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ABSTRACT

Sequence modeling is currently dominated by causal transformer architectures that
use softmax self-attention. Although widely adopted, transformers require scaling
memory and compute linearly during inference. A recent stream of work linearized
the softmax operation, resulting in powerful recurrent neural network (RNN)
models with constant memory and compute costs such as DeltaNet, Mamba or
XLSTM. These models can be unibed by noting that their recurrent layer dynamics
can all be derived from an in-context regression objective, approximately optimized
through an online learning rule. Here, we join this line of work and introduce a
numerically stable, chunkwise parallelizable version of the recently proposed Mesa
layer fson Oswald et aJ.2024), which could only run sequentially in time and was
therefore not scalable. This layer again stems from an in-context loss, but which is
now minimized to optimality at every time point using a fast conjugate gradient
solver. Through an extensive suite of experiments study up to the billion-parameter
scale, we show that optimal test-time training enables reaching lower language
modeling perplexity and higher downstream benchmark performance than previous
RNNSs, especially on tasks requiring long context understanding. This performance
gain comes at the cost of additional Bops spent during inference time. Our results
are therefore intriguingly related to recent trends of increasing test-time compute to
improve performance B here by spending compute to solve sequential optimization
problems within the neural network itself.

1 INTRODUCTION

While Transformers dominate sequence modeling, their per-token computational and memory require-
ments scale linearly with sequence length during inference. This limitation motivates the development
of efbcient recurrent neural networks (RNNs) with constant complexity, particularly for autoregres-
sive tasks like language modeling. Recent progress has focused on fast weight programming layers,
which process a given sequence by representing and learning a linear model in their activations
(Schmidhuber1992 Schlag et al.2021a Yang et al, 2024¢ Dao & Gu, 2024). Such Ofast weightsO
undergo one learning step whenever the input sequence advances, following simple Hebblan (

1949 or error-correcting (delta) rule$\idrow & Hoff, 1960. Both rules correspond to gradient
descent on a suitable quadratic loss function, measured on the latest input.

Here, we take this concept one step further, and design an optimal fast weight programming layer.
Following previous related work, we consider linear fast weight models, and measure how well a given
context is modeled using a quadratic loss. However, instead of gradually learning through gradient
descent, we design a layer that always responds with the optimal fast weights, which achieve minimum
loss on all data seen so far. This allows retaining past information while adapting to new evidence
quickly as a sequence unfolds. Our work builds off the recent recurrent MesaVaye®©éwald

et al, 20249, proposing a version of this layer that is parallelizable leveraging matrix multiplication
accelerators, numerically stable, and that allows for context-dependent forgetting. Moreover, the layer
dynamically adapts its computational cost at test time to the sequence at hand. This is because the
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Figure 1: Model Architecture of the MesaNet. (A) We adopt the widespread decoder-only transformer
architecture Touvron et al, 2023 stackingN residual blocks of a channel mixing (B) and sequence mixing (C)
components(B) Channel mixing is a vanilla SwiGLU MLRC) Sequence mixing is performed by the Mesa

layer. From its inputs, it generates keys, queries and values as well as input and forget strengths. These are then
processed according to the Mesa Rule (Equafjoiwe compare the MesaNet to models which share the exact
same architecture and only change the sequence mixing rule to multi-head-attention (MHA), xXLSTM, Mamba2
or (Gated) DeltaNet.

layer introduced here explicitly invokes an external solver, for which the number of iterations required
to reach a given stopping criterion differs across sequences. We summarize our contributions below:

¥ A novel Mesa layer which is parallelizable over sequence length and Rexibly allocates test-
time computation: We adapt the previously proposed Mesa layen(Oswald et a).2024) to
allow for chunkwise parallel training. We leverage an equivalence of the conjugate gradient (CG)
method over multiple time steps with gated linear self-attention, which allows using established
hardware-efpcient trainingyéng et al, 2024g. During inference, the layer reallocates test-time
compute dynamically as different sequences lead to varying CG iterations to reach a stopping
criterion, allowing to trade off test-time compute and performance.

¥ The MesaNet is a strong language modeWe train 140M, 440M and 1B parameters MesaNets,
see Figurel, on the SlimPajama datas&dboleva et al.2023. On all of these scales, the
MesaNet reaches lower validation perplexity compared to models such as Ma@ib&2X¥ao,
2024, xLSTM (Beck et al, 20249, DeltaNet {Yang et al, 20249, Gated DeltaNetYang et al,
20243 and Transformersvaswani et al.2017) with the same base architecture.

¥ In-depth analyses of modern RNNs including MesaNet Intriguingly, we bnd that while
reaching the same or better perplexity on language modeling, all RNN models reduce perplexity
remarkably differently, namely focus on early tokens in the sequence while transformers excel at
later tokens. We further disentangle downstream language benchmarks according to their need for
global or onlylocal language modeling, through controlled Sliding-Window Attention ablations.
We bnd that MesaNet outperforms all modern RNNs on global reasoning, in-context learning &
in-context recall benchmarks, but unsurprisingly still lack behind Transformers in in-context recall.

2 A PARALLELIZABLE MESALAYER

We consider autoregressive sequence modeling tasks where the objective is to predict element
ei+1 ! R"¢ given a sequence of token embeddiegs ( &)/, . At present, autoregressive sequence
modeling is dominated by architectures based on the causally-masked softmax self-attention layer,
whose token updates " e +! e?follow the rule! e@= " ' PpVi ! (KptOht), where

tht = Whg& ! R" is referred to as a query, each coluty: = Whier ! R" of matrix

Knt ! R"#! as a key, and each colump;: = Wh, e ! R"™ of matrix i,y ! R™#! as a

value; in this paper, we follow the convention that vectors are column vectors. The parameters of
this layer are the matric$Pn, Wh g, Wh ,Wh,\,)}ﬂz1 for all H heads; for notational simplicity,

we omit positional encodings and absorb bias terms, and assume here for conciseness that all heads

are equally sized. The functidnapplied to vector ! R' returns an attention weight vector: in the

standard transformelr,(a); = softmax(a); := ( ;!:1 exp(ar))® L exp(a;) (Vaswani et al.2017).

Since each head is processed independently and only interacts through the sumnag@nfor
simplicity we drop the head inddxand the projection matriR in what follows.
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Linear self-attention and test-time training. We focus on the case whelreis the identity function.
This yields dinear attention layer $chmidhuber1992), which as we will see next turns out to be a
linear RNN Katharopoulos et g12020:

L e®=" (g (1)

Unlike its softmax counterpart, linear attention can be implemented recurrently, by maintaining and
updating a matrix-valued state! R"v#"= according to the linear dynamics

= t$1+#tVtktT- ()
Above, we add forget gatés and input gateg; which have been shown to improve performance
(Yang et al, 20244. Both are usually a function of the current inguyt like queries, values and keys,
but bounded withif0, 1]. Importantly, and in contrast to softmax self-attention, linear attention only
requires constant memory and compute to predict the next token. As we review below and more
extensively in Appendid, a series of recent high-performance models (&g.& Dao, 2024 Peng
et al, 2023 Beck et al, 2024 Schlag et al.2021a Yang et al, 2024Ga) can be cast into the same
basic linear self-attention model (equatirusing variations of equatic

Such modern RNNs can also be seen from the unifying perspective of test-time tr&ohigd et al.
20213 Liu et al,, 2025 von Oswald et a).2024 Wang et al. 2025 Behrouz et a].20258. Under

this view, the key-value linear mdp : R"= # R"v introduced in equatiot is learnedfrom the
data in contexe;.;. Let us introduce a time-varying loss, from which we will derive a gradient-based
dynamics for" :

L= Lo+ TR ). ©

Above, |; measures thinstantaneousoss incurred at the current time step, and the second term
acts as a regularizer with strength controlled by a symmatyi¢ n, matrix #;. Now, setting

() = 17PP9) = oav) " Kk, and#, = “f?%l , and letting" evolve through online gradient

descent, { =" 151 %#&sLi("t51) = "t"ts1 + #tvtktT, we recover gated linear attention
(equation2). In passing, we have also connected modern linear attention to classical associative
memory models§chlag et a].20213: I{°P**js the energy function that governs continuous-state
Hopbeld networks, antl is learned through HebbOs associative Hitgpbeld 1984 Hertz et al,
1991). If we take instead the squared error lbg8) = 17°(") :==  3'v; %" k;' 2, we recover
DeltaNet Schlag et al.2021a Yang et al, 2024¢a), which learns a linear model with the online
delta rule Widrow & Hoff, 1960. Recent work has extended the DeltaNet to perform mini-batch
updates, and to perform gradient updates on a 1-hidden-layer Bl €t al. 2025, and Titans
adds momentum to the mini-batched gradient upddédhfouz et aJ.2024). We return to this point

in AppendicesA andB, where we discuss additional related work from the viewpoint of test-time
regression, and derive in more detail the update rules above.

The Mesa layer: optimal test-time regression.In this work, we revisit the recently proposed
Mesa layer yon Oswald et a).2024), also referred to as an intention layer in the context of non-
autoregressive model§éarnelo & Czarnecki2z023. This layer again updates tokens according to the
linear self-attention rule (equatidp but now debnes the linear méap as the solution of a test-time
optimization problem, where a symmetric positive debnite matrix R7<* "« controls the strength

of a quadratic regularizer:

Ofesa=argmin L(") ,  with  L(") =

1" T B
= St |lver %" kee]|©+ S Tr("# " ).
2 - 2
. o o (4)
In all our experiments, we take a statg, diagonal regularizer,#ith # (; and#; > 0. Above,
the cumulative forget factdhs: = Ty tszt!ﬂ "s causally weighs the contribution of past losses
until the presentté=1,...,t), taking into account the fo__rget factdrs ! [0, 1] so far. The output
I enes2of the Mesa layer depends on the (unique) solufi§ii*2 which can be expressed in closed
form:
$ wt % $ nt (V0$ 1
! etmesa: '6?1951* = $t ' V! kt’ $t ! kt! kt' +# G (5)

t'=1 t'=1
= Gy(H +#) *'q. (6)

We computed"esastep by step in AppendiR.
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The Mesa layer differs from the test-time training models reviewed above in two key ways. First,
instead of considering an instantaneous loss measured only at the curremt iaput equatior,

the Mesa layer optimizes tleaimulativeregularized squared-error loss taking into account all data
er.; so far. While at brst this may seem impossible to achieve under a constant memory requirement,
the Mesa layer circumvents the need to explicitly keep past tokens in memory (as in softmax self-
attention) and exploits the fact that is a quadratic function df (Gauss1821). Second, instead

of taking a single gradient descent step, the Mesa layer |8ataoptimality at every time point.

We note that the related Longhorn modeiu( et al,, 2025 also derives a recurrent layer via the
minimization of a quadratic loss, but its loss is evaluated only on the latest input as in edjation
yielding a variant of DeltaNet. We further note that concurrent work (Afsirouz et al.20253
corresponds to a sliding-window variant of the Mesa layer, while also allowing the model to be
optimized at test-time to be nonlinear, as 8uf et al. 2025. We present the update rules and
test-time objective functions of these two related works in AppeBdix

The Mesa layer is the optimal (in the squared-error sense) linear associative m&wtoonén &
Ruohonen1973, and it can store a new association instantaneously (one-shot), whereas DeltaNet
requires in general multiple pattern presentations to reduce memorizationtéertr €t al, 1997).

This fast learning property of the Mesa layer can be further understood by recasting it as a second-
order online learner (cf. Appendk); DeltaNet only uses brst-order derivative information to learn.

Von Oswald et al(2024) proposed to determir@*s2following classical recursive least-squares.
Although computationally attractive at inference, we now stress two shortcomings of this approach.
First, forgetting Q) " < 1) leads to numerical instabilities, and requires a regularization#erm
that decays exponentially with time. Second, this original version of the layer is not parallelizable,
and it therefore heavily underutilizes current matrix-matrix multiplication accelerators such as GPUs
and TPUs during training. We explain this in detail in Appenidix

A new parallelizable Mesa layer with adaptive forgetting and regularization. To overcome

these issues, we propose a hovel parallelizable version of the Mesa layer which allows for dynamic
forgetting. Instead of computin@mfsarecurrently, we solve a linear system of equations in parallel,
for each queryy:

| = Gy(H, +#) $1g = Gilinsolve(H, +# ,q). )

The equation above can be computed by maintaining and updating two state va8ableSG, H:},
through the following linear recurrence relations:

Gt ="tGg1 + #tVtk: ) He = "tHig1 + #tktk: ) (8)

where as beforg; ! [0, 1]is a forget gate ang; ! [0, 1] is an input gate. We adopt the conjugate
gradient method to obtain a solutioh = linsolve(H; +# ,q) = ( H +#) ®1q (Lanczos195Q
Hestenes et gl1952. This yields a numerically stable Mesa layefiasolve(H; + # , ) is stable
irrespective of forgetting strength, albeit at a higher memory cost compared to single matrix state
RNN models, as an additional matrix of sizg $ n, needs to be propagated forward alongside the
standard matrix of sizey, $ n,. Although the RNN state size increases, this expansion amounts to
less tharll% of the entire memory footprint of models trained in this paper, which includes both state
and parameters.

To enable efbcient training, we introduce a chunkwise paralleliera (et al, 2022 Yang &
Zhang 2024 algorithm to compute equatioh Our method builds on top of established efbcient
implementations of GLA, that,we briel3y review now. First, note that the output of this layer can
be written asoPA = Gig = $. viki . Let us chunk a sequence of lengfhin T/C
chunks of sizeC, withc ! { 0,C,. %C} The crucial insight to enable leveraging matrix-
matrix multiplication and parallel|zat|on across time for GLA is that, glvgn a chunked state variable

Gc, we,can compute the output attime< t ) c+ C asoP™® = (G + * _¢yy KiViki ) =

GeG + -y $iViki @, which can be done in parallel forl { c+1,...c+ C}. In matrix notation

we write
OSHA = GeQc + Ve(Ze* (K¢ QL)), 9)

whereK ¢ = [Kq, ..., Ke+ ¢ ] andOSA, \V;, Q. accordingly, an . is a upper triangular matrix of size
C $ C containing the appropriate forgetting terms.
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Now, we highlight that the Mesa layer can be decomposed into two parts:

wt
Otmesa: Sii Vi k| q' , andq! = ( H + #) $ 1q. (10)
i=1

The brst part is equivalent to GLA, and can therefore be computed efbciently as just described. It
therefore remains to be shown how to obt@in. = [q, ..., q, 4 c] within a given chunk of size
C in parallel. As we explain in detail in Appgndic€s& D, the key observation is that the compute-

intensive part of a CG iteration boils down 'toit:l $i kiki p, with pits current search direction, a
computation that is once again in the GLA form. Alongside its fast convergence properties, this is
the reason for picking the CG method as our solver, as it allowed us to leverage existing efpcient
chunkwise parallel linear attention implementations. The new Mesa layer proposed in this paper
therefore admits a parallel training mode wiT) complexity, alongside the recurrent inference
mode withO(1) complexity. In AppendibD, we further show how to efpciently compute gradients
through the layer in chunkwise parallel form. Finally, we discuss details on precision within our CG
solver in AppendidG.5.

