that, from (58),
√
d · EXt∼Qt|y ∥Xt∥ ≤

√
d

N∑
n=1

πn

√
2EXt∼Qt,n|y ∥Xt − µt,n∥2 + 2 ∥µt,n∥2

≲
√
d

N∑
n=1

πn

√
Tr(Σt|y) + ᾱt ∥H†y −H†Hµ0,n∥2 + d

≲ d+
√
d

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥
≲ d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2 .
Similarly, we also have EXt∼Qt|y

∣∣∣(Σ−r
t|yXt)

⊺∆t,y

∣∣∣ ≲ d+
∑N

n=1 πn

∥∥H†y −H†Hµ0,n

∥∥2.

Also, for all r ≥ 1, using the expression of ∇ log qt|y in (39), and noting that by definition (Id −
H†H)(xt − µt,n|y) = (Id −H†H)(xt − µt,n), we have

EXt∼Qt|y

∣∣∣(Σ−r
t−1|y∇ log qt|y(Xt))

⊺∆t,y

∣∣∣
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= EXt∼Qt|y

∣∣∣∣∣
(
Ar

t−1

N∑
n=1

πn

qt,n|y(Xt)

qt|y(Xt)
At(Id −H†H)(Xt − µt,n|y)

)⊺

∆t,y

∣∣∣∣∣
≤ 4

∥∥(ᾱt−1[Σ0]ȳȳ + (1− ᾱt−1)Id−p)
−r
∥∥ ∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1
∥∥×

EXt∼Qt|y

∥∥∥∥∥
N∑
ℓ=1

πℓ

qt,ℓ|y(Xt)

qt|y(Xt)
[Xt −

√
ᾱtµ0,ℓ]ȳ

∥∥∥∥∥× max
n∈[N ]

∥∥[Σ−1
t ]ȳ:µ0,n

∥∥
+ 2

∥∥(ᾱt−1[Σ0]ȳȳ + (1− ᾱt−1)Id−p)
−r
∥∥∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1
∥∥2 ×

E Xt∼Qt|y
N,L∼Π·|t,y(·|Xt)

[
[Xt −

√
ᾱtµ0,L]

⊺
ȳ [Σ0]ȳy[Σ

−1
t ]y:(Xt −

√
ᾱtµ0,N )

]

≲

√√√√ N∑
n=1

πnEXt∼Qt,n|y

∥∥Xt −
√
ᾱtµ0,n

∥∥2 ×√
d

+ E Xt∼Qt|y
N,L∼Π·|t,y(·|Xt)

∥∥Xt −
√
ᾱtµ0,L

∥∥∥∥Xt −
√
ᾱtµ0,N

∥∥
≲ d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2 (45)

where the last line follows because, from (58),
E Xt∼Qt|y
N,L∼Π·|t,y(·|Xt)

[∥∥Xt −
√
ᾱtµ0,L

∥∥∥∥Xt −
√
ᾱtµ0,N

∥∥]
≤
√

E Xt∼Qt|y
L∼Π·|t,y(·|Xt)

∥∥Xt −
√
ᾱtµ0,L

∥∥2 ×√E Xt∼Qt|y
N∼Π·|t,y(·|Xt)

∥∥Xt −
√
ᾱtµ0,N

∥∥2
= E Xt∼Qt|y

N∼Π·|t,y(·|Xt)

∥∥Xt −
√
ᾱtµ0,N

∥∥2
≲ d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2 .
Now, we start to analyze the first term of Wvanish. Recall that mt,y(xt) = EXt−1∼Qt−1|t,y [Xt−1] =
1√
αt
xt +

1−αt√
αt

∇ log qt|y(xt). Using the score expressions in (39), we can calculate that given xt

(and thus mt,y = mt,y(xt)),
∇ log qt−1|y(mt,y)−

√
αt∇ log qt|y(xt)

=
√
αtΣ

−1
t|yxt − Σ−1

t−1|ymt,y

−
√
αtΣ

−1
t|y

N∑
n=1

πn

qt,n|y(xt)

qt|y(xt)
µt,n|y +Σ−1

t−1|y

N∑
n=1

πn

qt−1,n|y(mt,y)

qt−1|y(mt,y)
µt−1,n|y

=
(
Σ−1

t|y − Σ−1
t−1|y

)√
αtxt −

1− αt√
αt

Σ−1
t−1|y(xt +∇ log qt|y(xt))

+ (1− αt)Σ
−1
t−1|y

N∑
n=1

πn

qt−1,n|y(mt,y)

qt−1|y(mt,y)
µt−1,n|y

+ αt

∑N
n,ℓ=1 πnπℓ

(
qt−1,n|y(mt,y)qt,ℓ|y(xt)Σ

−1
t−1|y − qt−1,ℓ|y(mt,y)qt,n|y(xt)Σ

−1
t|y

)
µt−1,n|y

qt−1|y(mt,y)qt|y(xt)
.

