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Figure 1: NABirds and MNIST stimuli sorted from low to high salience (Equation 2) in
TverskyResNet-50. More salient stimuli exhibit more object features and greater informational
content, familiarity, and goodness of form, in alignment with human judgment (Tversky, 1977).

ABSTRACT

Work in psychology has highlighted that the geometric model of similarity standard
in deep learning is not psychologically plausible because its metric properties such
as symmetry do not align with human perception of similarity. In contrast, Tversky
(1977) proposed an axiomatic theory of similarity with psychological plausibility
based on a representation of objects as sets of features, and their similarity as a
function of their common and distinctive features. This model of similarity has
not been incorporated as a general-purpose building block in deep learning, in part
because of the challenge of incorporating discrete set operations. In this paper, we
develop a differentiable parameterization of Tversky’s similarity that is learnable
through gradient descent, and derive basic neural network building blocks such as
the Tversky projection layer, which unlike the linear projection layer can model
non-linear functions such as XOR. Through experiments with image recognition
and language modeling neural networks, we show that the Tversky projection layer
is a beneficial replacement for the linear projection layer. For instance, on the
NABirds image classification task, a ResNet-50 with a Tversky projection layer
trained from scratch achieves a 2.36 percentage point accuracy improvement over
the linear layer baseline. With Tversky projection layers, GPT-2’s perplexity on
PTB decreases by 7.8%, and its parameter count by 34.8%. Finally, we propose a
unified interpretation of both projection layer types as computing similarities of
inputs to learned prototypes, along with a novel visualization technique. Crucially,
Tversky’s set-based representation enables the algebraic specification of semantic
fields, which we illustrate with lexical and visual stimuli. Our work offers a new
paradigm for neural networks that are not only more accurate and efficient, but also
interpretable under an established theory of psychological similarity.1

1Github https://github.com/mdoumbouya/tversky-networks-iclr2026
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1 INTRODUCTION

The geometric model of similarity is ubiquitously used in modern neural networks. Their architectures
include operations that assess the similarity between objects using metric similarity functions such
as the vector dot product or cosine similarity. For instance, linear projection layers, also known as
dense, or fully connected, output the dot-product similarity of the input vector with the columns of
its weight matrix, which are concept prototypes. Classification modules typically normalize these
similarities with SOFTMAX to form valid probability distributions (Bridle, 1990; LeCun et al., 1998).
Convolution layers of image recognition neural networks compute the dot product of image regions
and convolution kernels, which represent prototypical patterns. LSTM gates compute dot product
similarities of combinations of inputs, hidden states, and cell states with prototypical input, forget,
and output gating patterns (Hochreiter and Schmidhuber, 1997; Graves et al., 2005; Graves, 2013).
Semantic word embedding models such as word2vec (Mikolov et al., 2013a) and GloVe (Pennington
et al., 2014) compute the dot-product and cosine similarity of word representations with prototypical
embeddings to predict words. Neural language models apply the same classification mechanism
to output discrete words or subwords at each time step (Bengio et al., 2003; Sutskever et al., 2014;
Devlin et al., 2019; Radford et al., 2018; OpenAI et al., 2024). Attention weights (Bahdanau et al.,
2015; Vaswani et al., 2017) are the normalized dot-product similarity of queries and keys, which are
themselves obtained using linear projection layers. Geometric similarity representations have also
been widely used in machine learning objective function design for over 200 years, from least squares
methods (Legendre, 1806) to modern approaches such as L2 loss (Hadsell et al., 2006), Large Margin
Cosine Loss (Wang et al., 2018), and Noise Contrastive Estimation (van den Oord et al., 2018; Chen
et al., 2020), spanning both supervised and self-supervised learning paradigms.