3 TRAIN AND INFERENCETIME OF THE MESA LAYER

Chunkwise parallel Mesa layer leads to competitive train time.n Figure2, we report training

and inference times on a TPUv5 and H100 for both transformers (MHA), common RNN alternatives
and the MesaNet. Despite having to saivé@H linear systems of equations per layer during training

as well as compute gradients through the found solutions, the MesaNet remains competitive at train
time with respect to MHA and RNN alternatives.

The Mesa layer, applied with statick, is relatively slow especially early in the sequencalVe
present in Appendix Tabl& an analysis of the memory and computational costs of inference,
comparing the Mesa layer to MHA as well as recently developed RNNs. This overview highlights a
tension that the MesaNet faces. On the one hand, if the number of conjugate gradient (C&)steps
set to zero we obtaig = g, and so recover gated linear self-attention (GLA) and its compute and
memory requirement. Thus, we requikke> 0 for the Mesa layer to differ from GLA, which provides

a lower bound for the computational cost of the Mesa layer. Note that the Mesa layer is, in terms of
Rops, roughlyk times as costly as linearized transformer models such as GLA, Mamba2 and xXLSTM
andk %1 times more costly as (Gated) DeltaNet. Furthermore, because the total cost of executing
the CG method grows witkn2, there is a maximal value &ffor which the Mesa uses fewer Rops
than MHA for a given sequence length.
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Figure 2: Train and inference time of a Mesa layer using different number of CG stepsLeft Train time

of a single Mesa later on a TPUV5: output the entire sequence, compute the cross entropy loss, and gradients
w.r.t. layer parameters. We use batch size of 4, key size of 128 and 8 i@musr Inference time of a single

Mesa layer on a TPUvV5: compute the next token given a certain context length. We use batch size of 128, key
size of 128 and 8 headRight Token throughput (in thousands) when training 1B parameter models on a H100
GPU. We compare a Flash-Attentionf2g0o, 2023 transformer implementation with a triton-based chunkwise
parallel implementation of RNN models, including the MesaNet which uses 30 or 15 CG steps across all layers.
All models use a key size of 128 and share the same backbone, see ApBekidixobserve competitive token
throughput on H100s of the MesaNet despite using substantially more Rops.

We show this in Figur (center) for a typical choice of, = 128, where we plot inference time as
a function of sequence length for both MHA and the Mesa layer, when vakyifigese numbers
ref3ect the runtime of a single layer and might vary across inference use cases and accelerators.
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Layer Recurrence Memory read-out
Mamba?2 Gy =1{Gy 1 + Vtk; O = G(Q[

GLA Gt = 1tGu 1+ "tvik; o = G

DeltaNet Gt = Gy 1(| ! "1k1k; )+ "1Vtk; o = qul

Gated DeltaNet Gy = Gy 1(!¢(I ! "tkeke )+ "tviek: o = Gig

mLSTM Ge = 1Gu1+ "k ,ze = iz 1+ "ike o = G/ max 1, |z ql}
Mesa Gt = 4Gy 1+ "tviki ,Hy = 1eHu 1+ "tkik; o = Gilinsolve(Ht +! ,q)

Table 1: Overview of recent linear recurrent models which we compare to in this work, except for LRU layers,
seeDe et al.(2024.

The Mesa layer allocates test-time compute dynamicallyBeing a test-time optimizer, the Mesa

layer offers a principled way for dynamically allocating test-time compute. The number of CG
stepsk required to reach a given desired error tolera¥isegenerally head-, sequence- and token-
specibc due to the context-dependence of the linear sysiemsgf to be solved. Via utilization

of a stopping criterion, the Mesa layer thus exhibits dynamic inference (and potentially training)
costs. This dynamic test-time compute feature of the Mesa layer draws both parallels and differences
to softmax self-attention: whereas softmax self-attention increases compute (and memory) as a
function of sequence length independently of the sequence being processed, the Mesa layer adjusts
compute dynamically, according to the incoming data it needs to process. We provide in Sextion
experimental analysis of this property of the Mesa layer in trained MesaNets.

4 MESANET IN A LANGUAGE WORLD

Here we present results obtaineddBrparameter models trained 60B tokens from the SlimPa-
jama Soboleva et al.2023 dataset, and refer to Sectianfor an extended analysis, comparing
models ranging fron140M, 440M up to 1B parameters, each dbB and50B tokens. Furthermore,
we report strong results on synthetic environments in Se&tiomhich we omit for brevity here.

Architecture & baselines. For the main model backbone, we follow the architecture of common
transformers, and empldy stacked residual blocks with 1) a sequence modeling part such as
multi-head-attention (MHA) or the Mesa layer and 2) a gated MLP block (see Fljule baselines,

we compare to a number of other efpcient alternatives to MHA based on linear recurrent layers:
Mamba2 Pao & Gu, 2024, Gated Linear Attention (GLA)Yang et al, 2024k Katharopoulos et gl.
2020, XLSTM (Beck et al, 2024, (Gated) DeltaNetchlag et al.2021a Yang et al, 2024¢a)

and Hawk De et al, 2024, see Tabld. The latter differs from the models reviewed in Sectibn

by employing a vector-valued state, being closer in spirit to a (now linearized) traditional LSTM
(Hochreiter & Schmidhubed997). Furthermore we investigate a recurrent hybrid Hawk-Mesa model
alternating between a linear recurrent unit (Hawk) and the Mesa layer which we motivate in the next
section.

Controls. On top of related work, we train transformer models with Sliding-Window Attention
(SWA) (Beltagy et al.2020 of varying window sizes. These models have constant per-token memory
and compute cost. The motivation to study SWA models is based on the assumption that transformers
as well as SWA models have near perfect recall capabilities, at least within their attention window.
Therefore, they provide a simple and interpretable control to study language modeling, reasoning
and in-context recall capabilities of RNNs.

Setup. We tokenize the SlimPajama datasets using the byte-level BPE tokenizer introduced in
GPT-2 Radford et al.2018 Brown et al, 20203 following Beck et al (2024 and train all modes on

a sequence length @b48and a bxed ordering of training data. For each model conbguration, we
scan over a range of learning rates, and select the model that minimizes perplexity on the holdout
validation dataset of SlimPajama. For exact hyperparameters and training specibcations for each
model, see Appendis. For all results, unless otherwise specibed, we use MesaNets with a bxed
amount of 30 CG steps. See Appentiixon varying CG steps during training and Secttoon using

the CG stopping criterion to invoke dynamic test-time compute.

We stress that through sharing the exact same architecture backbone, tokenizer, data and data order
across all models, while using the same number of parameters and independently tuned learning
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SLIM LMB. WIKl. PGI9 GOV. QASP. AVG — AWK XLSTM — MESA — SWA-1024
ppl+ ppl+  ppl+ ppl+ ppl+ ppl+ GLA DELTANET HAWK-MESA = MHA

“Hawk 1124 2667 1223 1093 1063 14B9 1443 _ ¥ .

- Mamba2 11,39 2802 1223 1142 1042 14002 14.58 MAMBAZ2 = GATED-DELTANET — SWA-64

-GLA 1009 2077 1177 1095 9,99 1352 14.03 < oo

-XLSTM 1101 2693 1181 1094 1000 1355 14.03 E

- DeltaNet 1,01 2708 11,73 1100 1002 13484 1405 = o

-GatedDeltaNet 1089 26,79 1158 1081 988 1328 1387 &

-Mesa 1083 2678 1149 1071 9,80 13,13| 13.79 S o0

-Hawk-Mesa | 1078 2659 11,53 10,60 979 13,20| 13.75 g

“SWA4 1646 2993 1942 1642 17,86 29,15 2154 5 002

- SWA-64 1237 2776 1414 1251 1156 16,77 1585 2 ool

- SWA-1024 1100 2722 11,78 1092 979 1311 13.97 z 0047y

- Transformer 10,86 27,16 11,42 10,74 9,69 12|86 13.79 64256 512 1024 2048 20 2% 2% 2° 2°

Token Position Token Position

Table 2: Language Modeling Performance (PPL') Figure 3: NLL Difference relative to a Trans-

of 1B Models (50B Tokens) evaluated on sequence former (1B models, 50B tokens) on SlimPajama.
length of 2048). Mesa and Hawk-Mesa show strongMost recurrent layers show superior language mod-
performance on all benchmarks, matching or exceedingling performance in terms of NLL up to tigaOth

a Transformer baseline w.r.t. to avg. per-token PPltoken. MesaNet and Hawk-Mesa extend the advan-
Lambada (LMB.) scores are higher due to signibcantlyage beyon&12tokens. The advantage early in the
shorter sequence# (256) with an average of 78 tokens. sequence is even more apparent in log-scale (right).

rate for all models, we aim to provide a fair 1-1 comparisérhis controlled setup should allow to
solely assess differences on the sequence mixing layer while reducing noise. Note, however, that
this backbone might be a suboptimal choice for RNNs, including the MesaNet. Related work has
tuned architectures to their specibc sequence lapersk(et al, 2024 Gu & Dag, 2024). However,

these architectural optimizations prevent the integration of Mixture-of-Experts layers, a heavily used
building block in current language models. Therefore, we carefully evaluate all sequence layers on the
same backbone, based on the widespread decoder-only transformer architecture B here, the Llama2
model (Touvron et al, 2023, including rotary position encodings (RoPH; et al, 2024 when using
softmax attention layers. This backbone does not fuse MLPs with sequence layers, allowing for a
direct comparisons between layers. Furthermore, we did not attempt to optimize the architecture e.g.,
key size and number of heads for the Mesa layer.

Comparison to the original mesa layer.We considered comparing to the original sequential-in-
time Mesa layer\on Oswald et a).2024). However, because this model was already an order

of magnitude slower when training at the 400M parameter scale, and suffered a large increase in
SlimPajama language modeling perplexity of about 3.2 poin3 performance degradation) due

to the inability to train with forget gates, we did not pursue these comparisons further. These results
directly motivate the new Mesa layer introduced in this paper.

4.1 LANGUAGE MODELING (WITHIN AND BEYOND TRAIN SEQUENCELENGTH)

We measure a modelOs general language modeling capabilities brst by assessing average per-token
perplexity (PPL) Jelinek et al. 1977 on a set of benchmarks. We report PPL on the hold-out
validation set of SlimPajam&spboleva et al.2023, as well as Lambadd@perno et a12016),

Wikitext-2 (Merity et al, 2016, PG19 Rae et al.2019, GovReport Huang et al.2021), and Qasper

(Dasigi et al, 2027) on the train sequence length and beyond. Because uniformly averaging over all
tokens might masquerade important differences between models, we additionally investigate average
per-token PPL conditional on sequence position. As we see below, this turns out to be a crucial factor
when comparing RNNs to transformers.

MesaNet is a strong language model early in sequenca&hen evaluating on the training sequence
length 0f2048 MesaNet and Hawk-MesaNet outperform all recurrent baselines on all benchmarks
on the common metric of average per-token PPL (see TabléMesaNet matches on average

the performance of the transformer baseline, while Hawk-MesaNet even surpasses it. Notably, a
SWA model with a window size af024outperforms the majority of recurrent baselines. However,
attaining similar PPL scores does not imply equivalent language modeling abilities at different
sequence lengthd.ifi et al, 2025. Conditioning on the token position, and assessing the NLL
difference relative to a transformer, reveals, surprisingly, that most recurrent layers exhibit superior
language modeling performance early in the sequence but fall behind later in the sequence (see
Figure3). Recurrent models show especially strong performance on short sequencégltipkiens.

!Related work such a¥ang et al.(20243, Behrouz et al(2024 andBehrouz et al(20253 use a single
learning rate for all models which likely leads to biased and unfair compariS&tsouz et al(20253 further
inherit baseline results from previous work which use a different tokenizer, confounding the comparison further.
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Model Reasoning Reasoning In-Context Scramble Translation Model Reasoning Reasoning In-Context Scramble Translation
Global Local Recall 100-shot 50-shot Global Local Recall 100-shot 50-shot
(Acc-) (Acc-) (Acc-) (Acc-) (bleu-sb-) (Acc-) (Acc-) (Acc-) (Acc-) (bleu-sb-)
Hawk 37.42 50.04 21.29 4.70 3.51 Hawk 41.17 51.57 25.04 6.49 4.73
37.58 48.19 32.21 3.38 2.55 41.62 50.51 37.67 4.19 4.18
39.45 48.86 36.50 5.06 257 44.34 51.44 39.64 7.29 7.58
38.97 48.90 34.89 5.56 2.74 42.99 51.50 39.25 7.78 7.68
DeltaNet 39.72 48.91 35.19 5.14 2.47 DeltaNet 43.86 51.58 40.46 7.93 5.37
Gated DeltaNet 40.19 49.10 35.96 6.17 2.98 Gated DeltaNet 44.84 50.76 39.54 8.90 8.53
Mesa 40.88 49.64 39.30 6.22 3.83 Mesa 45.03 50.49 41.79 10.10 8.17
Hawk-Mesa 40.13 49.53 36.23 5.19 3.25 Hawk-Mesa 44.62 51.51 39.99 8.61 8.81
SWA-4 28.63 48.20 9.79 0.82 0.14 SWA-4 31.20 49.62 11.87 1.66 0.51
SWA-64 38.17 48.76 24.84 3.66 2.59 SWA-64 42.33 50.52 26.72 5.91 4.70
SWA-1024 41.30 48.84 38.21 5.43 5.65 SWA-1024 45.68 51.35 40.84 6.66 14.17
Transformer 42.15 48.80 49.95 6.01 5.89 Transformer 45.54 51.62 52.27 6.98 13.61
(a) 400M Params, 50B Tokens (b) 1B Models, 50B Tokens

Table 3: Grouped Benchmark Scores$) on models trained on 50B Tokens from SlimPajama with a

context length of 2048 We compare the aggregated performance of modelshiitbarized Recurrent Unit
JiDeltaNetandMESAayers on 5 different subsets of benchmarks. As a

reference, we show the performancestifling Window-Attention modelsSWAwith varying window sizes.

While Hawk exhibits the best performance up to this depth, the model exhibits a sharp performance
decline after that. This Pnding motivated us to introduce and investigate the Hawk-Mesa model,
which combines the best short-sequence and long-sequence modeling layers (as measured by negative
log-likelihood). Conbrming this intuition, the Hawk-Mesa outperforms the remaining recurrent
models, with the MesaNet being second best: MesaNet and Hawk-MesaNet not only attain the
strongest early-in-the-sequence modeling ability, but also extend the advantage beyond a depth of
512tokens.