Here, using similar analyses as in the proof of Lemma 5, we get

(mt,y − µt−1,n|y)− (xt − µt,n|y) =
1−√

αt√
αt

xt +
1− αt√

αt
∇ log qt|y(xt)− (1−

√
αt)µt−1,n|y

Σ−1
t|y − Σ−1

t−1|y =
1− αt

αt
Σ−1

t−1,n +
1− αt

α2
t

Σ−2
t−1,n +O((1− αt)

2)
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qt−1,n|y(mt,y)qt,ℓ|y(xt)Σ
−1
t−1|y − qt−1,ℓ|y(mt,y)qt,n|y(xt)Σ

−1
t|y

= qt−1,n|y(mt,y)qt,ℓ|y(xt)(Σ
−1
t−1|y − Σ−1

t|y )

+ (qt−1,n|y(mt,y)qt,ℓ|y(xt)− qt−1,ℓ|y(mt,y)qt,n|y(xt))Σ
−1
t|y

= qt−1,n|y(mt,y)qt,ℓ|y(xt)(Σ
−1
t−1|y − Σ−1

t|y )

+

(
1

2
((mt,y − µt−1,ℓ|y)− (xt − µt,ℓ|y))

⊺Σ−1
t−1|y(mt,y − µt−1,ℓ|y)

+
1

2
(xt − µt,ℓ|y)

⊺(Σ−1
t−1|y − Σ−1

t|y )(mt,y − µt−1,ℓ|y)

+
1

2
(xt − µt,ℓ|y)

⊺Σ−1
t|y ((mt,y − µt−1,ℓ|y)− (xt − µt,ℓ|y))

− 1

2
((mt,y − µt−1,n|y)− (xt − µt,n|y))

⊺Σ−1
t−1|y(mt,y − µt−1,n|y)

− 1

2
(xt − µt,n|y)

⊺(Σ−1
t−1|y − Σ−1

t|y )(mt,y − µt−1,n|y)

− 1

2
(xt − µt,n|y)

⊺Σ−1
t|y ((mt,y − µt−1,n|y)− (xt − µt,n|y))

)
Σ−1

t|y

+O((1− αt)
2)

Thus,∣∣∣∣EXt∼Qt|y

[
(∇ log qt−1|y(mt,y)−

√
αt∇ log qt|y)

⊺∆t,y

]∣∣∣∣
≤ EXt∼Qt|y

[ ∣∣∣X⊺
t (Σ

−1
t|y − Σ−1

t−1|y)∆t,y

∣∣∣ ]
+

1− αt√
αt

EXt∼Qt|y

[ ∣∣∣(Xt +∇ log qt|y)
⊺(Σ−1

t−1|y)∆t,y

∣∣∣ ]

+ (1− αt)EXt∼Qt|y

[ ∣∣∣∣∣
(

N∑
n=1

πn

qt−1,n|y(mt,y)

qt−1|y(mt,y)
µt−1,n|y

)⊺

Σ−1
t−1|y∆t,y

∣∣∣∣∣
]

+ EXt∼Qt|y

∣∣∣∣∣∣∆⊺
t,y

N∑
n,ℓ=1

πnπℓ

(
qt−1,n|y(mt,y)qt,ℓ|y(Xt)

qt−1|y(mt,y)qt|y(Xt)
Σ−1

t−1|y −
qt−1,ℓ|y(mt,y)qt,n|y(Xt)

qt−1|y(mt,y)qt|y(Xt)
Σ−1

t|y

)
µt−1,n|y

∣∣∣∣∣∣ .
Among the four terms above, the first term ≲ d+

∑N
n=1 πn

∥∥H†y −H†Hµ0,n

∥∥2 from (44) (along
with the similar result for Σ−1

t|y ), the second term ≲ d +
∑N

n=1 πn

∥∥H†y −H†Hµ0,n

∥∥2 from (44)

and (45), and both the third and the fourth term ≲ d +
∑N

n=1 πn

∥∥H†y −H†Hµ0,n

∥∥2 from (43)
(along with the similar result for Σ−1

t|y ). Thus,∣∣∣∣EXt∼Qt|y

[
(∇ log qt−1|y(mt,y)−

√
αt∇ log qt|y(Xt))

⊺∆t,y

]∣∣∣∣ ≲ d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2 ,
and the first term in Wvanish satisfies that

T∑
t=1

1− αt√
αt

EXt∼Qt|y

[
(∇ log qt−1|y(mt,y(Xt))−

√
αt∇ log qt|y(Xt))

⊺∆t,y(Xt)

]

≲

(
d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2) log(1/δ)2(log T )2

T
.

For the second term in Wvanish, we first provide the following useful calculation. Similar to (43), for
all r ≥ 1 and any fixed vector v,

EXt∼Qt|y

∣∣∣(Σ−r
t|yv)

⊺∆t,y

∣∣∣2
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≤ ∥v∥2 EXt∼Qt|y

∥∥∥Σ−r
t|y∆t,y

∥∥∥2 = ∥v∥2 EXt∼Qt|y ∥A
r
t∆t,y∥2

≲ ∥v∥2
∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−r
∥∥2 max

n∈[N ]

∥∥[Σ−1
t ]ȳ:µ0,n

∥∥2
+ ∥v∥2

∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−r
∥∥2 ∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1[Σ0]ȳy[Σ
−1
t ]y:

∥∥2 ×
EXt∼Qt|y

N∑
n=1

πn

qt,n|y(Xt)

qt|y(Xt)

∥∥Xt −
√
ᾱtµ0,n

∥∥2
≲ d2 + d

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2 (46)

where the last line follows from (58).