However, Tversky (1977) famously challenged this geometric representation of similarity, showing
its psychological implausibility due to its fundamental inability to model phenomena such as humans’
asymmetric judgment of similarity. For instance, “We say that ‘the son resembles the father’ rather
than ‘the father resembles the son’.” He addressed this problem with his axiomatic theory based on a
feature matching process in which objects are represented as sets of features and their similarity is
measured as a linear combination of measures of their common and distinctive features. Tversky’s
similarity has been shown to model human judgment more accurately than metric similarity measures
in various empirical studies (Gati and Tversky, 1984; Ritov et al., 1990; Siegel et al., 1982; Rorissa,
2007). Moreover, over the past decade, several works have highlighted the limitations of the geometric
model of similarity and related parallelogram model of semantic relations (Garg et al., 2015; Chen
et al., 2017; Peterson et al., 2020; Zhou et al., 2022), and advocated for more psychologically
principled similarity measures such as Tversky’s model, which has strong empirical support.

Nevertheless, a differentiable expression of Tversky’s similarity suitable as a general-purpose neural
network building block has not been proposed to date, preventing its ubiquitous integration in gradient-
based machine learning (Rumelhart et al., 1986; LeCun et al., 1998; Hochreiter and Schmidhuber,
1997; Vaswani et al., 2017; He et al., 2016; Radford et al., 2018; OpenAI et al., 2024). The
formulation of a differentiable Tversky similarity function is non-trivial because it employs measures
of set intersections and differences, which are not differentiable with respect to object features
comprising those sets. To address this gap, we propose a novel representation of features as vectors
of the same dimensionality as object vectors, and a dual representation of objects both as vectors
and as sets, such that an object is the set of features with which it has a positive dot product. This
representation of objects and features enables us to define differentiable measures of set intersections
and differences, which we use to construct a differentiable Tversky similarity function suitable for
deep learning. We also propose the Tversky Projection neural layer, analogous to the linear projection
layer but computing Tversky rather than dot-product similarities of their input to prototypes.

We introduce our proposed differentiable similarity function, and basic neural network modules, along
with a novel method for interpreting and visualizing deep projection layers in Section 3. Section 4
demonstrates the effectiveness of Tversky Projection layers in state-of-the-art architectures, including
ResNet-50 and GPT-2, on image recognition and language modeling tasks. Our experiments show
that the use of Tversky projection layers can lead to significant improvements in both accuracy and
parameter efficiency. In particular, we show that the use of a Tversky Projection layer instead of
the final linear projection layer in ResNet-50 can result in up to 2.36 percentage points accuracy
improvement in image recognition tasks. We also show that replacing linear projection layers in the
language modeling head, and attention blocks in GPT-2 can result in a 7.8% reduction in perplexity
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and 34.8% reduction in parameter count. Section4.4 provides qualitative analyses of Tversky
projection layers, including results highlighting their principled explainability under Tversky's theory
of similarity, which enables the algebraic speci�cation of human-interpretablesemantic �elds. Overall
the main contribution of this work is to provide a foundation for ef�cient and interpretable neural
networks based on an established theory of psychological similarity.

2 RELATED WORK

Here we brie�y discuss prior work related to Tversky neural networks.

Tversky Loss for Semantic Segmentation:Salehi et al.(2017) propose a Tversky-based loss for 3D
image segmentation, treating voxel predictions and ground truths as features. Unlike their approach,
our de�nition of features is not restricted to pixels or voxels, and is applicable in any data modality
and any neural network layer.

Semantic Similarity Networks: Rahnama and Hüllermeier(2020) learn a semantic similarity
network via a two-level architecture of binary feature extractors followed by a Tversky similarity
layer, but their approach is limited to similarity learning and requires stimulus pairs annotated with
similarity scores and �ne-grained feature annotations. Our method uses a learnable feature bank to
measure feature presence and salience, requires no such annotations, and serves as a general-purpose
building block usable in any neural network.

Mixture-of-Expert Networks: Tversky layer indicator functions act as hard routers, making Tversky
layers sparsely activated modules analogous to Mixture-of-Experts (MoE) gating networks (Jacobs
et al., 1991; Shazeer et al., 2017; Fedus et al., 2022; Hwang et al., 2026). We discuss the related
“dead feature” issue in Section5.