MesaNet is competitive on length extrapolation

with recurrent baselines, but SWA-1024 is a hard- = Hawk DELTANET = MHA-SWA-64
to-beat baseline.Next, we evaluate the ability to MAMBA2 = GATED-DELTANET = MHA-SWA-1024
extrapolate to sequences of up32k tokens (see GLA = MESA = MAA

Figured). While transformer, Mamba2, DeltaNet X HAWIEHIESA

and HawkMesa fail to extrapolate catastrophically
to longer sequences on all evaluated benchmarks,
MesaNet exhibits length-extrapolation capabilities & ,,
superior to Hawk, GLA, XLSTM and on-par with ;
Gated DeltaNet on all evaluated long-sequence 19l - d
benchmarks with respect to PPL scores (aggregated 0 2kak 8k < 1L6'< . 32k

and conditional on token positions). However, these ed- Lengt

results should be tempered by the fact that a SVifigure 4. Avg. Mean-so-Far PPL on 3 Long-
model with an attention window of 1024 attains confzontext Benchmarks WIKI, GOV QASPER

petitive benchmark scores, even superior at a sequence lengfk oh some benchmarks. This
Pnding is in line with recent criticism that PPL may not distinguish a modelOs ability to capture local
vs. long-range dependencies between tokeloset al, 2024 Fang et al.2024). We refer to Sectioh

for detailed score breakdown and results on the Needle-in-the-haystack (NIAH) benchisiatk (

et al, 2029, where MesaNet shows strong performance.

14

4.2 LANGUAGE BENCHMARKS

We next evaluate MesaNetOs capabilities on a comprehensive set of downstream tasks, ranging
across zero-shot reasoning, in-context recall and in-context learning tasks. We evaluate on various
benchmarks considered in prior wor§ & Dao, 2024 Yang et al, 20244 Beck et al, 2024,

and complement them with few-shot learning tasks involving token-manipulation and translation.
We present the aggregated resultd@M and 1B models trained oB0B tokens in??, and report

detailed scores in Sectidn Across most evaluated benchmarks, the MesaNet matches or exceeds
the performance of the evaluated recurrent baselines.

Zero-Shot Common-Sense Reasoning Performance: Transformers & MesaNetother RNNs.

Prior work Gu & Dag, 2024 Yang et al, 2024a Behrouz et a].2024 Beck et al, 2024 commonly

reports the average performance of a set of common-sense reasoning benchmarks to compare models.
However, evaluations of SWA models with different window sizes reveal that competitive, or even
superior, scores on many of these frequently reported benchmarks can be attained with attention
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window size as short as 4 (see Tal®. This observation strongly indicates that some of these
benchmarks are exploitable by short-range language heuristics, and do not require longer-range
language modeling capabilities to reach competitive scores, or are simply too hard such that we end
up measuring noise. To reduce the potential benchmark noise and deconfound the results, we hence
report the zero-shot reasoning benchmarks in two separate splits:

¥ The Global Reasoning Benchmark Seencompasses all benchmarks where we observe a signib-
cant performance increase with a growing attention window size. This includes Lanttzgaio
et al, 2016, HellaSwag Zellers et al.2019 and RACE{ M,H} (Lai et al, 2017). Within both
reported model sizes (400M and 1B), MesaNet outperforms all other recurrent models on average
on these benchmarks. However, MesaNet still underperforms the transformer baseline.

¥ TheLocal Reasoning Benchmark Seincludes all benchmarks where we see little to marginal
improvement with a growing attention window size. This includes PI@AK et al, 2020,
WinoGrande $akaguchi et al2021), ARC{E,C (Clark et al, 2018, SIQA (Sap et al.2019,
BoolQ (Clark et al, 2019, OpenBookQA Kihaylov et al, 2018 and StoryCloze%rinivasan et aJ.
2018. Unsurprisingly, we observe very similar average scores for all models. Notably, Hawk, the
worst performing recurrent model on global reasoning and in-context recall benchmarks, shows
excellent performance on this benchmark subset. This observation supports the hypothesis that these
subsets of benchmarks are likely to measure different capabilities, and highlights the differences
between Hawk to e.g. the MesaNet. These analyses motivate the recurrent hybrid Hawk-Mesa
model, which tries to capitalize on the complimentary strengths of the two layers.

In-Context Recall Performance: Transformers> MesaNet. other RNNs. To gauge the ability

to recall in-context information, we follovrora et al.(2024 andYang et al.(20243 and evaluate
models on SWDEL(ockard et al,2019, SQUAD (Rajpurkar et a].2016, FDA (Arora et al, 20231,

TQA (Kembhavi et al.2017), NQ (Kwiatkowski et al, 2019 and DROP Dua et al, 2019. We

adopt the minimal-transformed versions of the benchmarks Aooma et al.(2024) that adjust for the
evaluation of non-instruction-tuned models. In line with the observations on synthetic benchmarks
in SectionK, MesaNet outperforms all other recurrent models on these tasks. Moreover, MesaNet
exceeds the performance of a SV¥A24 the only recurrent model to do so. However, there remains

a gap in performance relative to the transformer baseline with an attention window size of 2048.

Few-Shot Learning Performance: Transformers & MesaNet> other RNNSs. Finally, we measure

the modelOs ability to learn from few-shot demonstrations. We evaluate on two GPT3 word scrambling
tasks (cycle letters in word, anagrams of all but brst and last two chara&ers)( et al, 20201 and

three translation tasks (WMT-14 FR-EBdjar et al, 2014 , WMT-16 DE-EN and RO-ENKojar

et al, 2016 ). MesaNet demonstrates strong performance on all few-shot learning tasks. While it
exceeds the performance of the Transformer on word scrambling tasks, it fails to do so in translations.

5 TESTTIME COMPUTE ANALYSIS

In the previous section we showed results from models trained and evaluated with 30 CG steps. We
study now the effect of using the MesaNet trained on 30 CG steps but evaluate the model when using
a dynamic stopping criterion aiming to reducing the CG steps used at inference time. We refer again
to AppendixC for a description of the CG method used in this work.

Mesa objectives differ widely across heads and layer§Vhen analysing the internals of the Mesa
layer on sequences of the SlimPajama validation set, we observe a bimodal distribution of condition
numbers oHy; +# 1, across heads almost in every layer, see Figdrdn particular, we observe

that heads either have 1) large and growing condition number with sequence length, or 2) rather low
and constant condition number over the sequence. In every layer, there are roughly 1-2 heads for
which the condition number dinsolve(H: +# 1, th: ) (and therefore the number of CG steps)
grows witht. This motivates dynamic allocation of CG steps in every head.

MesaNets allocate test-time compute dynamicallyVe test 1) reducing the number of CG steps of

all layers and heads uniformly, and 2) varying the solverOs stopping crigoictlynamically allocate
test-time compute. As shown in Figurewhen reducing CG steps uniformly, we observe an increase
in negative log-likelihood when comparing to our model evaluated with 30 steps, especially on tokens
later in the sequence. This is in line with our Pndings on the need for higher number of steps as
grows. By contrast, with a dynamic stopping criteridincreasingyields a uniform degradation
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over sequence length. A model with a stopping criteriof@f10%® 4 performs on-par with the base
model using a bxed number of 30 CG steps, while reducing the average CG steps/uged to

Reasoning Reasoning In-Context Recall €=3e-2 €=le-3 == e=le-5 CG=5 == CG=7 == CG=20
(Global, 0-shot) (Local, 0-shot) e=le2 == c=le-d4 CcG=4 CG=6 == CG=10 == CG=30
49.91
le-4
0.06 10 l
o
m
I 0.04 8 l

to CG

0.02

0.00 ﬁ

- -le-4
0 2k 4k 8k 0 2k 4k 8k 0 2k4k 8k
Accuracy Accuracy Accuracy Seq. Length Seq. Length Seq. Length

A Mean-so-far NLL
# Avg. CG Steps

Figure 5: Effect of Number of Conjugate Gradient (CG) Steps on SlimPajama Perplexity within and
beyond train context length. We show here the effect of reducing the number of CG steps during inference on
token perplexity across token position of a 1B MesaNet trained on 50B tokens. We eitheépxsgmumber CG
steps uniformly across the modwi apply adynamic stopping criterio# > 0.

6 DISCUSSION

We present a chunkwise parallelized, numerically stable version of the Mesavapedéwald et a.

2024, and scale it up to 1B parameter language models. This layer generates a prediction by solving
an optimization problem, which yields a linear model that best bts a given sequence. Our Mesa layer
can allocate test-time compute dynamically according to the stopping criterion. Complex sequences
are then modeled by many of such layers, while interleaving them with MLPs, into MesaNets.

This approach has ties to multiple long-running lines of research. It relates to alternatives to end-
to-end differentiation based on stacks of greedy local learners Brgon et al, 2006 N¢ kland &

Eidnes 2019 Veness et al2021), bringing these to the fast inference timescale, and then delegating
to nonlocal backpropagation-based learning the role of determining which optimization problems
must be solved at inference time. This in turn relates to mesa-optimizétidrir(ger et al.2019,

since test-time optimization objectives (though not the optimizers themselves) are discovered by
(base) sequence prediction loss optimization. The idea of specifying the output of a neural layer
through an optimization problem is an old omerfos & Kolter, 2017 Gould et al, 2021), with roots

at least to energy-based neural modélsfbeld 1984). Finally, the Mesa layer is perhaps most
related to fast weights &chmidhube(1992), replacing Hebbian with locally-optimal learning.

The Mesa layer extends state-of-the-art recurrent language models such as Mambd@ao

2024, RWKYV (Peng et al.2023, xXLSTM (Beck et al, 2024, and (Gated) DeltaNe&chlag et al.

2021a Yang et al, 2024¢a), which can also be motivated by an in-context regression loss, but update
their fast weights with a slower GD process. In a new in-depth evaluation, we show that RNNs, in
particular MesaNets, outperform transformers signibcantly early in sequences, while underperforming
in next-token prediction and benchmark performance when longer contexts are needed. It should
be stressed that it is exactly in the long-context regime, however, that RNNs show advantages over
transformers in terms of inference time. In our view, these observations merit further investigation,
and may serve as the starting point for novel RNN scaling law analyses.

The biggest shortcoming of the MesaNet in its current form is the increase in test-time compute
despite its dynamic nature. One possible way around this may lie on the Pndings of Hgure
where we see that heads which require more CG steps often do not fordet, i kirrespective of

the input data. This motivates leveraging the similarity of solutions from neighboring time steps,
to warm-start optimization of consecutive steps. Moreover, one could envision a hybrid approach
where the chunkwise parallel CG method introduced in this paper is used during training, while then
reverting back to using the efbcient Sherman-Morrison recursion at inference time, which could work
given the almost-no-forgettiny/ 1 condition. We point to additional discussion points in Appendix
Jand leave investigating these directions for future work.
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REPRODUCIBILITY STATEMENT

We provide pseudocode for the conjugate-gradient implementation of the Mesa layer in Seatidn
SectionD, and provide detailed descriptions regarding numerical precision in Ségttoi\l other
important aspects for training (e.g. tokenizer, data, context length) are given in Sedtfu@will
furthermore, upon publication, provide a triton-based open source implementation of the MesaNet and
Mesa layer, as well as educational colab notebooks to further ease reproduction and experimentation
with our layer and models. Moreover, we focused not only on improving the numbers of our proposed
method but scanned hyperparameters of the related works extensively (see Bpdtastly, we

focused on an apples-to-apples comparison between methods by using the exact same backbone
while only varying the sequence layer.
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A RELATED WORK

Linear Attention.  As already described abovEsai et al.(2019 demonstrated that the softmax
attention mechanism can be linearized by replacing the softmax K(el) = exp( k™ g) with a
surrogate kerne8&= 0 (k),' (g)1 The resulting linear attention mechanism iteratively accumulates
the outer product of key-value pairs into a recurrent state that is queried at each step, resembling
RNNs (Katharopoulos et 312020). Since then, numerous works have proposed different designs

of the feature map (§ (Katharopoulos et 812020 Choromanski et al2021; Schlag et a].2021a

Peng et al.2021 Sun et al. 2023 Dao & Gu, 2024 and key-value normalizatiori¥éng et al,

2024¢ Schlag et al.2021a Sun et al. 2023. Notably, a more general form of (unnormalized) linear
attention was introduced in the early O90Bzas Weight ProgrammeirSchmidhuber1992 Schlag

et al, 20213 Ba et al, 2016, connected to Meta-Learnin¢hmidhuber1987).

Test-time regression. Contrary to softmax attention, linear attention variants are only capable of
storing a Pnite number of key-value associations. Given key dimedgigrithere exist at mostyey
orthogonal keys, and therefore, retrieval beydpg tokens cannot be error-free. Inspired by the
error-correcting delta rulé/Nidrow & Hoff, 1960, Schlag et al(2021ha) proposed to interpolate

the value with the previously stored association, yielding the DeltaNet. The DeltaNet update rule is
equivalent to performing a gradient descent step with respect to the recurrefit staff k; %vi||?.

Yang et al.(20249 demonstrated that the DeltaNet is parallelizable and achieved strong language
modeling performance when embedded into a modern architecture. Motivated this online regression
loss, other works derived the same update rule as the DeltaNet. Instead of a parallel implementation,
Liu et al. (2025 approximate the update with a diagonal matrix, wkilen et al(2025 perform the
DeltaNet update on a per-chunk basis, implicitly performing batched gradient descent. Building on
this, Titans Behrouz et al.2024) adds momentum to the batched gradient descent updéteg

et al.(2029; Behrouz et al(20258 unify numerous efpcient foundation models from the perspective

of test-time regression. Extending Titans, concurrent follow-up work Aktsrouz et al(20253

is effectively a sliding-window variant of the Mesa layer. It is worth highlighting that this line of
research is an instance of Dynamic Evaluatiblikplov et al,, 2010 Krause et al.2018 Clark et al,

2022 Rannen-Triki et a].2024), where model weights are updated at test time via gradient descent
steps on a prediction loss.

Models with recurrent depth. The MesaNet is related to a broader class of models building on
bPxed point iterations. Universal TransformeBehghani et a).2019 apply transformer blocks
iteratively, using Adaptive Computation Timé&aves 2017 to make the number of recurrent steps
token-dependent. Deep Equilibrium Models (DE@Ai(et al, 2019 take this idea further by directly
solving the corresponding bxed point iteration using quasi Newton methods. More reSetdtye

et al.(2025 introduced an implicit State Space Model that also relies on a bxed-point iteration, which
is trainable in parallel utilizing the Phantom Gradient technidgsen(g et al.2021). In contrast to
DEQ-style methods, the Mesa layer benebts from the linear structure of fast weight memory, which
allows for a more efbcient optimization using conjugate gradient steps.

Linear RNNs with forgetting. Forget gates were brst introduced®grs et al(1999 within the
framework of Long Short-Term Memory networks (LSTMs)dchreiter & Schmidhube1997),

and have since become part of the standard LSTM architecture. Even more, studies on simplibed
LSTM variants, such as the Gated Recurrent Ughd et al, 2014, have shown the forget gate to be
fundamental for the effectiveness of recurrent sequence matlelstijuizen & Lasenhy2018.