Also, similar to (44), for all r ≥ 1,

EXt∼Qt|y

∣∣∣(Σ−r
t|ymt,y)

⊺∆t,y

∣∣∣2
≲ EXt∼Qt|y

∣∣∣X⊺
t Σ

−r
t|y∆t,y

∣∣∣2 + (1− αt)EXt∼Qt|y

∣∣∣(∇ log qt|y(Xt))
⊺Σ−r

t|y∆t,y

∣∣∣2
(ii)

≲ EXt∼Qt|y

∣∣∣X⊺
t Σ

−r
t|y (Id −H†H)∆t,y

∣∣∣2 = EXt∼Qt|y |X
⊺
t A

r
t∆t,y|2

≲
∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−r
∥∥2 max

n∈[N ]

∥∥[Σ−1
t ]ȳ:µ0,n

∥∥2 EXt∼Qt|y ∥Xt∥2

+
∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−r
∥∥2 ∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1[Σ0]ȳy[Σ
−1
t ]y:

∥∥2 ×
EXt∼Qt|y

N∑
n=1

πn

qt,n|y(Xt)

qt|y(Xt)

∣∣(Xt −
√
ᾱtµ0,n)

⊺Xt

∣∣2
≲ d2 +

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥4 (47)

where (ii) follows from the fact that EXt∼Qt|y

∣∣∣(∇ log qt|y(Xt))
⊺Σ−r

t|y∆t,y

∣∣∣2 ≲ d2 (using a similar
argument for deriving (45)), and the last line follows because

d · EXt∼Qt|y ∥Xt∥2 ≤ d

N∑
n=1

πn

(
2EXt∼Qt,n|y ∥Xt − µt,n∥2 + 2 ∥µt,n∥2

)
(iii)

≲ d

N∑
n=1

πn

(
Tr(Σt|y) + ᾱt

∥∥H†y −H†Hµ0,n

∥∥2 + d
)

≲ d2 + d

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2
where (iii) follows from (58), and also

EXt∼Qt|y

N∑
n=1

πn

qt,n|y(Xt)

qt|y(Xt)

∣∣(Xt −
√
ᾱtµ0,n)

⊺Xt

∣∣2
= E Xt∼Qt|y

N∼Π·|t,y(·|Xt)

(
(Xt −

√
ᾱtµ0,N )⊺Xt

)2
≤ 2E Xt∼Qt|y

N∼Π·|t,y(·|Xt)

∥∥Xt −
√
ᾱtµ0,N

∥∥4 + 2

√
E Xt∼Qt|y
N∼Π·|t,y(·|Xt)

∥∥Xt −
√
ᾱtµ0,N

∥∥4√EN∼Π ∥µ0,N∥4

≲ d2 +

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥4
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where the last line above follows because for all r ≥ 1 and each n ∈ [N ],

EXt∼Qt,n|y

∥∥Xt −
√
ᾱtµ0,n

∥∥r
≲ EXt∼Qt,n|y

∥∥Xt −
√
ᾱtµ0,n|y

∥∥r + ∥∥√ᾱtµ0,n|y −
√
ᾱtµ0,n

∥∥r
≤
∥∥∥Σ 1

2

t|y

∥∥∥r EXt∼Qt,n|y

∥∥∥Σ− 1
2

t|y (Xt −
√
ᾱtµ0,n|y)

∥∥∥r + (ᾱt)
r/2
∥∥H†y −H†Hµ0,n

∥∥r
≲ dr/2 +

∥∥H†y −H†Hµ0,n

∥∥r . (48)

Now we are ready to analyze the second term of Wvanish. Note that

∇2 log qt−1|y(mt,y)

=

N∑
n=1

πn

qt−1,n|y(mt,y)

qt−1|y(mt,y)

(
Σ−1

t|y (mt,y − µt,n|y)(mt,y − µt,n|y)
⊺Σ−1

t|y

)
− Σ−1

t|y

−

(
N∑

n=1

πn

qt−1,n|y(mt,y)

qt−1|y(mt,y)
Σ−1

t|y (mt,y − µt,n|y)

)(
N∑

n=1

πn

qt−1,n|y(mt,y)

qt−1|y(mt,y)
Σ−1

t|y (mt,y − µt,n|y)

)⊺

.

Thus,

EXt∼Qt|y

∣∣∆⊺
t,y∇2 log qt−1|y(mt,y)∆t,y

∣∣
≤ 3EXt∼Qt|y

[
N∑

n=1

πn

qt−1,n|y(mt,y)

qt−1|y(mt,y)

(
∆⊺

t,yΣ
−1
t|y (mt,y − µt,n|y)

)2]
+ 3EXt∼Qt|y

∣∣∣∆⊺
t,yΣ

−1
t|y∆t,y

∣∣∣
+ 3EXt∼Qt|y

(
N∑

n=1

πn

qt−1,n|y(mt,y)

qt−1|y(mt,y)
∆⊺

t,yΣ
−1
t|y (mt,y − µt,n|y)

)2

≤ 3EXt∼Qt|y

∣∣∣∆⊺
t,yΣ

−1
t|y∆t,y

∣∣∣
+ 6EXt∼Qt|y

[
N∑

n=1

πn

qt−1,n|y(mt,y)

qt−1|y(mt,y)

(
∆⊺

t,yΣ
−1
t|y (mt,y − µt,n|y)

)2]
.

To determine the rate of these two terms, we get

EXt∼Qt|y

∣∣∣∆⊺
t,yΣ

−1
t|y∆t,y

∣∣∣ = EXt∼Qt|y

∣∣∆⊺
t,yAt∆t,y

∣∣ ≲ d+
N∑

n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2 ,
and

EXt∼Qt|y

N∑
n=1

πn

qt−1,n|y(mt,y)

qt−1|y(mt,y)

∣∣∣(mt,y − µt,n|y)
⊺Σ−1

t|y∆t,y

∣∣∣2
≤ EXt∼Qt|y max

n∈[N ]

∣∣∣(mt,y − µt,n|y)
⊺Σ−1

t|y∆t,y

∣∣∣2
≲ EXt∼Qt|y

∣∣∣m⊺
t,yΣ

−1
t|y∆t,y

∣∣∣2 + EXt∼Qt|y max
n∈[N ]

∣∣∣µ⊺
t,n|yΣ

−1
t|y∆t,y

∣∣∣2
≲ N

(
d2 +

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥4)
where the last line follows from (46) and (47). Thus, the second term of Wvanish satisfies that

T∑
t=1

(1− αt)
2

2αt
EXt∼Qt|y

∣∣∆t,y(Xt)
⊺∇2 log qt−1|y(mt,y(Xt))∆t,y(Xt)

∣∣
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≲ N

(
d2 +

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥4) c2(log T )2

T
.