Prototype Visualization: ProtoPNet (Chen et al., 2019) and ProtoTree (Nauta et al., 2021) learn
latent patch representations compared against convolutional feature maps to infer classi�cation
evidence, but are restricted to convolutional patches and cannot visualize fully connected layer
parameters. Our method visualizes the parameters of any projection layer, fully connected or Tversky,
directly in input space at any network depth.

Algebraic Semantic Fields:Vector arithmetic over word representations can probe semantic concepts
such as analogies (Mikolov et al., 2013b; Molino et al., 2019), but has limited expressivity, notably
failing to characterize antonyms (Ali et al., 2024; Faruqui et al., 2015; Mrkšić et al., 2016; Ono et al.,
2015). In contrast, our set-based representations enable the speci�cation of arbitrary semantic �elds
using set-algebraic expressions in any domain and modality (Section4.4).

3 METHODS

3.1 TVERSKY' S SIMILARITY

Tversky's model of similarity (Tversky, 1977) has emerged as an in�uential theoretical representation
of human similarity judgment, supported by extensive empirical evidence from cognitive psychology
(Tversky and Gati, 1982; Gati and Tversky, 1984; Goldstone, 1994; Medin et al., 1993; Rorissa, 2007).
His work challenged the geometric model of similarity by demonstrating that humans systematically
violate metric axioms such as minimality, symmetry, and triangle inequality when assessing similarity,
and proposed a theoretical framework in which objects are represented as sets of features and their
similarity assessment as a feature matching process. Formally, Tversky's asymmetric model of
similarity of objecta to objectb de�ned as feature setsA andB is a functionF of their common
and distinctive features. Tversky showed in his axiomatic framework thatF is a linear combination
of measures of its set parameters, namely: the common features ofa andb, the distinctive features
of a, and the distinctive features ofb (Equation1). In Section3.2, we introduce a differentiable
parameterization of this function, making it suitable for gradient-based machine learning.

S(a; b) = F (A \ B; A � B; B � A) = �f (A \ B ) � �f (A � B ) � �f (B � A) (1)
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3.2 DIFFERENTIABLE TVERSKY SIMILARITY

This section presents our proposed differentiable parameterization of Tversky's similarity function,
which is constructed with a representation of features as vectors of the same dimensionality as objects,
and a dual representation of objects as vectors and as sets.

Dual Representation of Objects as Vectors and as Sets:Given the learnable �nite universe
 of
feature vectorsf k 2 Rd, and an object represented as the vectorx 2 Rd, we proposex � f k to be the
scalar measure of featuref k in x, and a second representation ofx as the setX = f f k 2 
 jx �f k > 0g
of features with whichx has a positive dot product.

Salience:Tversky hypothesized that the relative salience of stimuli, or prominence of their features,
determines the direction of asymmetry in human's judgment of similarity. The less salient stimulus
(e.g. the son) is assessed to be more similar to the more salient stimulus (e.g. the father) than vice
versa. Following Tversky's theory and our proposed representation, the salience of features in an
objectA, which is the sum of the measures of all features present in the object isf (A) (Equation2).

f (A) =
X j 
 j

k=1
a � f k � 1[a � f k > 0] (2)

Feature Set Intersections: To measure the common features of objectsA and B , f (A \ B )
(Equation3), we propose a function	 to aggregate measures of the features present in botha andb,
and experiment with valuesmin, max, product, mean, gmeanandsoftmin. This function corresponds
to theintersection reductionhyperparameter of Tversky neural modules.

f (A \ B ) =
X j 
 j

k=1
	

�
a � f k ; b� f k

�
� 1

�
a � f k > 0 ^ b� f k > 0

�
(3)