Compared to LSTMs, modern linear attention variants have adopted more coarse grained forgetting
mechanisms on the matrix-valued recurrent state. Rethiet ét al. 2023 and TransNormerLLM

(Qin et al, 20249 both utilize a trainable decay factor on the recurrent matrix. More recent work
found thatdata-dependerforgetting improves language modeling performance, although the data
dependency is usually limited to the current input, but not the recurrent state, to allow for parallel
training. Using an input-dependent decay factor as in this work is the de-facto standard in modern
linear attention variants, such as Mambaba¢ & Gu, 2024, XLSTM (Beck et al, 2024, and Gated
DeltaNet {rang et al, 20243. Gated Linear Attention¥ang et al, 20241 opts for a data-dependent
decay vector, effectively using a separate forget gate for each row of the matrix-valued recurrent state.
Similarly, Gated Slot Attentionghang et al.2024) applies separate input-dependent forget gates to
each row of both matrices of a bxed size Key-Value cache.
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State Space Models. State Space Models (SSM$( et al, 2021, 2022 Fu et al, 2023 Gu &

Dao, 2024 build upon brst-order differential equations used to describe dynamical systems, which
are then discretized for sequence modeling. In linear time-invariant (LTI) SSMs, the recurrent state
can be obtained through a bxed linear combination of previous recurrent states, which allows for
a parallel mode using convolutionSu et al.(2022 identibed the computation of the convolution
kernel as the primary bottleneck and proposed Structured State Space Models (S4), a parametrization
for LTI SSMs that enables efbcient computation. Man®a & Dag, 2024 introducesselectivityto

State Space Models, making the recurrent state transitions dependent on the input. Since the resulting
time-varyingSSM cannot leverage global convolutions, the authors propose a hardware-efbcient
parallel scan implementation. Mamba-2 further constrains the transition matrix to scalar times
identity, and demonstrates that the resulting State Space Model is equivalent to (gated) linear attention
(Dao & Gu, 2029.

B DERIVATION OF PREVIOUS TEST¥TIME TRAINING RULES

For completeness, we discuss in more detail the update rules for a number of closely related previous
sequence modeling layers discussed above and in the main text s&dtike the Mesa layer, the
update rules of these models perform some form of test-time learning by optimizing a sequence of
objective functiongL ' )!;_, . We summarize in Tablé the update rules and corresponding online
objective functions that we cover below.

Layer Objective function Update rule
GLA Le= %0 " ke+ ST ) " =" s &L (" 1s1)
DeltaNet Ly = 3'v; %" k'? "= e WH&yLi(" 5 1)

LongHorn L= 3(vi%" ki)" diag(#)(v %" ki) "¢ =argmin, L(")
+3 T %" is1) (" %" 1s1)

Atlas Ly = E!:t$c+1 S ve %My (Ke)' 2 = (st & LM i)
| " t = "I" t$ 1 %#t NeWtonSChUIZ(":_t)
Mesa Le= 2 pog $ollve %" kell? " =argmin, L(")
+3T(% )

Table 4: Overview of test-time training recurrent layers, whose update rules can be derived from an online
learning objective function.

GLA and DeltaNet update rules. For convenience, we brst restate equafdrelow:
1 ;

L= L)+ FTC# ). (1)
We show in detail how to obtain the basic GLA and DeltaNet update rules by I&ttifiglow an
online gradient-based learning dynamics,

"= ts1 WH&L(" t51), (12)

where the input gaté; plays the role of a time-dependent step size.
For GLA, we choosé, to be the quadratic continuous-state Hoppbeld energy,

()= ) =y Tk,
and we set the quadratic regularizer to depend on the forget gatel input gate# as follows:

1%",
#y = l.
t #
Now, pluggingl; and#; into equationléyields '
" 1%" "
=T 1 %H&y WY Tkt LTI ) (13)
! =l
=" 51 %(1%")" 151+ HVik (14)
= "s1 VK (15)
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which corresponds to gated linear attention as debned in the main text (ed)ation
To obtain DeltaNet, we choose instdado be the squared error loss,

(") = 1597 o= L Vi %" k' 2,
t 2

and we disable the regularizét(= 0), as it was not included in the original DeltaNet modetklag
et al, 20213. Performing again the same computation as above, but now with this squared error
online loss, yields the DeltaNet update:

& .
1
=" g1 W& 5' Vi %" k' ? (16)
SR
=" 1+ (Vi %" s 1KoK, - (17)

LongHorn update rule. Yet another recent method called LongHokiiu(et al, 2025 can be
derived as online learning on a sequence of loss funci{ikhslts update rule can be derived by
minimizing an objective function:

"\ =argmin LoneHem (18)
|

= arg min %(vt %" k)" diag(#)(vi %" ki) + %Tr(" %" 1) (" %" s1), 19

with #, now a vector of the same dimensionvgsinstead of a scalar, determining an elementwise
squared error precision. The solution can be obtained in closed-form, following the derivation
provided in Appendix C ofl(iu et al,, 2025:

"t =" g1 +diag(%W)(vi %" 15 1k)k, (20)
with % = m This is a variant of DeltaNet with a particular diagonal input-dependent step
(N
size that is both a function ¢&¢ and#; (which is chosen to be a vector in this model, as opposed to
the scalar gates used in our DeltaNet and in our current MesaNet implementation). For computational

efbciency, the actual implementation of LongHorn approximates the update above with a simpler
rule that makes use of elementwise multiplications, denoted here by

"= (19%%(Kke * ki) )* s+ (% Vik (21)
where! is a matrix of ones. Like the DeltaNet, the LongHorn objective still only takes into account
the instantaneous squared error for the current key-value pair, with an additional memory quadratic
potential pulling towards the previous solution to avoid forgetting it entirely through tharginin.

By contrast, the Mesa layer explicitly optimizes the full forget-weighted sum of squared errors from
the beginning of the sequence until the presef# (L tot).

Omega/Atlas update rule. Concurrent work byBehrouz et al(20253 investigated online learning
layers that are intimately related to the Mesa layer. The paper focuses on a sliding window variant of
our objective function:
"t
L omega= St Ve %My (kKy)' 2, (22)
t'=t$c+l

wherec is the sliding window length, anl;: determines the cumulative forget at time stepr the
past losg% as in the Mesa layer objective. The authors further aNbw to be a 1-hidden-layer
MLP with parameters , similarly to (Sun et al.2025, and unlike the Mesa layer, which derives a
specialized update exploiting the fact that is a linear modelBehrouz et al(20258 optimize the
sequence of loss functioifk) online using a second-order Muon methddr@dan et a).2024):

o= GFsat & 10 s 0), (23)
"= " g1 Y% # NewtonSchul(*y), (24)

whereNewtonSchulg denotes the execution &fsteps of the NewtonSchulz algorithifi; is an

auxiliary momentum gradient accumulation state variable,@ns a dynamic (time-dependent)
momentum decay factor, which determines the retention of past accumulated gradients.
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C RANK-ONE UPDATE CONJUGATE GRADIENT METHOD

In the next two sections, we describe how we can use the conjugate gradient method to obtain a
solution for(H, +# )% q = g for manyt in parallel. As we will discuss below, the aim is to show

how one can do this without materializiht} for all time steps as this would lead to unnecessary
memory overhead, séng et al (20241 for a detailed discussion of this problem and a Ochunkwise
parallelO solution. We therefore aim to show here, as a starting point, how to cafnpuiteout
materializingH; = Hs1"¢ + kik{ and only relying orHs 1 as well as ory; andk;. This will
eventually allow us, see the next Appendix seciiyrto compute and materializé; only every

T/C steps with train lengtid and chunksizeC times, leading to a drastic decrease in memory
usage. We will do this while approximatir@, = [¢.,; , ..., ¢, c ] numerically in parallel by only
materializingH . wherec! { 0,C,2C,...T %C}.

We opted to initialize the conjugate gradient method with ¢ adiag(H, + # ;)® ! in this work.

Algorithm 1 Rank-One Update Conjugate Gradient Method

1: procedure RANKONECONJUGATEGRADIENT(Htg 1, "t, K¢, G, %0, kax )

2: Input: Symmetric positive-debnite matrikg; | R"#", forget strengti, ! (0, 1), key
ki ! R", queryg ! R", tolerancé% >0, maximum iteration&max -

3: Output: Approximate solutiorx.

4 k" 0

5 x" q adiagHg1+#)%? ) Initial guessx ! R"

6: r" o %(His 1"t + kiky +# )X ) Initial residualr

7: p" r ) Initial search directiomp

8: *gtortr ) Squared norm of the initial residual
9 * " *od ) Store initial squared norm for relative tolerance
10: while k < K nax do ) Loop until max iterations reached
11: q" (His1"t + keky +#¢)p ) Matrix-vector produc{Hs 1"+ + kik, +#¢)p
12: L R ) Step lengtH
13: X" x+1p ) Update solutiorx
14: r' r%lq ) Update residual
15: *ew " TTT ) Squared norm of the new residuglew
16: if 2 *new ) 0/% *, then ) Check relative convergencBry+1||) %roll
17: break ) Converged
18: end if

19: # S ) Improvement facto#
20: p" r+ #p ) Update search directiqn
21: *od " Fnew ) Store new norm as old for next iteration
22: k" k+1 ) Increment iteration counter

23: end while

24: return x ) Return the approximate solution
25: end procedure

On top ofH;g 1p, all other parts of théHs 1" + kik{ + # ;)p computation can be reduced to
one vector inner-produdt;, p as well as element-wise products and a Pnal addition of the results.
One can therefore approxiame numerically without materializingd;, which we will extend

in the following to chunks i.e. compu®, = [¢l,;,.-., 0. c] in parallel without explicitly
materializingH withc <t ) c+ C. This will become obvious after realizing that the computation
of (His 1"t + kek{ +# {)pis equivalent to GLA, therefore allowing for the chunkwise parrallel
computation proposed ivang et al.(2024h of GLA.
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Note that the most Bops during inference are spend in the matrix-vector ptéguethere we apply
the CG method simply t0H; + # ;)® *q (and not do not use the Orank-oneO update formulation
above) resulting in th®(kn3) of Table5.

We refer to AppendidG.5for further details about numerical precisions considerations within our
CG solver.

D CHUNKWISE PARALLEL FORM OF GATED LINEAR ATTENTION AND THE
MESA LAYER

Mesa layer forward pass. The main Mesa recurrence (Equatiéncan be rewritten as follows,
considering only one head and assuming without loss of generality that input gates are absorbed in
keys and values:

He = Hes 1"t + kekg

Gt = Gis1"t + Vik;
d =(H +# *q
o = th!

Note thatH is symmetric, and is symmetric positive debnite, $ty +# is also symmetric. LetOs
debne
YH#C L
i ift. s

$( — i=s+1 |
S 0 otherwise

(25)

with which the computation af; (unrolling the debnition 06;) has the following form:
"t

O = $i Vi k| ql . (26)

i=1

To connect to Sectio where the Mesa layer is debPned through a set of optimized linear model fast
weights" , we note that this is equivalent to minimizing the following objective wir,t.

"t
. 1 1 .
Ofel=argmin 5 S llvi %" kilP+ STrC# ), (27)
: i=1
and then computing the output through= '6{“'35?1.
To see why this is the case, let us compute the stationarity condition
* +

nt

1 1 .
& 5 &illvi % kil|* + SmC# ) =0 (28)
i=1
"t
#H "% Ki(vi % k)k =0 (29)
i=1
"t
A H % (Suviki %" Sikiki )=0 (30)
i=1
HoH+" KK = WK, (31)
B "= VR (KK ) ST (32)
$"t %$"t <‘V0$1
A "= $ti Vj k| $n ki k| +# . (33)
i=1 i=1

To simplify the calculation we introduced the auxiliary matrix variatfesindK ¢, which absorbed

square roots of the cumulative forget fact@rsWe denote the above (unique, fér> 0) solution by
" mesa
fesa
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Now, the recurrence relation for the state varidlecan be solved analytically, yielding

wy ot ! "t
He="tHis1+ kekp = - "0 kiki = $ikik; . (34)

=1 j=i+l i=1
!slssumingHo = 0. The same holds for the other state varialflg, = "{Gig1 + Wik, =

itzl $i Vi k| .
Therefore, as claimed, we recover equa?én

o = 0Py (35)

$ "t % $--t Y%g 1
= $ivik Sikik +# G (36)

i=1 i=1

= Gi(H +#) *'q (37)
= Gq. (38)

Chunkwise form. We remark that it} is given, this computation is equivalent to a Gated Linear
Attention (GLA) layerYang et al.(2024h, and thus can be efpciently computed on GPUs and TPUs
by splitting the sequence in blocks of opportune sizegsulting in a Ochunkwise parallelO form of
the layer. In short, gives., wherec!{ 0,C,..., T %C} dividing the training sequence length

in T/C chunks of sizeC, we can compute the output at time<t ) c+ C as

nt "t
o =(Gc+ % viki )g = Geg + $ivik o (39)

i=c+l i=c+l

Similar to softmax self-attention, this computation can be done in parallel'fprc+ 1, ...c+ C}
which becomes clearer when using matrix notation

Oc = GeQL + Ve(Ze* (K¢ QL)) (40)

whereK . = [K,...,ke+ c] @and Og, Ve, QL accordingly. Z. is a upper triangular matrix of size
C$ Cwith Z¢[i,j ] = %+jc+i. Please see for Triton-based implementation of this chunked parallel
formulation of GLA athttps://github.com/Ra-org/Rash-linear-attention

We differ from GLA as the Mesa layer replacgswhich is the standard query = Wqe by
G = (H¢ +#) ®lq which, as we alluded to above, can as well be computed equivalently to
GLA in chunkwise parallel form. Indeed, as shown in the previous section, the conjugate gradient
method relies purely on simple vector additions and multiplications which can be trivially realized in
chunkwise parallel form without extensive memory overhead, with the exceptigth.of #) p. This
operation suffers from the same memory problems as a naive GLA layer implementation as storing
H. for all time steps is costly which we therefore wish to circumvent. Fortunately, this can easily be
done with the exact same chunkwise parallel trick just discussed, which we now leverage to compute
"t
(He+#) p= Hip+# &p= % kik; p+# ap. (41)

i=1
which is required in the conjugate gradient algorithm.

|
Note that the brstterm |_, $ikiki pis in an equivalent form of GLA (by replacing with k; ) for
which we just established that a fast chunkwise parallel formulation exist, if we again store only some
intermediate stated .. We conclude that the computationgf= (H; +#) ®1q and therefore the
whole Mesa layer can be approximated by repeatedly applying a in chunkwise parallel computation
leveraging matrix-matrix accelerators on GPUs or TPUs.

Mesa layer backward pass Let e; be the error coming from future layers at tiandL be the
Pnal loss. Then we have the following:
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& =(Hi+# *'G @
d. _ do  _
a— ﬁet—et
d. _ da
d#t,i - d#t,i € = /(ﬂ(,i et,i

do .

@ = @Sk (He+#) *lg
a
dVS t%s
a _°
dks
dL . .
e $s(0(| Gss 16 %ei Hs$10¢!)

S tws

$s € 0(' ks

S (e Vs%eq ks % e k)

This is a time-reversed version of the formulas to compute the derivatives with respgdard

ks. Note that(g‘T'-s andcj‘T'-s can again be computed in chunkwise parallel manner as they are sums
of expressions which are all GLA formulation equivalegitis also chunkwise parallel compatible
since, as we just established, running conjugate gradient (chunked) parallelized in time is possible.