For the third term of Wvanish, we provide the following useful calculations. Denote v◦3 as the
element-wise (Hadamard) third power of a vector v. For each n ∈ [N ], we have

EXt∼Qt|y

∣∣(mt,y − µt,n|y)
◦3(Id −H†H)∆t,y

∣∣ = EXt∼Qt|y

∣∣[∆t,y]
⊺
ȳ [mt,y − µt,n]

◦3
ȳ

∣∣
≲ EXt∼Qt|y

∣∣[∆t,y]
⊺
ȳ [Xt − µt,n]

◦3
ȳ

∣∣+ (1− αt)
√
EXt∼Qt|y ∥∆t,y∥2

√
EXt∼Qt|y

∥∥∇ log qt|y(Xt)
∥∥6
6

(iv)

≲ EXt∼Qt|y

∣∣[∆t,y]
⊺
ȳ [Xt − µt,n]

◦3
ȳ

∣∣
≲ max

ℓ

∥∥[Σ−1
t ]ȳ:µ0,ℓ

∥∥√EXt∼Qt|y ∥Xt − µt,n∥66 + E Xt∼Qt|y
L∼Π·|t,y(·|Xt)

∥Xt − µt,L∥44

≲

√
E Xt∼Qt|y
L∼Π·|t,y(·|Xt)

∥Xt − µt,L∥6 +
√
EL∼Π ∥µt,n − µt,L∥6 + E Xt∼Qt|y

L∼Π·|t,y(·|Xt)

∥Xt − µt,L∥4

≲ d2 +

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥4 (49)

where (iv) follows from Lemma 6 (using the αt in (8)) and (Liang et al., 2024, Lemma 15), and the
last line follows from (48). With a similar argument,

EXt∼Qt|y

∣∣(mt,y − µt,n|y)(Id −H†H)∆t,y

∣∣ ≲ E Xt∼Qt|y
L∼Π·|t,y(·|Xt)

∥Xt − µt,L∥2

≲ d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2 . (50)

Now, employing the notations from (Liang et al., 2024, Section G.1), we define

zt,n(x) := Σ−1
t|y (x− µt,n|y), ξt(x, i) := max

n

∣∣zit,n(x)∣∣ , Σ̄ij
t := max

n

∣∣∣[Σ−1
t|y ]

ij
∣∣∣ .

When H = (Ip 0), we note that

Σ−1
t|y =

(
(1− ᾱt + ᾱtσ

2
y)

−1Ip 0
0 (ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1

)
.

Thus, we have Σ̄ij
t ≡ 0 whenever (i, j) ∈ [1, p] × [p + 1, d] or (i, j) ∈ [p + 1, d] × [1, p] and

maxi,j∈[p+1,d] Σ̄
ij
t = O(1). Since σ2

y > 0, we also have
∥∥∥Σ−1

t|y

∥∥∥ ≲ 1.

From (Liang et al., 2024, Section G.1.2), an upper bound for third-order partial derivatives is∣∣∂3
ijk log qt|y(x)

∣∣ ≤ 6ξt(x, i)ξt(x, j)ξt(x, k) + 2Σ̄ij
t ξt(x, k) + 2Σ̄ik

t ξt(x, j) + 2Σ̄jk
t ξt(x, i).

We also remind readers that ∆t,y is supported on range(Id −H†H), namely that [∆t,y]y ≡ 0.

Now, the third term of Wvanish can be upper-bounded as

EXt∼Qt|y

∣∣∣∣∣
d∑

i=1

∂3
iii log qt−1|y(mt,y(Xt))∆t,y(Xt)

i

∣∣∣∣∣
= EXt∼Qt|y

∣∣∣∣∣∣
d∑

i=p+1

∂3
iii log qt−1|y(mt,y(Xt))∆t,y(Xt)

i

∣∣∣∣∣∣
≲ EXt∼Qt|y

∣∣∣∣∣∣
d∑

i=p+1

ξt(mt,y(Xt), i)
3∆t,y(Xt)

i

∣∣∣∣∣∣+ EXt∼Qt|y

∣∣∣∣∣∣
d∑

i=p+1

Σ̄ii
t ξt(mt,y(Xt), i)∆t,y(Xt)

i

∣∣∣∣∣∣
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≲
N∑

n=1

∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1
∥∥3 EXt∼Qt|y

∣∣∣∣∣∣
d∑

i=p+1

(mt,y(Xt)
i − µi

t,n|y)
3∆t,y(Xt)

i

∣∣∣∣∣∣
+

N∑
n=1

∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1
∥∥EXt∼Qt|y

∣∣∣∣∣∣
d∑

i=p+1

(mt,y(Xt)
i − µi

t,n|y)∆t,y(Xt)
i

∣∣∣∣∣∣
≲ N

(
d2 +

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥4) .

Here the last line follows from (49) and (50).