Feature Set Difference: f (A � B ) is a measure of features present inA but not present inB
(Equation4). We propose an alternate form of this measure that accounts for features that are present
in bothA andB , but in greater amount inA (Equation5). These two measures of set difference
respectively correspond to the valuesignorematchandsubstractmatchof thedifference reduction
hyperparameter of Tversky neural modules.

f i (A � B ) =
X j 
 j

k=1

�
a � f k

�
� 1

�
a � f k > 0 ^ b� f k � 0

�
(4)

f s(A � B ) = f i (A � B ) +
X j 
 j

k=1

�
a � f k � b� f k

�
� 1

�
b� f k > 0 ^ a � f k > b � f k

�
(5)

3.3 TVERSKY NEURAL NETWORK MODULES

We propose two basic building blocks for Tversky neural networks, theTversky Similarity Layer,
which is analogous to metric similarity functions such as dot product or cosine similarity, and the
Tversky Projection Layer, analogous to the contemporaryfully connected layer.

Tversky Similarity Layer: This layer, formalized in Equation6, calculates the similarity of object
a 2 Rd to objectb 2 Rd. Its learnable parameters are a feature bank
 , and the� , � and� scalar
parameters of Tverky's contrast model of similarity (Equation1).
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Tversky Projection Layer: This non-linear projection (Equation7), calculates the similarity of its
inputa 2 Rd to each prototype in the ordered set ofp prototypes� i 2 Rd, yielding a vector inRp.
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3.4 INTERPRETATION OFPROJECTIONLAYERS

Both the linear and Tversky projection layers output vectors in which each dimension is the similarity
of the input to a prototype; however, they differ in the employed similarity function. Linear projection
layers compute dot-product similarities. This is an application of the geometric model of similarity, in
which the features of objects and prototypes are scalar values arranged in a Cartesian coordinate space
and similarity is measured as the oriented length of the object vector's projection onto the prototype
vector. Dot product similarity satis�es metric axioms such as symmetry and triangle inequality
that have been empirically shown to not align with human perception, and is provably incapable of
modeling asymmetric relations. Tversky projection layers compute Tversky similarity with learnable
parameters prototype vectors� , feature vectors
 , and Tversky's contrast model's weights� , � , and
� . The number of featuresj
 j can be varied without affecting the output dimensionalityp = j� j.

3.5 TVERSKY FEATURE SHARING

Tversky feature banks and prototype banks can be shared across various layers in a neural network
in semantically justi�able ways. For instance, in a Tversky GPT-2, the output projection layers
in attention blocks, and the �nal language modeling head can all share the same feature bank

as this parameter is semantically compatible across all those layers: it represents token features.
Tversky projection layers that are language modeling heads can also use token embeddings as token
prototypes. This parameter sharing strategy is similar toweight tyingwidely used in language models
employing a linear projection layer to classify output tokens (Inan et al., 2017). Multiple Tversky
similarity or projection layers can share their feature or prototype bank if semantically compatible.
They can also share the same feature bank while maintaining separate prototypes, or keep all their
parameters separate. Our results in Section4.2 show that Tversky feature sharing can result in a
dramatic reduction of neural network parameter count while improving their performance.