It remains to see how to quickly compute the derivatives with respéet téo that purpose, let us
consider the Prst term in the equation dePning the derivative, as the second can be handled similarly;

we have that: " "
$sq Gss1&e=  Tr[Hsq Gss1&] =

t%s L%s

TI’[ Gss 1$s & 01' ] =
I%Sl 3

Tr 2Gs$1 $tset0¢!" 4

t%s

This already gives a way to compute the derivatives that is linear in sequence length (as it is sufpcient
to accumulate the-dependent part asdecreases). However, for maximum efbciency we would
like to also split the computation into blocks and make use of matrix multiplication units for this
computatilon.

LetFs = s &s&q . We now explain how to compute the value above simultaneously for a
block of indicess= L +1,...,U %1.

Gss1= GLSsgaL + $ss 1pVpK,
n n L<p<s
$set0¢!" = $setq!" + $usFu
1 s 3 ° ) I /3
Tr ZGs$1 $selq!" 4=T1r 2- GL&sa + s lprk;) 0 - $set0g!" + $JSFU0 4=
t%s L <p<s 1 s t< U 3
=Tr[ GLFuSusSs 1]+ Tr 26 $s 10 $seq 4+
1 3 15' t< U 3
+Tr 2FU$JS Ss 1prk; 4+7Tr 2 $s etq!" &s 1prk; 4 =
L <p<s s' t< U L <p<s
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5 . 6
=Tr[ GLFu]$us$Sss 1L + $s$s1. Tr GLaqg +
s' t< U

5 .6 5 . .6
+ $Js$s$lpTr I:UVpkp + $s$5$1pTl' € G Vpkp

L <p<s L<p<s s' t<U

For computing the last term, we can make use of the fact®hat O if a < b to rewrite it in the
equivalent forms_

S5 1p(a Vp)(kp @)%s = S CIADICLIEE
L<p<s s' t< U L<p< UlL<t< U
which can be computed as the product of the three mat#¢e®, Z with Ziﬁ = $igq5, Qj =
(9" vi)(ki §),Zj = % ; the requested values appear then as the main diagonal of this matrix.

The second term can be similarly rewritten as

Ks 1L (4 GLe)$s = $s1L (4 GLe)$s

s' t< U L<t< U

which can be computed by multiplying the vectpr= ¢ G, e by theZ matrix dePned above, and
then by doing a point-wise vector multiplication By 1, .

Finally, the brst term can be computed simply by computing the trace once and then doing a point-wise
vector multiplication, and the third term can be computed as the second.

E A FuULL DESCRIPTION OF THEMESA LAYER, RELATED WORK AND THE
MESANET

For completion, we repeat the Mesa layer computation which is described throught the following
equations
nH ) nH
I gnese= P ON e th,e = PnGhy linsolve(Hnt +# 1, tht)- (42)
h=1 h=1
The equation above depends on two state variablgs= {Gn:,Hn:}, which we obtain through
the linear recurrence relations:

Ght = Ghs1"ht + Vhit k;u #ht Hht = Hnts1"he + Kng klr;,t H#nt, (43)

where as beforg,; ! [0,1]is a forget gate an#él,; ! [0, 1] is a input gate, where we adopt the
conjugate gradient method as the sol\ear(czos 195Q Hestenes et g11952. Before the Mesa

layer computation, we compute the keys, queries, values as well as input and forget strength in the
following way.

First, we normalize the embeddings with an RMS na@ani RMSNorne;). After projections

ki = Wie, g = Woer,vi = Wgve we convolve them in time with a window size of 4 e.g.

ke " f’zo kisib+1 with learnable parametebs, . . ., by. Furthermore, after applying@iLU(x) =

x 5" (x) non-linearity we normalize the keys and queries (but not values) to have L2-norm of 1 i.e.
ki " SiLU (k¢)/]|SILU (ky)]| andg " SiLU (q)/ |[SILU (q)]l-

For the forgetting and input gate we simply squeeze the RMS nosnptbjections through a
sigmoidi.e# = ' (gW-) and"; = ' (W, ). After computing the output of every head, we apply
a RMS norm i.e. the actual output of the Mesa layer amounts to

nH
| gnesa= P RMSNOMR(Gn, linsolve(Hn; +# 1, e ). (44)
h=1

The regularization parameters are simply send through a softplus function to ensure positivity i.e.
#n " softplus  (#1). We did experiment with a input / time dependent regularization strength but
in this work opted for a Pxed lambda over time, see Section
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Comparison to related work: To ensure a 1-1 comparison with related work, we use the exact same
parametrization of the keys, values and queries as well as forget and input strength parametrization for
the GLA, Mamba?2 and (gated) DeltaNet. Here, only the state update as well as output computation
differ depending on the rule, see Taliléor an overview. The mLSTM layers, which we also compare

to, have a different parametrization of the forgetting as well as input strength and keys and quries are
not normalized by their L2 norm, s@&eck et al(20249).

Layer Output & state update Memory Flops output & state update
MHA o= L ve$(K{ g (Ve ko), K2t O(nat) K O(1)
GLMHA o =" (¢ with "+ N n2 0o(n2) N O(n2)
"e=" ol ovk(
DN o =" tq with ) "+ N n2 0o(n2) N 0(n?)
"e=" o a(ye(PD ek Ke))+ eve ke
MESA Equation? St = {Gi,H:} N 2n2 | O(n2)+ O(kn2) N O(n2)

Table 5: Flops as well as state size comparison between MHA, gated linearized multi-head-attention
(GLMHA) such as xXLSTM or Mamba2, (gated) DeltaNet (DN) and the Mesa layer during inferenceAll
softmax attention alternatives requid$n2) Rops, with key size,, to compute the output as well as update the
state(s). The Mesa layer requires an additidénsteps of the CG method which co€$kn2). For simplicity
we assum@y = Nj.
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E.1 MODEL DESIGN

We give an overview over the network architecture for all models compared in this work in bullet
points. The only difference is the way how to do the OsequenceO mixing of the keys, valyes and

queries (and forget and input gates), with an exception of the LRU I®gef al, 2024, see Tabld.

¥ The model consists of an embedding layer of sigewhich is also shared at the end of
the model to compute the logits. We do not apply regularization on the parameters of the
embedding.

¥ The model is then followed b number of blocks consisting of a sequencing layer e.g.
MHA, GLMHA, DN or Mesa, described in Sectia® followed by an MLP layer. The
input of both the MLP as well as sequencing layer go through a RMSN@imang &
Sennrich 2019, see Figurel. After computing thdogits, we apply a soft hyperbolic
tangent clip withc = 30 with logits = tanh(logits/c)c, again following the open source im-
plementation oDe et al.(2024), seehttps://github.com/google-deepmind/
recurrentgemma/blob/main/recurrentgemma/jax/griffin.py

¥ To compare all different sequencing layers as closely as possible and focus on their ability
to incorporate information from the context, MHA, GLA, Mamba2, xLSTM, the (gated)
DeltaNet, as well as the Mesa all use the exact same key size and therefore the exact
same amount of parameters to compute the queries, keys and values. All RNN layers, for
direct comparison, additionally only use per head a one dimensional gate for forgetting
as well as writing which we squeeze through a sigmoid functioré.e= ' (W- &) and
"t =" (W, &), except the mLSTM layer. This stands in some contrast to how the models
were originally designed e.g. Gated Linear Attentidarfg et al, 20243 or RWKV (Peng
et al, 2023 use higher dimensional forget gates. Furthermore, all RNN layers convolve the
keys and queries with a window size of 4. This is by now a standard feature of contemporary
RNN/SSM architectures, motivated by earlier analygesi@ et al, 20233 Fu et al, 2023.
Note that for all models, except from mLSTM which uses a special parameterization and
normalization, we apply a SiLU (or swish) non-linearitygndrycks & Gimpel 2023
before we normalize the keys and queries by their L2-norm. The output of each head is
independently before the linear projection back to the residual stream send through an
additional RMSNorm.

¥ We debne Mamba? as forget-gated linearized multi-head attention folloveing et al.
(20249, and GLA as its forget- and input-gated counterpart; both methodswidbpendent
gates.

¥ When using the LRU layeJe et al, 2024, we notice that the layer, in its default hy-
perparameter conbguration, subsumes more parameters than MHA and the other RNN
alternatives, as they use exactly the same number of parameters to each other. We therefore
decrease the hidden size multiplier which determines the increase of the RNN state when
compared to the embedding size, to match parameter count.

¥ The Hawk-Mesa model simply alternates between blocks that have either a LRU layer or a
Mesa layer.

¥ For the MLP layers we follow agaibe et al.(2024). We create two branches both with
dimension ofne a3, apply a SiLU non-linearity to one of the branches and merge them by
multiplying. We then down project with a simple linear layer intpdimension.

¥ All weights are initialized by sampling them from a normal distribution and in Ofan inO
mode, while scaling the variance of the weights which project back to the residual stream by
2.0N .

F EXPERIMENTAL DETAILS: MESANET IN SYNTHETIC ENVIRONMENTS

F.1 MAD BENCHMARK SUITE

We follow the benchmarking procedure detailedPioli et al.(2024) precisely: For each task in

the suite, we evaluate the architectures on subtasks of varying difpculty (i.e. varying sequence
length, number of training examples, vocabulary sizes and further, task-specibc parameters) and
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Hyper Parameter Search
Embedding dimension 128
Number of layers 2
Number of heads 8
Key size 16
Epochs 200
Batch size 32
Optimizer Adamw
Learning rate 3e-3, 1e-3, 5e4, le4]
Weight decay [0.01, 0.1]
#s (0.9, 0.98)
Scheduler Cosine Scheduler with Warmup
Minimum learning rate leb
Warm-up start learning rate le-7
Warm-up steps 750

Table 6: MAD benchmark suite hyper-parameters, taken fidot et al.(2024).

Hyper Parameter Search
Embedding dimension [64, 128, 256, 512, 1024]
Number of layers [1,2,4,8,12]
Number of heads [1,2,4]
Epochs 50
Batch size 32
Optimizer Adamw
Learning rate Te4, 2.5e4, 1e-3]
Weight decay [0.01,0.1]
#s (0.9, 0.99)
Scheduler Cosine Scheduler with Warmup
Minimum learning rate 2.5e5
Warm-up start learning rate le-7
Warm-up steps 25000

Table 7: RegBench hyper-parameter search-space, takenAignarek et al.(2024. For all models, we keep
the key size bxed to 128 across combinations of embedding dimension and number of heads.

compute the mean accuracy. We further sweep over varying learning rates and weight decay values
for each model and report the maximum average task accuracy. For each architecture, we bx a set of
hyper-parameters that can be found in Table

F.2 REGBENCH IN-CONTEXT LANGUAGE LEARNING BENCHMARK

Following Akyurek et al. (2024, we report the test-accuracy of the conbguration obtained from a
grid-search over a pre-debned set of shared hyper-parameters for all models, which can be found in
Table7.

G EXPERIMENTAL DETAILS: MESANET IN A LANGUAGE WORLD
We follow closely the experimental setupBéck et al.(2024 as well aDe et al.(2024).

G.1 DATA

We train models on SlimPajan&oboleva et al(2023 and use the GPT-2 tokenizBadford et al.
(2018 which uses a vocab size of 50257, asBiack et al.(2024. We pre-tokenize the dataset
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and bll up sequences with context length shorter than the train length, which is set to 2048, with
other randomly sampled sequences until the context train length is full. We separate these separate
sequences with BOStoken. We follow the same recipe when creating the validation data. Note that
this procedure might bias the training as well as evaluation of the model towards shorter sequences.

We train on two dataset sizes: 15 billion and 50 billion tokens.

G.2 MODEL DESIGN
We give an overview over the network in bullet points.

¥ The model consists of an embedding layer of sizewhich is also shared at the end of
the model to compute the logits. We do not apply regularization on the parameters of the
embedding. We follow agaiDe et al.(2024) and initialize the parameters of the embedding
matrix in Ofan inO mode but scale back the embedding during inferendedgading to a
variance of 1 in the residual stream.

¥ The model is then followed b number of blocks consisting of a sequencing layer e.g.
MHA, GLMHA, DN or Mesa, described in Sectidt) followed by an MLP layer. The input
of both the MLP as well as sequencing layer go through a RMSN&irar{g & Sennrich
2019, see Figurd.. After computing thdogits, we apply a soft hyperbolic tangent clip with
¢ = 30 with logits = tanh(logits/c)c, again followingDe et al.(2024).

¥ To compare all different sequencing layers as closely as possible and focus on their ability
to incorporate information from the context, MHA, GLA, Mamba2, xLSTM, the (gated)
DeltaNet, as well as the Mesa all use the exact same key size and therefore the exact same
amount of parameters to compute the queries, keys and values. All RNN layers, for direct
comparison, additionally only use per head a one dimensional gate for forgetting as well
as writing which we squeeze through a sigmoid function#e= ' (W-e + b ),"; =
"(W,,e + b,), except the mLSTM layer which has a more elaborate parametrization.
This stands in some contrast to how the models were originally designed e.g. Gated Linear
Attention (Yang et al, 20243 or RWKV (Peng et a].2023 use higher dimensional forget
gates. Furthermore, all RNN layers convolve the keys and queries with a window size of
4. Note that for all models, except from mLSTM which uses a special parameterization
and normalization, we apply a SiLU (or swish) non-linearkiefdrycks & Gimpel2023
before we normalize the keys and queries by their L2-norm. The output of each head is
independently before the linear projection back to the residual stream send through an
additional RMSNorm.

¥ We debPne Mamba2 as non-gated linearized multi-head attention follovéng et al.
(20249 and GLA as its gated counterpart wighh-dependent forget strength.

¥ When using the LRU layerde et al, 2024, we notice that the layer, in its default hy-
perparameter conbguration, subsumes more parameters than MHA and the other RNN
alternatives, as they use exactly the same number of parameters to each other. We therefore
decrease the hidden size multiplier which determines the increase of the RNN state when
compared to the embedding size, to match parameter count.

¥ The Hawk-Mesa model simply alternates between blocks that have either a LRU layer or a
Mesa layer.

¥ For the MLP layers we follow agaiDe et al.(2024. We create two branches both with
dimension of3ng, apply a SiLU non-linearity to one of the branches and merge them by
multiplying. We then down project with a simple linear layer imodimension.

¥ All weights are initialized by sampling them from a normal distribution and in Ofan inO
mode, while scaling the variance of the weights which project back to the residual stream by
20N .