We provide the following useful calculations to upper-bound the fourth term of Wvanish. First, for all
r ≥ 1 and any fixed vector v,

EXt∼Qt|y ∥mt,y − v∥r = EXt∼Qt|y

∥∥∥∥ 1
√
αt

Xt +
1− αt√

αt
∇ log qt|y(Xt)− v

∥∥∥∥r
≲ EXt∼Qt|y ∥Xt − v∥r + (1− αt)EXt∼Qt|y

∥∥∇ log qt|y(Xt)
∥∥r

(v)

≲ E Xt∼Qt|y
L∼Π·|t,y(·|Xt)

∥Xt − µt,L∥r + EL∼Π ∥µt,L − v∥r

≲ dr/2 +

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥r (51)

where (v) follows from Lemma 6 (using the αt in (8)) and (Liang et al., 2024, Lemma 15), and the
last line follows from (48). Now,

EXt∼Qt|y

d∑
i=1

ξt(mt,y, i)
2

∣∣∣∣∣∣
d∑

j=p+1

ξt(mt,y, j)∆t,y(Xt)
j

∣∣∣∣∣∣
≲

N∑
n,ℓ=1

EXt∼Qt|y

∥∥mt,y − µt,n|y
∥∥2 ∣∣(mt,y − µt,ℓ|y)

⊺∆t,y(Xt)
∣∣

≤
N∑

n,ℓ=1

√
EXt∼Qt|y

∥∥mt,y − µt,n|y
∥∥4 (EXt∼Qt|y

∥∥mt,y − µt,ℓ|y
∥∥4 EXt∼Qt|y ∥∆t,y(Xt)∥4

)1/4
≲ N2

(
d2 +

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥4) (52)

where the first inequality follows from
∥∥∥Σ−1

t|y

∥∥∥ ≲ 1 and the last line follows from (51) and (59). Also,

EXt∼Qt|y

∣∣∣∣∣∣
d∑

i,j=p+1

Σ̄ii
t ξt(mt,y, j)∆t,y(Xt)

j

∣∣∣∣∣∣
=

∣∣∣∣∣∣
d∑

i=p+1

Σ̄ii
t

∣∣∣∣∣∣ · EXt∼Qt|y

∣∣∣∣∣∣
d∑

j=p+1

ξt(mt,y, j)∆t,y(Xt)
j

∣∣∣∣∣∣
≲

∣∣∣∣∣∣
d∑

i=p+1

Σ̄ii
t

∣∣∣∣∣∣ ·
N∑

n=1

EXt∼Qt|y |(mt,y − µt,n)
⊺∆t,y(Xt)|

≲

∣∣∣∣∣∣
d∑

i=p+1

Σ̄ii
t

∣∣∣∣∣∣ ·
N∑

n=1

√
EXt∼Qt|y ∥mt,y − µt,n∥2

√
EXt∼Qt|y ∥∆t,y(Xt)∥2
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≲ Nd

(
d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2) (53)

where the last line follows from Proposition 1 and (51). Also,

EXt∼Qt|y

∣∣∣∣∣∣
d∑

i,j=p+1

Σ̄ij
t ξt(mt,y, i)∆t,y(Xt)

j

∣∣∣∣∣∣
≲ EXt∼Qt|y

 d∑
i=p+1

ξt(mt,y, i)

∣∣∣∣∣∣
d∑

j=p+1

∆t,y(Xt)
j

∣∣∣∣∣∣
≤

√√√√√d · EXt∼Qt|y

 d∑
i=p+1

ξt(mt,y, i)2

√d · EXt∼Qt|y ∥∆t,y(Xt)∥2

≲

√√√√d ·
N∑

n=1

EXt∼Qt|y ∥mt,y − µt,n∥2
√

d · EXt∼Qt|y ∥∆t,y(Xt)∥2

≲
√
Nd

(
d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2) (54)

where the last line follows from Proposition 1 and (51).

Now, the fourth term of Wvanish can be upper-bounded as

EXt∼Qt|y

∣∣∣∣∣∣
d∑

i,j=1

∂3
iij log qt−1|y(mt,y(Xt))∆t,y(Xt)

j

∣∣∣∣∣∣
= EXt∼Qt|y

∣∣∣∣∣∣
d∑

i=1

d∑
j=p+1

∂3
iij log qt−1|y(mt,y(Xt))∆t,y(Xt)

j

∣∣∣∣∣∣
≲ EXt∼Qt|y

d∑
i=1

ξt(mt,y(Xt), i)
2

∣∣∣∣∣∣
d∑

j=p+1

ξt(mt,y(Xt), j)∆t,y(Xt)
j

∣∣∣∣∣∣
+ EXt∼Qt|y

∣∣∣∣∣∣
d∑

i,j=p+1

Σ̄ii
t ξt(mt,y(Xt), j)∆t,y(Xt)

j

∣∣∣∣∣∣
+ EXt∼Qt|y

∣∣∣∣∣∣
d∑

i,j=p+1

Σ̄ij
t ξt(mt,y(Xt), i)∆t,y(Xt)

j

∣∣∣∣∣∣ .
For the three terms above, the first term ≲ N2

(
d2 +

∑N
n=1 πn

∥∥H†y −H†Hµ0,n

∥∥4) from

(52), the second term ≲ Nd
(
d+

∑N
n=1 πn

∥∥H†y −H†Hµ0,n

∥∥2) from (53), and the last term

≲
√
Nd

(
d+

∑N
n=1 πn

∥∥H†y −H†Hµ0,n

∥∥2) from (54).

Thus, overall, with the αt in (8) (cf. Lemma 6), the third and fourth terms give us

T∑
t=1

(1− αt)
2

3!αt
3/2

EXt∼Qt|y

[
3

d∑
i=1

∂3
iii log qt−1|y(mt,y(Xt))∆t,y(Xt)

i

+

d∑
i,j=1
i ̸=j

∂3
iij log qt−1|y(mt,y(Xt))∆t,y(Xt)

j

]
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≲ N2

(
d2 +

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥4) (log T )2

T
.

Therefore, combining all the above, since N is constant,

KL(Q0|y∥P̂0|y) ≲

(
d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2)

+

(
d2 +

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥4) (log T )2

T

+

√√√√d+

N∑
n=1

πn ∥H†y −H†Hµ0,n∥2(log T )ε.