3.6 DATA -DOMAIN V ISUALIZATION OF PROJECTIONLAYERS

We introduce a novel method of visualizing projection layer parameters such as the weights of
fully connected layers, and the prototypes and features of Tversky projection layers to enable their
interpretation in the same domain as data stimuli. Our method is based on the hypothesis that those
prototypes and features are concepts that should be recognizable in the data domain, and is applicable
regardless of the depth at which those projection layers are employed in deep neural networks. Our
proposed visualization method consists of specifying the projection parameters as tensors of the same
shape as the input data. These input-domain-speci�ed parameters are forwarded through the neural
network just like data stimuli up to the layer prior to the layer in which they are used. Their obtained
vector representation is subsequently used to perform the projection. This approach signi�cantly
differs from prior approaches of interpreting neural network parameters and decisions based on the
visualization of activations, optimization of input stimuli, or construction of adversarial examples
(Zeiler and Fergus, 2014; Mordvintsev et al., 2015; Zhang and Zhu, 2018; Selvaraju et al., 2020;
Zhang and Liang, 2020; Fan et al., 2021). While our proposed method offers the clear advantage of
visualizing projection parameters, it comes with the limitation that parameters speci�ed in data-space
are typically larger in size than their original counterparts, which increases the effective number
of trainable parameters. These parameters also need to be forwarded along with every data batch,
which induces additional training-time computation cost (See Figure5 in AppendixA). We use
this technique to qualitatively compare the parameters of a linear projection layer and a Tversky
projection layer of neural networks trained to recognize handwritten digits in our qualitative analysis
experiment presented in Section4.4, which revealed that Tversky Projection layers' parameters are
far more interpretable than the ones of the contemporary fully connected layer (see Figure3).

4 EXPERIMENTS

Here we demonstrate the utility of our proposed differentiable Tversky similarity function in machine
learning. First, we show by construction that a single Tversky projection layer can model theXOR
function and report empirical results on the same learning task (Section4.1). Then, in Sections4.2and
4.3, we conduct empirical experiments with state-of-the-art neural networks for language modeling
and image recognition in which we compare baseline neural networks with their counterparts
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employing Tversky projection layers. Finally, in Section4.4, we conduct qualitative analyses
demonstrating the interpretability of Tversky neural networks.

4.1 MODELING XOR WITH A SINGLE TVERSKY PROJECTIONLAYER

As a �rst experiment, we construct a single Tversky projection layer that computes theXOR func-
tion, which is not computable by a single linear projection due to the required non-linear decision
boundary. Figure2 shows the constructed projection, and its data and parameter vectors along with
their set-centric interpretation. In empirical experiments in which we train a Tversky projection
to learnXOR with gradient descent under various hyperparameter conditions, we �nd that: Some
initializations of prototypes and features lead to convergence failure; Initializing those parameters
from a uniform distribution leads to higher convergence probability compared to normal and orthog-
onal initialization; Normalizing prototype and object vectors deteriorates convergence probability;
productandsubstractmatchwork best as values of theintersection reductionanddifference reduction
hyperparameters; Convergence probability doesn't increase monotonically with the feature bank size;
and �nally, Tversky projection can modelXOR with as little as one feature. See AppendixC.

x1

x2

x3

f 0

f 1

p1

p0

Figure 2: (left) A Tversky projection layer with 11 learnable parameters that computes theXOR
function. The input is one of the four 2-digit binary numbers encoded asx i 2 R2. The output vector
ŷi = [ ŷi

0; ŷi
1] contains the Tversky similarity ofx i to prototypesp0 andp1 computed using features

f 0 andf 1, and coef�cients� , � and� , such that̂yi
1 > ŷi

0 () xor (x i ) = 1 . (middle) Vector
representation of datax i (with x0 not marked in the �gure but at the origin), prototypespi , and
featuresf i . Notice positive dot-products:x1 � f 1, x2 � f 0, p1 � f 0 andp1 � f 1. (right) Set representation
and Tversky feature matching. Objects are represented as the subset of features with which they have
a positive dot product:x0 = fg , x1 = f f 1g, x2 = f f 0g, x3 = fg , p0 = fg , p1 = f f 0; f 1g. x0 and
x3 are more similar top0 than top1, which has two distinctive features penalizing similarity; thus
xor ([0; 0]) = 0 andxor ([1; 1]) = 0 . x1 andx2 are more similar top1, with which they each share
one feature; thusxor ([0; 1]) = 1 andxor ([1; 0]) = 1 .

4.2 LANGUAGE MODELING WITH TVERSKYGPT-2

Table 1: Perplexity (PPL) and parameter counts (Params) of GPT2 and TverskyGPT2 trained for the
language modeling task on the PTB dataset. Perplexities are reported on the held out test split.