G.3 TRAINING DETAILS

We train over all the models in this work with batch size of 256, the AdamW optimiiehchilov
& Hutter, 2019 with weight decay strength 0.%= 1 $ 10°8,#, = 0.9,#, = 0.98, and a cosine
learning rate scheduler with initial learning radt& 10° ¢, warmup steps of 2000 and a peak learning
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Model size Train size Transformer Mamba2 GLA XLSTM DeltaNet Gated DeltaNet Hawk Hawk-Mesa Mesa
Small 15 0.0025 0.003 0.002 0.0025 0.003 0.001 0.002 0.0025 0.003
Small 50 0.003 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.00095
Medium 15 0.0015 0.0025 0.0025 0.003 0.003 0.0025 0.0025 0.002 0.0025
Medium 50 0.001 0.001 0.00095 0.0009 0.00085 0.00095 0.0009 0.0009 0.001
Large 15 0.002 0.002 0.002 0.0015 0.0015 0.002 0.002 0.002 0.002
Large 50 0.0008 0.0009 0.00085  0.0008 0.0008 0.0009 0.0009 0.00085 0.00085

Table 8: Peak learning rate for all models trained for this work determined by a learning rate grid scan.

rate ofl which is scanned for each experiment, see below. We cosine decay the learning rate to
10%of the peak learning rate till the end of the training determined by the train set size. We use as
loss the classic cross entropy on the next token; we do not compute the lossBipStaken. We

apply gradient norm clipping to norm 1. We apply mixed precision training where the weights are
float32  but activations aréfloatl6 following Beck et al.(2024. Interestingly, we bnd that

this actually improves next token perplexity slightly compared to uBoay32  everywhere.

G.4 HYPERPARAMETER SCANS

We train 3 model sizes: 140 million, 440 million and 940 million parameters following roughly
Beck et al(2024). As already mentioned, all architectures have by construction almost exactly the
same number of parameters for the same architectrual dimensions. All recurrent neural network
types have the same parameters as multi-head attention but additionally have two parameter vectors
of sizen, which produce the two gates per head. The Mesa layer has additionaflyxed in

time) parameters for (meta-)learngdegularization. Since the parametrization of the LRU layer is
different by construction, we simply adjust the hidden size scaling. &5 to match the parameters

of the other RNN layers. The 3 different model sizes use keyrgize 128 and otherwise are setup

as follows:

¥ 140 million N Small: N = 14 blocks,h = 6 heads, embedding dimensing = 768.
¥ 440 million N Medium : N = 28 blocks,h = 8 heads, embedding dimensiog = 1024.
¥ 940 million N Large : N = 28 blocks,h = 12 heads, embedding dimensiog = 1536.

The exact number of parameters and peak learning rate can be found irf8Tableall models, we
scan the same range of learning rates: for models trained for 15 billion tokens we s¢asd
0.0025 0.002 0.001, 0.0013, and for models trained for 50 billion tokens, we observe, similar to
Beck et al.(2024), that smaller learning rates were benepcial and thus{sz@01, 0.00095 0.0009
0.0085 0.0008 . We train all sliding window attention (SWA) models, as they are only reference
points, with learning rate 0.001.

G.5 NOTES ON PRECISION USED IN THECG-SOLVER, MESA LAYER DESIGN CONSIDERATIONS
OR Why you shouldnOt scream at your Mesa layer

The MesaNet, for the model sizes we consider for the language experiments, solves during training
millions of linear systems of equations numerically in one forward pass. Somewhat surprisingly,
we did not encounter many training instabilities when setting some crucial hyperparameters and
architectural details accordingly. First, we follow related work and normalize keys and queries - this
is a crucial brst step to stabilize the Mesa layer. Second, the most important hyperparameter for the
Mesa layer, which strongly infRuences the conditioning number and therefore the number of CG steps
needed to solve the linear systems, is the regularization strénddoe to experimentation when
training small models, we initializetd = | but restricted its values to be lower-boundedXs. We
hypothesize that this lower bound is important to, implicitly, upper bound the condition number. We
determined thé lower bound by a grid scan when training the medium sized model on 15B tokens.
See FigureD for some# values of a trained model. We parametetizthrough a softplus function

i.e.# =0 .25+ softplug#) and adjusted the initialization of the parameter accordingly.

When training on SlimPajama and using the GPT-2 tokenizer, we noticed that the dataset, especially
the sequences which contain code, contains sequences which consist of many repeated tokens such as
the empty token O O. We call this Oscreaming at your language modelO. These kind of inputs to the
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Mesa layer lead to a matridp; = Kp K ,{t which contains sums of the same vector outer product
which we analysed leads to instabilities when 1. We therefore upper-bourid by b = 0.9975

(which might be train length specibc) and adjust its value depending the input stégngthen
training on SlimPajama, we use = ";s;, withs;, = (1 % (1 %hb )#2). Note that other tokenizers
which merge repeated O O should solve this problem partially. This correction improves perplexity in
scans on small models and so we adopted it throughout our experiments.

A bnal comment on the precision of the CG solverThe opted to use FP32 matrix multiplication
precision inside the CG solver solely within our Pallas kernel. Note that we used BF16 everywhere
else to compare other RNN and transformer models with our MesaNet fairly. This reduces memory
loading times as we only load data with BF16 precision, comgbita our solver with FP32 precision,

and cast it down in our solver to FB16.

Although we did not investigate in depth FP16 or BF16 precision within the CG solver for which
convergence problems are well known, we found the training times when using FP32 acceptable. We
leave this important investigation for future work.

We end here with a note of caution when using these lower precisions on GPUs as more work might
be needed to ensure stable convergence to the approximate solution of the linear solver.

G.6 EXPERIMENTS COMPUTE RESOURCES

We provide here an estimate of the compute resources used for a single run of a 1B model. We note
that transformers, MesaNets and other RNNs were of somewhat comparable speed on average and
so estimate compute by averaging and not differentiating costs across models. We mostly relied on
TPUV5 to conduct our experiment. Here we used multi-pod TPUv5s which bt the whole models,
without model sharding, and therefore were able to rely solely on batch sharding. For the 1B models,
one training run, with sparse intermediate evaluation, when training on 50B tokens lasted around 36
hours on average. When training on smaller models, the train time signibcantly dropped. All Mesa
layer investigations were done on the 400million scale when training on 15B tokens resulting in
train runs which last 3-12 hours depending on the amount of CG steps used and data parallelization
applied.

Running our evaluation pipeline for all downstream benchmarks took on average 3 hours on the same
hardware, although we note that we did not optimize this pipeline for run time.

G.7 TOKEN THROUGHPUT COMPARISONS OF RECURRENT MODELS FOEB MODELS

We report in Figures the throughput (in tokens / second) of the 1B MesaNet (for different bxed
CG steps), Gated DeltaNet, Gated Linear Attention, as well as standard (global softmax-attention)
Transformers. The MesaNet performs competitively, especially with a bPxed number of 10 CG steps.
We note that 10 CG steps are sufbcient to obtain the superior MesaNet results reported in the main
text. Gated linear attention, due to the limited Rops and matrix multiplications needed to perform a
forward pass, reaches signibcantly higher throughput than all other models. As expected, transformer
throughput degrades with increasing sequence length.

H THE ORIGINAL RECURSIVELEAST-SQUARESMESA LAYER

We now review the original version of the Mesa lay®iof Oswald et al.2024), where©nesa
was determined through the classical fecursive Ieast—sc&lares algorithm. The key observation is
I 1

thatOresa= ik R?* = * [, wky 1., kekp +# , and that one can calculate the
inverseR? ! recursively through the Sherman-Morrison formuaérman & Morrison195Q Gauss

1_ 1 o, RiYkekf R
1829, RP* = Righ % it
this solution is problematic for two reasons. First, when introducing time-dependent forget gates
"¢ ! [0, 1] which scale the previous state, i.€Ris 1"t + kik; )®*, the matrix inversion for small,
can introduce numerical instabilities 3%11% can grow unbounded. Moreover, note that this Mesa

layer version forgets the regularization te#nexponentially fast, as it only enters through the initial

, with RS * = # $1. While efpcient for sequential inference,
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Figure 6: 1B model throughput (tokens / sec) with bRoatl6 activation and Roat32 weight precision

on a H100 GPU (top row) using the open source framework ofittps://github.com/fla-org/
flash-linear-attention or our custom TPUv5 implementation (bottom row). We show the effect

of scaling the batch size (left), while Pxing the generation length, or scaling the generation length, while bxing
the batch size on the token throughput / sec. For this experiment, we averaged over 5 iterations to reduce noise.
On both hardware systems, we see that 1) MesaNet and Gated DeltaNet perform competitive despite MesaNet
consuming signibcantly more Bops, 2) Gated Linear Attention outperforming other layers signibcantly as well
as 3) the throughput of the Transformer degrading with larger batchsize and especially sequence length. We
chose sequence length for left panels and batch size for the right panels small enough, such that the (global
softmax) Transformer does not run out of memory for the H100. On the TPUV5 and the left conbguration, the
Transformer is running out of memory for the largest batchsize.
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Figure 7: Effect of Number of Conjugate Gradient (CG) Steps on SlimPajama Perplexity within and
beyond train context length. We show here the effect of reducing the number of CG steps during inference on
token perplexity across token position of a 1B MesaNet trained on 50B tokens. We eitheépxsgraumber CG
steps uniformly across the modwi apply adynamic stopping criterio# > 0.
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stateRg 1. Second, we are not aware of a way of compuﬁﬁ‘g1 in a parallel-in-time fashion. This
precludes efpbcient parallel training at scale in current hardware.

The Mesa layer as a second-order in-context learning method. As reviewed in Section andA,

the closely related DeltaNet mode&chlag et al.20213 updates a matrix-valued state variable

" I R"#Ma following online gradient descent on a squared error loss. Omitting the head index, the
dynamics of this layer reads

"= e %#t&lfq-e”(u t$ 1) =" g1+ #t(Vt %" s 1kt)k; . (45)

To make comparison with this layer easier, we now express the Mesa layer (eghati@similar
recurrent form. We assume that we are in the case where the Sherman-Morrison recursion explained
above holds, so that we can erﬂqs ! as afunction oH t$$11. This requires that forgetting is disabled

((+"¢ = 1), or that the regularizet decays exponentially with time. For simplicity, we assume in
what follows that there is no forgetting. Then, using the conventionHRat # , we have that

"= GtHfBl (46)
= (Gis1 + viki JHP? (47)
=(" syt viky JHE (48)
=" 151 He%kek( HP T+ vk HE? (49)
=" 151 %" s 1kiky HE T+ viky HE ! (50)
=" (51 %(" 131k %V )k{ HE? (51)
=" 151 % &3, Li(" 151)* &) FT 15 1), (52)

recalling thatL, is the cumulative regularized loss (equat®rand!;®®" = 'vZ %" k;' 2. To go
from equationgl7to 48, we used the fact thdtis ; = Gig 1Ht$$11. From equationg8to 49, we used
the identityHs 1H® 1 = (H %k.k; YHS L.

Thus, while the DeltaNet and related layers perform (Prst-order) online gradient descent on a squared
error loss, the Mesa layer implements instead an online (second-order) Newton descent algorithm.

| A PRELIMINARY INVESTIGATION INTO STATE TRACKING WITH THE MESA
LAYER

1.5 "EO 1) 1.0
VtE(-1,1) >0.9
(9}
& o VE€(-1,1)
° 3 0.8 Ve €(0,1)
£ é'() 0.7 Train length
© .
= 0.5 3 —--- Random guessing
@ 0.6
0.0 0.5 = - WV i e -
64 128 192 256 40 64 128 192 256
Train samples (x10%) Sequence length

Figure 8: Negative!; and high! allow MesaNets to solve parity When using : % (! 1,1) as well as
enforce high , we enforce the MesaNet into functionality close to GLAGAs= g which allows us to use
MesaNet with! ; %(! 1, 1) which naive applied does not lead to a well-dePned mesa-optimization problem.

Recent work has investigated the (missing) state-tracking ability of transformers, modern state space
models and linearized transformer RNN models, see Bgrrill et al., 2025. It remains an active
research direction to study under which circumstances these in-time parallelizable RNN models can
better track state than transformekée(rill & Sabharwal 2024 Li et al., 2024).

One simple architecture change propose8anrof et al(2024); Grazzi et al(2025 which allows
layers such as Mamba, GLA or gated DeltaNet to solve certain state tracking tasks is to use forget
strength'; ! (%1, 1) instead of'; ! (0O, 1). We highlight that this change naively is not possible
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to incorporate into the Mesa layer. Indeéd,! (%1, 1) could violate the positive debniteness

of (Hig1"t + kek; +#) leading to a potentially ill-debned linear system of equations problem.
The Mesa layer is equivalent to GLAGf = ¢ which can be enforced by settifigto very large
values such thaH, +#) 1/ #%1 and rescalingy by #. Although undesirably from an online
learning perspective, high should lead tqHs 1"+ + kik; +#) rendering positive dePnite even

if "¢ ! (%1, 1) leading to state tracking capabilities as observe@riazzi et al(2025 for models

such as Mamba or DeltaNet with ! (%1, 1). We show brst state tracking results for MesaNets
with "¢ I (%1,1) or"¢ ! (0, 1) while initializing # = 50 &l and restricting its lower value #0.

These values are chosen by hand, generally a wide range of (faraefually gave us the same
results. When now learning parity, see Fig8reMesaNets, as hypothesized, start solving parity
with perfect accuracy when endowed with! (%1, 1), similar to results presented for Mamba
and gated DeltaNet iGrazzi et al(2025 when usind'¢ ! (%1, 1). Although this parametrization
showcases the Rexibility of the Mesa layer encompassing the capacity of GLA (and similar layers
such as Mamba and mLSTM) by enforcing high regularization, we stress that this solution is in our
opinion rather a bug than a feature. This is because we actually wish to utilize the extra Rops spend
to computeg . We leave investigating how the MesaNet could track state while not falling back to
GLA functionally for future work.

Experimental details. We train a MesaNet with 2 layers, an embedding dimension of 128, and

4 heads per sequence mixing module (each head with dimension 128) amounting to roughly 1M
parameters. For training we sample bitstrings on the 3y and compute the respective ground truth parity
scores at each sequence position. We then train the model to predict the parity score at each position
in the sequence. During training bitstrings are restricted to a length of 40. In a bPnal evaluation, we
test the trained model on sequences up to length 256. We train on a batch size of 256 and train in the
inPnite data regime sampling a total of 20000 batches. We use a weight decay of 0.03 and a learning
rate of 0.001. To obtain the results displayed in Figixee initialize# = 50 and lower bound

it to 49 and train once with positive eigenvalues orily (( (0, 1)) and once allowing for negative
eigenvalues”( ! (%1, 1)).

J FURTHERDISCUSSIONPOINTS

We list here some additional discussion points which we couldnOt place in the main text because of
space constraints

¥ Backpropagation through the conjugate gradient method Currently, we are computing

the gradient through the Mesa layer assuming that we have approxigatederically

well. We believe this current version is a shortcoming of the Mesa layer and speculate that it

is actually feasible to train the MesaNet to cope better with fewer steps (and not approximate

g as well). For this we would use a stochastic number of CG steps during training, ranging
for example from 0 to 30, and backpropagate through the unrolled process, potentially
obtaining a model which is trained to be behave OoptimallyO given a certain number of
CG steps. This would allow for an even better dynamic test-time compute allocation of
the MesaNet during inference as users could Rexibly decide to spend more compute for
a better model. Interestingly, one could additionally condition (e.g. with a set of BOS
token indicating the number of CG steps used during the forward pass) the models forward
computation and therefore allow the model to learn to adjust its representation at every layer
dependent on the CG steps used in the Mesa layers. We speculate that we therefore would
obtain a MesaNet which behaves on par with e.g. GLA, Mamba or XLSTM with 0 CG steps
and outperforms these RNNs when allocating more CG steps.