Remark 2. In case of general σy ≥ 0, the same upper bound can be applied to
∥∥∥Σ−1

t−1|y

∥∥∥ as detailed
in Remark 1. Thus, with the αt in (8), we similarly have

Woracle ≲
d2(log T )2 log(1/δ)2

T
+ (log T )ε2.

The rest of the proof is similar. Combining with Lemma 7, we would finally obtain

KL(Q1|y∥P̂1|y) ≲

(
d+

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥2)(1− 2 log(1/δ) log T

T

)

+

(
d2 +

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥4) (log T )2 log(1/δ)2

T
+

√√√√d+

N∑
n=1

πn ∥H†y −H†Hµ0,n∥2(log T )ε.

Here W2(Q1|y, Q0|y)
2 ≲ δd.

J AUXILIARY LEMMAS AND PROOFS IN SECTION 4
J.1 PROOF OF PROPOSITION 2
Given Q0 = N (µ0,Σ0), from the conditional forward model in (5), we can calculate

Qt = N (
√
ᾱtµ0, ᾱtΣ0 + (1− ᾱt)Id) =: N (µt,Σt)

Qt|y = N (
√
ᾱt(Id −H†H)µ0 +

√
ᾱtH

†y,

ᾱt(Id −H†H)Σ0(Id −H†H) + ᾱtσ
2
yH

†(H†)⊺ + (1− ᾱt)Id).

Note that when H = (Ip 0) and σ2
y > 0, q0|y exists. Define

µt|y :=
√
ᾱt(Id −H†H)µ0 +

√
ᾱtH

†y

Σt,sig := ᾱt(Id −H†H)Σ0(Id −H†H) + (1− ᾱt)Id

Σt|y := Σt,sig + ᾱtσ
2
yH

†(H†)⊺. (55)

Here Σt,sig is the signal variance at time t, and Σt|y is the total variance of the signal and the
measurement noise. Note that when H = (Ip 0), [Σ−1

t|y ]ȳȳ = [Σ−1
t,sig]ȳȳ. We also calculate the

respective scores of Qt and Qt|y:

∇ log qt(xt) = −Σ−1
t (xt − µt), ∇ log qt|y(xt) = −Σ−1

t|y (xt − µt|y).

Since ft,y = f∗
t,y (defined in (10)), from (32), the bias at each time is equal to

∆t,y = (Id −H†H)(∇ log qt|y(xt)−∇ log qt(xt))

= (Id −H†H)
(
Σ−1

t (xt −
√
ᾱtµ0)− Σ−1

t|y (xt −
√
ᾱtµ0|y)

)
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= (Id −H†H)Σ−1
t (xt −

√
ᾱtµ0)

− (Id −H†H)Σ−1
t|y (xt −

√
ᾱt(Id −H†H)µ0 −

√
ᾱtH

†y).

Now, define

Vt := (H†H)Σ0(Id −H†H) + (Id −H†H)Σ0(H
†H) + (H†H)Σ0(H

†H)

At := (Id −H†H)Σ−1
t,sig(Id −H†H)

Thus, we have Σt = Σt,sig+ᾱtVt and Σt|y = Σt,sig+ᾱtσ
2
yH

†(H†)⊺. By Woodbury matrix identity,
for any two matrices A and B, their sum can be inversed as (A+B)−1 = A−1 −A−1B(A+B)−1.
Thus, we get

Σ−1
t = (Σt,sig + ᾱtVt)

−1 = Σ−1
t,sig − ᾱtΣ

−1
t,sigVtΣ

−1
t

Σ−1
t|y = (Σt,sig + ᾱtσ

2
yH

†(H†)⊺)−1 = Σ−1
t,sig − ᾱtσ

2
yΣ

−1
t,sigH

†(H†)⊺Σ−1
t|y

(i)
= Σ−1

t,sig − ᾱtσ
2
yΣ

−1
t,sig(H

†H)Σ−1
t|y

where (i) holds under assumption H = (Ip 0). Thus,

∆t,y = (Id −H†H)
(
Σ−1

t (xt −
√
ᾱtµ0)− Σ−1

t|y (xt −
√
ᾱtµ0|y)

)
= (Id −H†H)

(
Σ−1

t,sig − ᾱtΣ
−1
t,sigVtΣ

−1
t

)
(xt −

√
ᾱtµ0)

− (Id −H†H)
(
Σ−1

t,sig − ᾱtσ
2
yΣ

−1
t,sig(H

†H)Σ−1
t|y

)
(xt −

√
ᾱt(Id −H†H)µ0 −

√
ᾱtH

†y)

(ii)
= (Id −H†H)

(
Σ−1

t,sig − ᾱtΣ
−1
t,sigVtΣ

−1
t

)
(xt −

√
ᾱtµ0)

− (Id −H†H)Σ−1
t,sig(xt −

√
ᾱt(Id −H†H)µ0 −

√
ᾱtH

†y)

= −ᾱt(Id −H†H)Σ−1
t,sigVtΣ

−1
t (xt −

√
ᾱtµ0)

+ (Id −H†H)Σ−1
t,sig

(
(Id −H†H)(xt −

√
ᾱtµ0) +H†H(xt −

√
ᾱtµ0)

)
− (Id −H†H)Σ−1

t,sig

(
(Id −H†H)(xt −

√
ᾱtµ0) + ((H†H)xt −

√
ᾱtH

†y)
)

(iii)
= −ᾱt(Id −H†H)Σ−1

t,sigVtΣ
−1
t (xt −

√
ᾱtµ0)

(iv)
= −ᾱt(Id −H†H)Σ−1

t,sig(Id −H†H)Σ0(H
†H)Σ−1

t (xt −
√
ᾱtµ0)

= −ᾱtAtΣ0(H
†H)Σ−1

t (xt −
√
ᾱtµ0) (56)

where (ii)–(iv) hold because (Id −H†H)Σ−1
t,sig(H

†H) = 0 by Lemma 9.