Model Init Tied Proto Features Params PPL� Params � PPL

baseline �netuned N 163 037 184 30.52
tversky-head �netuned N 16 384 175 620 099 28.33 +7.7% -7.2%

baseline �netuned Y 124 439 808 18.31
tversky-head �netuned Y 32 768 149 605 635 18.62 +20.2% +1.7%

baseline scratch N 163 037 184 111.79
tversky-all-1layer scratch N 4 096 116 591 65598.22 -28.5 % -12.1 %

baseline scratch Y 124 439 808 112.81
tversky-all-1layer scratch Y 8 192 81 140 007103.99 -34.8% -7.8 %
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4.2.1 TASK AND DATA

We compare the baseline GPT-2 small (Radford et al., 2019) model with its Tversky variants on the
Penn Treebank (PTB) language modeling benchmark (Marcus et al., 1993).

4.2.2 METHOD

The following TverskyGPT-2 variants were considered:tversky-head, which replaces GPT-2's
language modeling head's stack of linear layers with a Tversky projection layer, andtversky-all, which
also replaces GPT-2's intermediate attention blocks' output projections with Tversky projections.
Tversky feature sharing is employed across all Tversky projection layers. For all models, we
experiment with prototype tying (tied vs not tied) and initialization (random vs OpenAI's released
weights) while training for 50 epochs on PTB's training set, and validating on PTB validation set.
The baseline models, and best Tversky models are evaluated on PTB's held-out test set.

4.2.3 RESULTS

Tversky language models matched or surpassed baseline perplexity in all settings except the one
in which pre-trained weights and prototype tying are employed (Table1). In that setting, Tversky
prototypes and features are still randomly initialized, while the baseline fully connected layers are
initialized from the pretrained token embedding matrix. The perplexity gap between the best Tversky
neural network and baseline was higher in the tversky-all con�guration trained from scratch, with a
7.8% reduction in perplexity when prototypes are tied to input embeddings, and a 12.1% reduction
when they are not. In the tied prototype setting, the best Tversky model also has 34.8% fewer
parameters. See AppendixB for validation results.

4.3 IMAGE RECOGNITION WITH TVERSKYRESNET-50

4.3.1 TASK AND DATA

We experiment with replacing the �nal linear projection layer in ResNet-50 (He et al., 2016) with
a Tversky projection and report the accuracy of the baseline and Tversky variants on the MNIST
(LeCun et al., 1998) handwritten digit classi�cation task and the NABirds (Van Horn et al., 2015)
bird species classi�cation task.

4.3.2 METHOD

We compare the baseline ResNet-50 to TverskyResNet-50, which replaces the fully connected layer
with a Tversky projection layer. Both models are evaluated under different training conditions. In the
Pretrained Backbonesetting, convolutional weights are initialized from ImageNet; otherwise they are
randomly initialized. In theFrozen Backbonesetting, backbone parameters are �xed and only the
�nal projection module is optimized. Tversky prototype and feature banks are randomly initialized in
all cases, and multiple feature bank sizes are explored. Because MNIST and NABirds do not provide
of�cial three-way splits, we randomly sample 10% of the training data to construct a validation set
and reserve the of�cial test splits for �nal evaluation. Each con�guration is trained with multiple
random seeds, affecting parameter initialization and train/validation partitioning. Model selection is
performed using mean validation accuracy across seeds, and the selected con�guration is evaluated
on the held-out standard test set. Experimental details, including hyperparameter grids, optimization
settings, data preprocessing, augmentation, model selection protocol, and �nal evaluation results are
provided in Appendix SectionsE andF.

4.3.3 RESULTS

Classi�cation accuracies reported in Table2 show that Tversky vision models can match or surpass
baseline accuracy under the speci�ed experimental conditions. The exception is the frozen backbone
setting on NABirds, where the baseline marginally outperforms TverskyResNet-50. In particular,
when trained from scratch, TverskyResNet-50 improves test accuracy by 2.36 percentage points.