¥ Architecture considerations We decided to benchmark related work while using the

common transformer backbone allowing for a direct 1-1 comparison between all models.
This architecture is extremely widespread and has the advantage to allow for a direct usage
of Mixture-of-ExpertsShazeer et a[2017) layers. xXLSTM and Mamba, see e.Beck

et al.(20249), use a different backbone which notably merges the MLP layer and the RNN
layer in one while matching parameter count. This architecture change leads to overall
better perplexity but question if the particular RNN layer or the architecture change, or its
combination offers better results. We leave an investigation of a fair comparison of the
Mesa layer and other related work when changing the architecture backbone for future
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work. Generally, we acknowledge that it is unclear if these architecture changes address the
shortcomings of RNNs, which we show in the evaluation section, namely to incorporate
sequential long range information. We are excited to study the inBuence of the backbone
when optimizing for incorporating long-range understanding and not perplexity.

¥ Learning fast matrix inversion algorithms from data : To obtain(H, +#) ® ¢ we decided
to use the well known and powerful conjugate gradient method. While this algorithm is
widespread, we hypothesis that learning a neural network to gbllve #) ® 1q directly or
adjusting the CG method by learned parameterization, could lead to signibcant speed ups.
We generally bnd extending well-known algorithms with the help of deep learning or using
them as building blocks of deep neural networks an exciting research direatio©gwald
et al, 2023 2025 Vladymyrov et al, 2024).

¥ Mesa layer to model sequences outside the language domalWe speculate that the
Mesa layer is a promising layer for sequence modeling of continuous data, where in-context
generalization and not memory is the driving factor of improving next token prediction.
Therefore the Mesa layer might excel in domains which require some form of in-context
(control or reinforcement learning) algorithm distillatidragkin et al, 2023.

¥ The fundamental limit of RNNs with bPnite memory: (Modern) RNNs do have a Pnite
amount of state which they can use to save information for future access. This has two
interconnected, intermediate shortcomings when comparing to softmax: The interpretation
and the relevance of certain information in a sentence can drastically change even at the last
token. Since softmax stores all information of the past (all input text and its representations
in all layers), it can recall information relevant to the current query (for example, a particular
guestion about the text. RNNs need to anticipate when processing information which needs
saving such that it can be accessed later on.
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K MESANET TRAINED IN SYNTHETIC ENVIRONMENTS

We evaluate the token manipulation and in-context learning capabilities by training and evaluating
MesaNets on two purely synthetic benchmarks: (i) Mechanistic Architecture Design (MAD) (

et al, 2024 and (ii) RegBenchAkyurek et al, 2024). For MAD, we train 2-layer models and sweep
over a range of optimization hyperparameters for each task. For RegBench, weA&lenek et al.

(2029 and sweep over a larger grid of hyperparameters for each task, including number of layers and
heads, see Appendix

MesaNet excels at the MAD benchmarkMAD comprises a suite of recall, memorization, compres-

sion, and copying tasks. As shown in TaBlghe MesaNet achieves the highest average performance,
outperforming all linear recurrent architectures and matching the performance of transformers. These
strong results demonstrate the MesaNetOs efbcacy in managing its bxed-size recurrent state to store
and retrieve necessary information across diverse manipulation challenges.

MesaNet and Transformers perform on par on the RegBenchThis benchmark requires models to

infer the underlying grammar of pseudo-languages, debned by probabilistic Pnite automata (PFAS),
solely from context sequences. At test time, this in-context learning capability is tested on token
sequences generated with held-out PFAs. Again, the MesaNet surpasses other RNN models and
matches transformers, demonstrating its capability to infer rules at test time (Blgure

o
w

IC&Noisy Fuzzy Memorize Selective Compress  Avg.

Recall  Recall TrainData  Copy 9
Mamba2 100 51.2 42.0 95.4 413 66.0 £
GLA 100 39.0 82.5 96.1 42.3 72.0 <90
XLSTM 100 47.6 79.8 95.4 43.4 73.2 Q
DeltaNet 100 55.5 40.8 98.8 43.3 67.7 5
Gated DeltaNet| 100 32.7 81.7 95.7 45.0 71.0 Sss Transformer GLA
Hawk 93.0 13.6 91.3 77.0 47.7 64.5 < Mesa DeltaNet
MesaNet 100 58.5 77.2 99.2 454 | 76.1 @ :Em'raz Gated DeltaNet
Hawk-MesaNet 100 30.2 85.6 99.6 52.3 73.5 80 i B o
Transformer 100 48.6 84.7 96.0 49.5 75.8 Number of DFAs (in 1000)

Table 9: Performance (% Accuracy$) on the MAD bench- Figure 9: Performance on RegBenchAky trek
mark (Poli et al., 2024). The MesaNet performs stronglgt al., 2024. MesaNet outperforms other linear
compared to other RNNs and matches the transformer. architectures and closes the gap to transformers.

L EXTENDED RESULTS INLANGUAGE ENVIRONMENT

L.1 LANGUAGE MODELLING / PERPLEXITY ANALYSES

The common approach to measure language modeling performance on a set of se§uences

{s1,...,sn} is perplexity (PPL), which is debPned as the exponential of the average negative log-
likelihood per token Jelinek et al.1977 Brown et al, 2020k Biderman et a].2024):
S| ds; |
NLL = % logP(Sji |Sj 1,---+Sii $1)
S )51 1), )
]!:ll Sil j=1i=1 (53)

PPL = exp [NLL]

where|S| is the number of sequences,is the jOth sequenceSnands;; is the iOth token in the
sequencs; . However, all tokens are weighted equally in these metrics, independent of their token
position. This is especially critical, as the magnitudes of the log-likelihood scores tend to be quite
different for early and late tokens in a sequence. As a consequence, interesting differences between
models might be masked in these aggregated metrics, especially when comparing different model
families with different inductive biases. Therefore, one needs to condition on the sequence position
to pinpoint qualitative model differences in a quantitative manner.

Mean-so-far{ NLL, PPL}. To investigate whether models exhibit different language modelling
capabilities at different sequence depkhsve therefore assess mean-so-far NLL and PPL:
1 S| ming|s; | k)
Mean-so-far-NLL ., = %4 : logP (sj;i Isj,1,---,Sji 1)
i2hmin(si k) o im (54)

Mean-so-far-PPL .k = exp[Mean-so-far-NLL ]
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Intuitively, these metrics can be interpretedhasv well are sequences modeled up to length

While these metrics give a more granular picture of the loss behavior dependent on sequence length,
they still mask important transition points due to the cumulative aggregation up to pdsitian
instance, the mean-so-far NLL could still be decreasing for high{eecreasing slope), despite the
token-position-dependent NLL may have already plateaued or increlaisest @l., 2025.

Token-Position-Dependent NLL.Consequently, we followl({n et al, 2025 and assess the average
negative log-likelihood conditional on the token-positloffor which only sum over sequences with
Isil. k):

S|

NLLy = %@ Iog P(Sj’ lej' 1.1 Sk $ 1). (55)
j=1

Difference in Token-Position-Dependent NLL Relative to a multi-head-attention transformer.
As the beldOs main interest is to improve upon the current state-of-the-art transformer architecture,
we investigate the difference in token-position-dependent NLL with respect to a transformer (MHA):

I NLLpodel = NLLode! g NLLYHA, (56)

where a negative NLLE‘Odf' means superior language modelling ability at positiaelative to a
transformer as the modelOs loss is lower. The same difference can be formulated for the mean-so-far
metrics. Certainly, such a relative metric requires a well-tuned transformer baseline.

L.1.1 WITHIN TRAIN CONTEXT-LENGTH

Here, we expand upon the results shown in Sedlidnrand present within-train-context-length
language modelling evaluations on all evaluated pairs of model sizes (i.e., 145M, 400M and 1B
parameters) and number of training tokens (15B and 50B tokens).

PPL. We present the PPL scores on the bve evaluated datasets irlTaBleross all model sizes

and number of training tokens, Hawk-MesaNet exhibits the best PPL performance on the majority of
benchmarks among the recurrent models, closely followed by MesaNet. Notably, Hawk-Mesa and
Mesa match or exceed the transformer baseline with respect to PPL on the majority of benchmarks
on all model sizes. Furthermore, one can clearly observe the impact of the attention window size on
PPL based on oWAbaselines. PPL is decreasing with an increasing window size in all settings.
Notably, SWA1024 reaches competitive performance with the majority of recurrent models, i.e.
Hawk, Mamba2, GLA, xLSTM and DeltaNet.

Conditioning on the Sequence PositionAs indicated in the metrics description, and shown in
Sectiord.1, uniformly averaging over all tokens in the PPL computation, independent of a tokenOs
depth in a sequence, may masquerade important qualitative difference between models. Therefore,
we condition on the token position and investigate the difference in token-position-dependent NLL
relative to a multi-head-attention transformrL"°%! As shown in Figurd.0, most recurrent models
demonstrate superior language modelling abilities early in a sequence relative to the transformer
baseline. However, beyond a certain token position, transformers surpass the performance of all
recurrent models.

¥ Which model performs strongest early in the sequence®otably, MesaNet and Hawk-MesaNet
exhibit the strong performance early-in-the-sequence tokens except Hawk. However, while Hawk
exhibits the best performance up to a certain depth, the model exhibits a sharp performance decline
after that and falls behind most models. See Fiduréor a clearer visualization (equivalent to
Figure 10, but token-position in log-scale).

¥ Which model offers superior performance to a transformer Ofor the longestO®/hile Hawk
losses its advantage the earliest, Hawk-MesaNet extends the performance advantage to the largest
token depths, closely followed by MesaNet.

For completeness, we also show the mean-so-far NLL differerdean-so-far-NLL ~ T°%!rela-

tive to a Transformer in Figurgé2. However, as indicated, the cummulative aggregation in the metric
skews the important token depth transition point where a transformer surpasses the recurrent models
in terms of language modeling.
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Figure 10: NLL Difference (per token-position) # NLL{"® relative to a Transformer on SlimPajama
Validaton Dataset. Most recurrent models demonstrate superior language modelling abilities early in a sequence
relative to the transformer baseline, across all settings. However, beyond a certain token position, transformers
surpass the performance of all recurrent models.
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Figure 11: NLL Difference (per token-position) # NLL™® relative to a Transformer on SlimPajama
Validaton Datasetin log-scale MesaNet and Hawk-MesaNet exhibit the strong language modeling performance
early-in-the-sequence tokens except Hawk. While Hawk exhibits the best performance up to a certain depth, the
model exhibits a sharp performance decline relatively early in the seq. depth.
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Figure 12: Mean-so-far NLL Difference # Mean-so-far-NLL ~ m°% relative to a Transformer on SlimPa-
jama Validaton Dataset. The cummulative aggregation in the mean-so-far metric skews the important token
depth transition point where a transformer surpasses the recurrent models in terms of language modeling.
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15B Tokens 50B Tokens
SLIM LMB. WIKIL. PG19 GOV. QASP. AVG |SLIM LMB. WIKIL. PG19 GOV. QASP. AVG
ppl+ ppl+ ppl+ ppl+ ppl+ ppl+| ppl+ | ppl+ ppl+ ppl+ ppl+ ppl+ ppl+ | ppl+
145M - Hawk 19.73 38.94 23.06 19.87 19.23 29.66 25|08 18.34 37.43 21.25 18.49 18.17 27.83 23.59
- Mamba2 1829 40.34 2086 19.17 17.03 23|71 2323 17.05 3822 19.24 17.87 1590 |22.10 2173
-GLA 17.37 37.96 1957 1811 1586 22.37 2187 1630 36.20 1843 1690 1502 [20.91 20.62
-XLSTM 17.35 37.97 19.57 18.12 15.88 22.50 210 16.20 36.19 18.31 16.97 1491 20.85 20.57
- DeltaNet 17.26 3818 19.29 17.93 1567 2175 21l68 16.17 36.55 18.08 16.78 14.81 |20.53 20.49
- Gated-DeltaNetf 17.12  37.62 19.18 17.77 15.55 22.13  2].56 16.05 35.80 18.04 16.79 14.77 20.67 20.35
- Mesa 17.02 37.64 19.10 17.72 15.44 21.87 21.47 16.05 36.17 17.96 16.60 14.72 20.57 20.34
- Hawk-Mesa 1681 37.20 18.87 17.14 1529 21.62| 21.15| 1582 3551 17.70 16.19 1455 20.38| 20.02
- Transformer 16.95 38.69 18.65 17.47 15.00 20(80 21i26 15.81 36.54 17.35 16.25 14.04 19.33 19.89
400M - Hawk 1440 3154 1612 1423 1367 19.85 1830 12.87 29.44 1430 1271 1224 |17.54 16.52
- Mamba2 14.45 33.38 15.99 1480 13.27 18/36 18|37 13.07 31.05 1428 13.28 12.10 16.37 16.69
-GLA 1369 3164 1501 1389 1236 17.08 178 1261 29.93 1373 1275 1152 1577 16.05
-XLSTM 13.71  31.70 1495 13.88 12.28 17.10 1727 1256 29.79 13.60 12.72 11.49 15.72 15.98
- DeltaNet 13.80 3198 1507 1401 1251 1720 1743 1259 30.00 13.68 1270 11.49 |1557 16.00
- Gated-DeltaNet 13.48 31.40 1471 1359 12.16 16.64 17.00 12.44 29.57 1345 1252 1131 15.42 15.79
-Mesa 13.44 3138 1465 135112.02 1656 1693 1234 2957 13.36 12401115 1519 15.67
- Hawk-Mesa 13.37 3110 1455 1332 1207 16.68) 16.85| 12.30 29.38 13.33 1230 1128 1532| 1565
- SWA-4 23.36 38.65 29.29 2351 26.94 48.24  31)66 19.32 33.76 23.43 1935 21.50 35.41 25.46
- SWA-64 1598 3297 18.89 1631 1520 2308 2040 1404 3051 16.35 1419 1325 |19.37 17.95
- SWA-256 1469 32.64 16.99 15.04 13.42 19.36 18169 13.23 30.36 1494 13.38 12.08 17.09 16.85
- SWA-1024 1395 3263 1540 1409 1236 17,05 17,58 1252 30.13 13.71 1256 1112 1526 15.88
- Transformer 13.64 3225 1471 1373 1206 16(51 17|15 12.40 30.10 1323 1242 1096 | 14.84 15.66
1B - Hawk 1271 2872 1395 1244 1190 17.80 16J17 11.24 26.67 1223 10.93 10.63 |14.89 14.43
- Mamba2 12.78 30.30 13.97 1292 11.68 15197 1627 11.39 28.02 12,23 11.42 10.42 14.02 14.58
-GLA 12.28 29.13 13.29 1235 11.08 15.20 15.65 10.99 26.98 11.77 10.95 9.99 13.52 14.03
-XLSTM 12.38 29.21 13.43 1240 11.16 15.33 1565 11.01 26.93 11.81 10.94 10.00 13.55 14.04
- DeltaNet 12.23 29.13 13.20 12.28 11.04 1511 15|50 11.01 27.08 11.73 11.00 10.02 13.44 14.05
- Gated-DeltaNet  12.06 28.67 13.00 1205 10.85 14.86 1§25 10.89 2679 11.58 10.81 9.88 | 13.28 13.87
- Mesa 12,02 2857 1292 1196 1076 1476 1517 10.83 26.11.49 1071 9.80 13.13| 13.79
- Hawk-Mesa 1191 2845 1279 11.83 1072 14.60 1505 6 10.78 2659 1153 10.60 9.79 13.20 13.75
- SWA-4 20.27 3466 2456 20.33 2298 40.87 27p0 16.46 2993 19.42 1642 17.86 |29.15 21.54
- SWA-64 14.08 30.01 16.47 1433 13.34 19.78 18|00 12.37 27.76 14.14 1251 11.56 16.77 15.85
- SWA-256 1298 2963 1476 1318 11.82 16/82 1653 11.60 27.39 12.89 1171 1058 |14.69 14.81
- SWA-1024 12.33 29.65 13.47 12.35 10.92 1493 1561 11.00 27.22 11.78 10.92 9.79 13.11 13.97
-Transformer | 1216 2955 1290 1210 10.68 1447 1§31 10.86 27.16 1142 1074 969 |12.86 1379