Now, since H†H =

(
Ip 0
0 0

)
, we can re-express At and ∆t,y as follows.

At = (Id −H†H)Σ−1
t,sig(Id −H†H)

=

(
0 0
0 Id−p

)(
(1− ᾱt)Ip 0

0 ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p

)−1(
0 0
0 Id−p

)
=

(
0 0
0 (ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1

)
∆t,y =

(
0

−ᾱt(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1[Σ0]ȳy[Σ

−1
t ]y:(xt −

√
ᾱtµ0)

)
,

and we have

EXt∼Qt|y ∥∆t,y∥2 = ᾱ2
tEXt∼Qt|y

∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1[Σ0]ȳy[Σ

−1
t ]y:(Xt −

√
ᾱtµ0)

∥∥2
= ᾱ2

tEXt∼Qt|yTr

(
(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1[Σ0]ȳy[Σ
−1
t ]y:(Xt −

√
ᾱtµ0)(Xt −

√
ᾱtµ0)

⊺

59



Published as a conference paper at ICLR 2025

[Σ−1
t ]:y[Σ0]yȳ(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1

)
(v)

≤ ᾱ2
t

∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1
∥∥2 ∥∥[Σ−1

t ]y:
∥∥2 ∥[Σ0]yȳ[Σ0]ȳy∥EXt∼Qt|y

∥∥Xt −
√
ᾱtµ0

∥∥2
(57)

where (v) follows from the fact that |Tr(UV )| ≤ ∥U∥Tr(V ) if V is positive semi-definite. To
analyze each norm above, denote λ1 ≥ · · · ≥ λd > 0 to be the eigenvalues of Σ0, and note that
∥[Σ0]ȳy∥ ≤ ∥Σ0∥ = λ1. The largest eigenvalue of Σ−1

t is (ᾱtλd + (1 − ᾱt))
−1, and note that∥∥[Σ−1

t ]y:
∥∥ ≤

∥∥Σ−1
t

∥∥. Also, since [Σ0]ȳȳ is positive semi-definite, denote λ̃1 ≥ · · · ≥ λ̃d−p > 0 to
be its eigenvalues, and thus∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1
∥∥ ≤ 1

ᾱtλ̃d−p + (1− ᾱt)
≤ 1

min{λ̃d−p, 1}
< ∞.

Also, since

EXt∼Qt|y (Xt −
√
ᾱtµ0)(Xt −

√
ᾱtµ0)

⊺

= EXt∼Qt|y (Xt − µt|y +
√
ᾱt(H

†y −H†Hµ0))(Xt − µt|y +
√
ᾱt(H

†y −H†Hµ0))
⊺

= Σt|y + ᾱt(H
†y −H†Hµ0)(H

†y −H†Hµ0)
⊺,

we have

EXt∼Qt|y

∥∥Xt −
√
ᾱtµ0

∥∥2 = Tr(Σt|y) + ᾱt

∥∥H†y −H†Hµ0

∥∥2
(vi)

≤ ᾱt(λ1 + σ2
y) + (1− ᾱt) + ᾱt

∥∥H†y −H†Hµ0

∥∥2
≤ max

{∥∥H†y −H†Hµ0

∥∥2 + d(λ1 + σ2
y), d

}
(58)

where (vi) is because Σt|y is positive definite with∥∥Σt|y
∥∥ =

∥∥ᾱt(Id −H†H)Σ0(Id −H†H) + ᾱtσ
2
yH

†(H†)⊺ + (1− ᾱt)Id
∥∥

≤ ᾱt ∥Σ0∥+ ᾱtσ
2
y + (1− ᾱt)

= ᾱt(λ1 + σ2
y) + (1− ᾱt).

Therefore, for the second moment,

EXt∼Qt|y ∥∆t,y∥2 ≤ ᾱ2
t

max
{∥∥H†y −H†Hµ0

∥∥2 + d(λ1 + σ2
y), d

}
min{λd, 1}2 min{λ̃d−p, 1}2

∥[Σ0]yȳ[Σ0]ȳy∥

≲ ᾱ2
t ·max

{∥∥H†y −H†Hµ0

∥∥2 + d(λ1 + σ2
y), d

}
since ∥[Σ0]yȳ[Σ0]ȳy∥ ≤ ∥Σ0∥2 = λ2

1. Also, for general moments with m ≥ 2,

∥∆t,y∥m ≤ ᾱm
t

∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1[Σ0]ȳy[Σ

−1
t ]y:(xt −

√
ᾱtµ0)

∥∥m
≤ ᾱm

t

∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)
−1
∥∥m ∥Σ0∥m

∥∥Σ−1
t

∥∥m ∥∥xt −
√
ᾱtµ0

∥∥m
≲ ᾱm

t

∥∥xt −
√
ᾱtµ0

∥∥m
and thus

EXt∼Qt|y ∥∆t,y∥m ≲ ᾱm
t

(
EXt∼Qt|y

∥∥∥Σ− 1
2

t|y (Xt − µt|y)
∥∥∥m +

∥∥√ᾱt(H
†y −H†Hµ0)

∥∥m)
≤ ᾱm

t

(
(m− 1)!! · dm/2−1 +

∥∥√ᾱt(H
†y −H†Hµ0)

∥∥m) = O(ᾱt).