In this experiment, TverskyResNet-50 has more parameters than the baseline because, in addition
to the prototype bank (analogous to the fully connected layer weights), it also includes a feature

7



Published as a conference paper at ICLR 2026

Table 2: Accuracy of ResNet-50 (Baseline) and TverskyResNet-50 (Tversky) on the tasks of MNIST
handwritten digit classi�cation and NABirds bird species classi�cation.Pretrained(True when
weights are initialized from ResNet-50/ImageNet, False when they are randomly initialized).Frozen
(True when only the �nal projection layer is �netuned, False when the entire model is �netuned)

MNIST NABirds

Pretrained Frozen Tversky Baseline Tversky Baseline

False False 99:56 � 0:06 99:54� 0:04 65:20 � 0:26 62:84� 0:45
True False 99:60 � 0:05 99:56� 0:04 82:96 � 0:07 82:37� 0:25
True True 86:66 � 0:17 86:64� 0:14 38:73� 0:20 40:25 � 0:28

bank. While the increased parameter count of TverskyResNet-50 could contribute to the observed
accuracy improvement, our results in Section4.2show that the use of Tversky neural networks can
simultaneously result in decreased parameter count and increased performance compared to baseline.

4.4 QUALITATIVE ANALYSIS OF TVERSKY NEURAL NETWORKS

Here we present results showing the interpretability of Tversky neural networks. We discuss the
explainability of learned prototypes, the quanti�cation of salience, and the algebraic speci�cation of
semantic �elds enabled by Tversky neural networks.

4.4.1 METHOD

Salience Measure:To assess whether salience, as computed using Equation2, is intelligible to
humans, we rank MNIST and NABirds examples by their salience score.

Prototype Visualization: To visually compare the prototypes learned by Tversky Neural Networks
and classical neural networks, we employ the prototype visualization method described in Section3.6
and illustrated in AppendixA. This method is used to display the handwritten digit prototypes learned
by VisualMNISTNet and VisualTverskyMNISTNet, two neural networks inspired by LeNet-5 (LeCun
et al., 1998). Further details are provided in AppendixD.

Semantic Fields:Tversky Neural Networks' representation of objects as sets of features allows the
algebraic speci�cation of interpretablesemantic �elds. A semantic �eld is a subset of features resulting
from set expressions that are interpretable by humans. For instance,A \ B � C describes the semantic
�eld capturing the common features ofA andB that are absent fromC. To visualize a semantic �eld
F , we retrieve examplesx i with the highest scores in that semantic �eld:s =

P
f k 2 F f k � x i .

4.4.2 RESULTS

Salience:Figure1 shows MNIST and NABirds examples ranked from low to high salience according
to Equation2. Higher-ranked stimuli exhibit more object features and greaterinformational content,
familiarity, andgoodness of form, consistent withTversky(1977)'s theory.

Prototypes: Figure 3 shows that Tversky prototypes exhibit stroke patterns similar to human
handwriting, such as lines and curves, more clearly than those learned by linear projection layers,
which exhibit texture patterns that are dif�cult to interpret. This lack of interpretability, even in this
simple domain without background textures, represents a signi�cant limitation of prior approaches.
Tversky prototypes are also moresalientthan individual instances: they exhibit more features and
appear to combine the features of all possible instances of their class. For example, the prototype for
the handwritten “7” has both an upper-left serif and a middle horizontal stroke. The prototypes for
the digit “1” and “9” include vertical lines slanted to the right and to the left. The prototype for class
“9” combines both open and closed top loops. Figure16shows the evolution of learned prototypes
over training epochs for both VisualMNISTNet and TverskyVisualMNISTNet. We observed� > �
in several, but not all, trained Tversky neural networks (see AppendixF.4), indicating that they weigh
the distinctive features of individual instances more heavily than those of prototypes when assessing
the similarity of instances to prototypes, which is in line with Tversky's theory.
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Figure 3: Visualization of prototypes using our input domain projection parameter speci�cation
method. Top: 3 examples for each class. Bottom: 10 columns of the �nal linear projection layer of
VisualMNISTNet, and 10 prototype vectors of the Tversky Projection Layer of TverskyMNISTNet.
Both models achieve 99% accuracy on the validation set. Handwritten digit features are more
perceptible to humans in Tversky prototypes compared to the linear projection prototypes.