Therefore, Assumption 4 is satisfied if the αt satisfies Definition 1. The proof is now complete.
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J.2 PROOF OF LEMMA 8
We continue from the expression of ∆t,y in (40) when Q0 is Gaussian mixture. For m ≥ 2, we have

EXt∼Qt|y ∥∆t,y∥m

≤ 2m−1(ᾱt)
m/2 max

n∈[N ]

∥∥Σ−1
t µ0,n

∥∥m
+ 2m−1(ᾱt)

mE Xt∼Qt|y
N∼Π·|t,y(·|Xt)

∥∥(Id −H†H)Σ−1
t,sig(Id −H†H)Σ0(H

†H)Σ−1
t (Xt −

√
ᾱtµ0,N )

∥∥m
(ii)

≲ (ᾱt)
m/2dm/2 + (ᾱt)

mE Xt∼Qt|y
N∼Π·|t,y(·|Xt)

∥∥Xt −
√
ᾱtµ0,N

∥∥m
= (ᾱt)

m/2dm/2 + (ᾱt)
mE N∼Π

Xt∼Qt,N|y

∥∥Xt −
√
ᾱtµ0,N

∥∥m
(iii)

≲ (ᾱt)
m/2dm/2 + (ᾱt)

m

(
dm/2 +

N∑
n=1

πn

∥∥H†y −H†Hµ0,n

∥∥m) (59)

= O(ᾱt).

Here (ii) follows because∥∥(Id −H†H)Σ−1
t,sig(Id −H†H)Σ0(H

†H)Σ−1
t

∥∥ =
∥∥(ᾱt[Σ0]ȳȳ + (1− ᾱt)Id−p)

−1[Σ0]ȳy[Σ
−1
t ]y:

∥∥
≤ λ1

min{λ̃d−p, 1}min{λd, 1}
= O(1),

and (iii) follows from (48). Therefore, this verifies Assumption 4 when the αt satisfies Definition 1.
The proof is now complete.

J.3 LEMMA 9 AND ITS PROOF

Lemma 9. Given a positive semi-definite matrix Σ, σ ≥ 0, and α ∈ (0, 1),

(ασH†(H†)⊺ + (1− α)Id)
−1(Id −H†H) =

1

1− α
(Id −H†H)

(Id −H†H)(α(Id −H†H)Σ(Id −H†H) + ασH†H + (1− α)Id)
−1(H†H) = 0.

Proof. The key of the proof is the Woodbury matrix identity, which states that for any matrices
U ∈ Rd×p, V ∈ Rp×d,

(Id + UV )−1 = Id − U(Ip + V U)−1V.

For the first equality, we apply Woodbury with U =
√

ασ
1−αH

† and V =
√

ασ
1−α (H

†)⊺ and we get

(ασH†(H†)⊺ + (1− α)Id)
−1 =

1

1− α

(
Id −

ασ

1− α
H†
(
Ip +

ασ

1− α
(H†)⊺H†

)−1

(H†)⊺

)
.

Since p ≤ d, the pseudo-inverse equals H† = H⊺(HH⊺)−1, and by the orthogonal property we have

(H†)⊺(Id −H†H) = (HH⊺)−1H(Id −H†H) = 0.

We have thus shown the first equality.

For the second equality, we first consider the case where σ = 0. Write S = (1 − α)Id + α(Id −
H†H)Σ(Id −H†H). Since Σ is positive semi-definite, there exists matrix L such that Σ = LL⊺.
Thus,

S−1 =

(
(1− α)Id + α(Id −H†H)Σ(Id −H†H)

)−1

=

(
(1− α)Id + α

(
(Id −H†H)L

)(
(Id −H†H)⊺L

)⊺)−1
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=
1

1− α
Id −

α

1− α
((Id −H†H)L)

(
Id +

α

1− α
L⊺(Id −H†H)L

)−1

L⊺(Id −H†H),

where in the last line we have applied Woodbury with U = V ⊺ =
√

α
1−α (Id−H†H)L. The equality

is achieved because

(Id −H†H)S−1(H†H)

=
1

1− α
(Id −H†H)(H†H)︸ ︷︷ ︸

=0

− α

1− α
(Id −H†H)L

(
Id +

α

1− α
L⊺(Id −H†H)L

)−1

L⊺ (Id −H†H)(H†H)︸ ︷︷ ︸
=0

= 0.

When σ > 0, we can apply Woodbury identity to sum of matrices A and B and get (A+ B)−1 =
A−1 −A−1B(A+B)−1. Thus,

(S + ασH†H)−1 = S−1 − ασS−1(H†H)(S + ασH†H)−1

and

(Id −H†H)(S + ασH†H)−1(H†H)

= (Id −H†H)S−1(H†H)︸ ︷︷ ︸
=0

− ασ (Id −H†H)S−1(H†H)︸ ︷︷ ︸
=0

(S + ασH†H)−1(H†H)

= 0.

The proof is now complete.

J.4 LEMMA 10 AND ITS PROOF

Lemma 10. With 1− αt ≡ log T
T , ∀t ≥ 0 (which satisfies Definition 1), given any p > 0,

T∑
t=2

(1− αt)ᾱ
p
t =

1

p

(
1− 2pc log T

T

)
+ Õ

(
1

T 2

)
.

Proof. Define the sum as sT . Then,

sT =

T∑
t=2

c log T

T

(
1− c log T

T

)pt

=
c log T

T

(
1− c log T

T

)2p 1−
(
1− c log T

T

)p(T−1)

1−
(
1− c log T

T

)p
=

c log T

T

(
1− c log T

T

)2p
1

1−
(
1− c log T

T

)p (1 +O(T−cp))

=
1

p

(
1− 2pc log T

T

)
+ Õ(T−2).
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