Semantic Fields:Tversky Neural Networks' set-based representation enables the algebraic speci�-
cation of semantic �elds, which we illustrate in Figure4 across three modalities.Lexical stimuli
(A:love, B:like): A \ B captures shared evaluative sentiment;A � B captures romance and un-
conditional love; andB � A captures similarity and comparison.Handwritten digits: Common
features of two eights retrieve other eights; distinctive features capture a six-like lower stroke and
an upper arch prominent in twos, respectively.Bird species: Common features of a Least and a
Semipalmated Sandpiper retrieve both species; distinctive features retrieve species sharing relevant
visual traits (yellow vs. black legs, drooped vs. straight bill). Table3 and AppendixB.4, B.5 show
that semantic �elds spanningadjective degree(positive, comparative, superlative), wordsenses
(plant, sanction), morphology(past tense, plural, progressive),metonymy(White House, Pentagon),
analogy(king:man::?:woman), sentiment, polarity andantonymyare all expressible as concise,
human-readable algebraic set expressions over TverskyGPT-2 token representations.

Figure 4: Semantic �elds de�ned as common (A \ B ) and distinctive (A � B; B � A) features of
lexical and visual stimuli.left: TverskyGPT-2 tokensloveandlike. Distinctively,loveis associated
with romance and unconditional love, whilelike is associated with similarity and comparison. Their
common features capture shared evaluative sentiment.middle: Two handwritten eights (A) and (B)
from MNIST. Their common features retrieve other eights similar to both. A's distinctive features
capture a six-like lower stroke, while B's capture an upper right arch, also prominent in twos.right:
A Least Sandpiper (A) and a Semipalmated Sandpiper (B) from NABirds. Their common features
retrieve other sandpipers. A's distinctive features capture its yellow legs and �ne drooped bill, while
B's capture its black legs and blunt straight black bill.

5 DISCUSSION

Hyperparameter Tuning: Our experiments suggest the existence of an optimal feature bank
size for Tversky projection layers for a given learning task, though determining this valuea priori

9


	Introduction
	Related Work
	Methods
	Tversky's Similarity
	Differentiable Tversky Similarity
	Tversky Neural Network Modules
	Interpretation of Projection Layers
	Tversky Feature Sharing
	Data-Domain Visualization of Projection Layers

	Experiments
	Modeling XOR with a Single Tversky Projection Layer
	Language Modeling with TverskyGPT-2
	Task and Data
	Method
	Results

	Image Recognition with TverskyResNet-50
	Task and Data
	Method
	Results

	Qualitative Analysis of Tversky Neural Networks
	Method
	Results


	Discussion
	Illustration of Data-Domain Visualization of Projection Layers
	Experiment 006: [Tversky]GPT-2 Language Model on PTB
	Initialization: OpenAI Released Weights
	Initialization: Random Weights
	Computation Times and Resources
	Visualization of Semantic Fields in TverskyGPT2's Set-Centric Token Representation
	Algebraic Lexical Semantic Expressions over TverskyGPT2's Tokens

	Experiment 007: TverskyXORNet on XOR
	Task and Data
	Method
	Results

	Experiment 009: [Visual][Tversky]MNISTNet
	Experiment 101: [Tversky]ResNet-50 on MNIST
	Hyperparameter Search
	Model Selection
	Evaluation of Best Models

	Experiment 103: [Tversky]ResNet-50 on NABirds
	Hyper-Parameter Search
	Model Selection
	Evaluation of Best Models
	Example of learned alpha, beta, and theta
	Computation Resources