Table 10: PPL at a Maximum Sequence Length of 2048The score of the best recurrent model with respect

to PPL on each dataset is highlighted, and PPL scores $dMand the transformer baseline are shown as
reference. Across all model sizes and number of training tokens, Hawk-Mesa exhibits the best PPL performance
on most benchmarks, closely followed by Mesa.
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L.1.2 BEYOND TRAIN CONTEXT-LENGTH

PPL. We present the PPL scores for context lengths of 4k (see Tdplend 32k (see Tabl&2)

respectively on all model sizes and number of training tokens.
\ I

15B Tokens 50B Tokens
WIKI. PG19 GOV. QASP. | AVG ||WIKI. PG19 GOV. QASP. | AVG
ppl + ppl + ppl+ ppl + ppl + ppl + ppl + ppl + ppl + ppl +
145M - Hawk 2380 2423 1964 30.00 2444 2190 2263 1854 2810 2279
- Mamba2 2428 2731 2007 2751 24§9 2413 27.85 2256 29.17 2593
-GLA 2007 2214 1568 2133 1982 1883 2070 1473 19.95 1855
-XLSTM 2004 2213 1556 2143 1979 1868 20.67 1461 19.89 18.46
- DeltaNet 19.85 2205 1547 2085 1955 1866 20.64 14.64 19.76 18.42
-Gated-DeltaNef| ~ 19.64 21.75 1523 2103 1941 1846 2047 1445 1963 1825
- Mesa 1952 2160 1510 2078 1925 1838 2025 1442 1952 1814
- Hawk-Mesa 10.33 20.86 15.03 20.69| 18.98| 1815 19.72 1431 19.48| 17.91
- Transformer 2768 3418 2359 3077 296 5212 6558 47.93 59.37 56.25
400M - Hawk 16.61 17.35 1380 1978 1647 1470 1545 1233 1735 14.96
- Mamba2 18.31 2059 1533 2039 18J0 17.94 20.75 1607 20.48 18.81
-GLA 1531 16.84 12.08 1620 1511  14.05 1543 11.26 1495 13.92
-XLSTM 1531 1682 1198 1618 1507 1390 1539 11.22 1487 1385
- DeltaNet 1549 17.07 1227 1637 1530 1409 1550 11.35 14.86 13.95
-Gated-DeltaNet ~ 14.99 16.46 11.84 1573 14fr6 1375 1513 11.04 1460 13.63
- Mesa 1502 1641 11.73 1572 1472 13.67 1498 1087 1436 13.47
- Hawk-Mesa 14.90 1615 11.82 15.86] 14.68 | 13.67 14.83 11.05 14.54| 13.52
- SWA-4 30.09 29.68 2880 50.60 34. 2431 2455 2288 3§16 27.23
- SWA-64 1958 20.23 1565 23.38 1971l 1693 17.48 1355 1044 16.85
- SWA-256 1754 1841 1359 1929 1731 1547 1644 1219 1688 1525
- SWA-1024 1590 17.28 1232 1658 1552 1422 1541 1127 1492 1395
- Transformer 33.17 4681 3434 4151 38B6 7474 13023 12252 14267 117.54
1B - Hawk 1437 1511 1201 17.1p 1445 1259 1325 1067 1468 12.80
- Mamba2 15.90 18.03 13.33 17.85 16.28 17.56 20.90 1628 19.98 18.68
-GLA 1356 1490 10.81 14.3] 1341 1205 1315 977 1280 11.94
-xLSTM 1371 1498 10.88 1454 1353 1211 1315 979 1286 11.98
- DeltaNet 1355 1490 10.82 1430 1339 1211 1332 984 1279 12.02
-Gated DelaNet| 1326 1450 1056 14.p1 13jpg8  11.86 1298 962 1254 11.75
- Mesa 1321 1443 1050 1393 13.42 11.78 1290 957 1243| 1167
- Hawk-Mesa 13.08 1427 1049 1385, 1292 1181 1272 9.60 1253 11.66
- SWA-4 2540 2564 2458 4251 29. 2017 2071 1899 3Dp44 2258
- SWA-64 17.05 17.70 1374 200 17.13 1466 1534 1181 1684 14.66
- SWA-256 1525 1611 1198 1671 1501 1333 1424 1065 1449 13.18
- SWA-1024 1389 1503 10.84 1445 1386 1220 1327 975 1271 11.98
-Transformer | 24.40 3160 24.06 3051 2764 4614 6404 57.04 7480  60.50
Table 11: PPL at a Maximum Sequence Length of 4k.
\ I
15B Tokens 50B Tokens
WIKI. PG19 GOV. QASP. | AVG |WIKI PGI9 GOV. QASP. | AVG
ppl + ppl + ppl + ppl+ ppl+ ppl + ppl+ ppl + ppl + ppl +
145M - Hawk 2393 2950 20.16 3078 26.08 21.98 2762 19.01 2878  24.35
- Mamba2 37.56 96.96 4495 3847 5448 4951 17403 10647 §0.52  95.13
-GLA 2028 2732 1621 2140 213 18.96 2630 1523 20.09  20.15
-xLSTM 2030 2802 1591 2161 21 1878 2625 1511 2002  20.04
- DeltaNet 2511 97934 4310 2493 26802 2679 88332 5220 2631 247.16
-Gated-DeltaNe{ ~ 19.73  27.03 1546 2105 20B2 1859  27.27 1477 1977  20.10
-Mesa 1970 2667 1526 2079 20.61 1858 2572 1465 19.62  19.64
- Hawk-Mesa 1972 2679 1569 2047 20491844 2609 1469 19.99  19.80
- Transformer 4242 7204 4319 4164 492 528.05 4436.78 2029.43 3p4.84 1829.77
400M - Hawk 16.65 21.10 1404 201p 1747 1472 1882 1253 1y.64  15.93
- Mamba2 26.64 6540 3437 2800 3860 53.90 910.97 17239 4173  297.00
-GLA 1543 2308 1276 1633 1690 1425 2036 1174 1508 1536
-XLSTM 1534 2086 12.02 1620 1611 1400 2021 1129 1497 1512
- DeltaNet 1859 487.01 28.09 19.28 13824 1913 359.90 3171 17.98 107.18
- Gated-DeltaNe{ 1516 21.19 12.27 1585| 16.12| 1382 2072 1137 146 15.14
-Mesa 1540 21.94 1231 1598 1640  13.8319.55 1117 1451 1477
- Hawk-Mesa 1543 2270 1298 1640 1688 1404 3161 1227 1504 1824
~SWA-4 30.07 37.94 2966 521p 37. 2429 3149 2359 3840  29.44
- SWA-64 1969 2507 1601  23. 2117 1698 2153 1381 109.83  18.04
- SWA-256 1763 2243 1382 1962 1838 1559 2007 1237 1717  16.30
- SWA-1024 1601  21.02 1240 1673 1654 1448 1901  11.89 1526  15.16
- Transformer 118.84 538.89 188.16  94.p2 235[03 42815 431279 2013.32 47355 1806.95
1B -Hawk 1440 1844 1220 17.4p 15| 1262 1607  10.84 1495  13.62
- Mamba2 2143 4814 2328 2301 2896 4730 240.81 101.96 3952  107.40
-GLA 1361 1872 10.96 1444  14.4 1211 16.85 998 1289  12.96
-xLSTM 1374 1838 1091 1458 14, 1220 1695  10.02 1303  13.05
- DeltaNet 14.75 145.22 17.33 15.54 48.21 14.65 150.90 21.92 14.95 50.60
-Gated DeltaNe 1325 17.75 1055 13.97| 13.88| 1187 1577 960 1253| 1244
- Mesa 1335 1817 1080 14.04 1409 1192  16.29 971 1258 12,63
- Hawk-Mesa 1357 139.08 1941 1455 4665 1231 1750 1751 1303  15.09
~SWA-4 2535 3278 2533 4390 3L 2015 2644 1955 3149 2441
- SWA-64 1710 21.83 14.05  20. 1837 1468 1883 1203 1721 1569
- SWA-256 15.31 19.61 12.17 17.00 16.02 13.39 17.28 10.78 14.71 14.04
- SWA-1024 1393 1815 10.84 1458 1488 1227  16.04 9.80 187 1275
-Transformer | 4841 11956 5609 5395 6950 22812 132659 563.97 284.95 588.41

Table 12: PPL at a Maximum Sequence Length of 32k.
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Global Subset Local Subset

LMB. Hella. RACE-M RACE-H AVG PIQA Wino ARC-E ARC-C SIQA BOOLQ OBQA SC. AVG

acc-  acc- acc- acc- acc-  acc- acc- acc-  acc- acc- acc-  acc-
400M Parameters / 15B Tokens
- SWA-4 4,62 34,97 25,97 25,93 22,87 66,81 49,33 43,81 24,23 39,82 57,31 30,00 63,78 46,89
- SWA-16 27,11 37,20 28,18 28,04 30,13 67,6.52,64 43,52 23,81 39,71 54,89 27,60 6582 46,95
- SWA-64 38,54 39,35 32,87 30,24 35256893 52,17 44,40 22,87 39,76 58,56 29,20 64,99 4761
- SWA-256 40,52 40,44 34,25 31,48 36,67 69,21 50,67 43,35 2491 40,89 56,82 30,20 66,90 47,87
- SWA-1024 41,43 40,90 37,57 34,%6 38,44 67,90 52,80 44,49 22,61 40,58 60,37 30,20 | 66,58 48,19
- Transformer 41,12 41,27 37,29 34,415 38,563 68,23 51,07 44,28 24,57 40,23 58,10 28,40 | 66,58 47,68
400M Parameters / 50B Tokens
- SWA-4 18,28 39,02 29,56 27,6 28,68 67,85 51,93 44,4¢24,83 39,71 58,23 32,40 66,14| 48,20
- SWA-16 35,03 41,52 29,01 28,33 33,47 68,99 52,72 45,88 24,32 39,56 57,40 33,00 |67,54 48,68
- SWA-64 42,34 44,14 34,53 31,67 38,17 69,5 53,75 45,24 24,74 40,28 56,45 31,60 68,49 48,76
- SWA-256 43,86 45,31 36,46 35,39 40,36 70,24 52,33 45,79 23,98 40,23 57,00 32,40 |68,94 48,86
- SWA-1024 45,08 46,43 38,95 34,74 41,80 69,64 52,25 45,71 25,00 40,07 57,92 32,20 '67,92 48,84
- Transformer 4496 46,30 41,44 35,89 42/[15 69,91 52,64 45,96 24,06 40,48 57,31 30,40 | 69,64 48,80
1B Parameters / 15B Tokens
- SWA-4 8,46 38,56 27,62 27,18 254p 67,95 51,30 46,72 23,72 40,1756,73 30,40 65,50 47,81
- SWA-16 33,81 41,52 28,73 27,66 32,93 68,7 52,64 47,26 24,32 40,28 55,26 33,40 67,41 48,67
- SWA-64 42,60 44,04 31,49 30,72 37,21 69,91 51,30 46,72 2466 41,10 58,56 367,981 49,18
- SWA-256 4582 45,64 35,91 34,35 4043 69,86 52,09 47,26 25226 41,91 58,53 31,40 |69,06 49,42
- SWA-1024 45,06 46,23 39,50 34,74 41,88 70,29 53,99 47,39 24,15 40,94 59,54 30,60 |69,00 49,49
- Transformer 4531 46,65 41,16 35,79 42,23 70,78 52,25 48,19 23,55 40,28 52,91 31,40 | 67,98 48,42
1B Parameters / 50B Tokens
- SWA-4 24,63 44,90 28,18 27,0 31,2 70,35 52,49 48,19 24,83 39,56 60,15 32,80 |68,56 49,62
- SWA-16 39,03 48,10 28,73 29,4 36,3 72,09 53,04 48,99 25.41,15 53,39 32,80 70,78 49,71
- SWA-64 46,11 51,30 38,40 33,4 42, 71,87 53,3549,62 26,71 40,74 56,70 33,40 71,74 50,52

- SWA-1024 50,38 53,69 41,44 37,4 72,47 53,35 49,41 27,13 4161 62,20 32,60 |72,06 51,35
- Transformer 48,92 53,63 42,27 37, 72,31 54,62 49,41 28,24 40,17 60,73 35,20 | 72,25 51,62
- Random / 0 25,00 25,00 25,00 50.00 50.00 25.00 25.00 33.33 50.00 25.00 0.00

B 0]
7 3
9 3
- SWA-256 50,28 52,08 40,88 35,69 44,704 7220 52,64 49,37 27,05 40,84 58,35 32,80 |73,01 50,78
2 8
2 4

Table 13: Reference Scores of Sliding Window Attention§WA Models on Common-Sense Reasoning
Benchmarks.On LAMBADA, HellaSwag and RACE-M and RACE-H, we observe signibPcant performance
increases with a growing attention window. On the remaining benchmarks, we only observe marginal perfor-
mance differences between a Transformer with a sliding window-size 8\ A-4) and a full-window attention
Transformer (attention window of 2048). We highlight * scoresof the Prst short-rang8WAmodel (window

sizes ={4,16,64 ) that matches or exceeds the Transformer performance.

L.2 DOWNSTREAMBENCHMARKS

To evaluate the performance of the investigated models on downstream task, we investigate three
classes of benchmarks:

¥ Zero-Shot Common-Sense Reasoning Benchmarks (Sectibr2.1)
¥ In-Context Recall Benchmarks ( SectiorlL.2.2)
¥ Few-Shot Learning Benchmarks (Section..2.3)

Within each benchmark section, we report all raw numbers on all model sizes and number of training
tokens, and complement them with reference scores of Sliding-Window Attention models with
varying attention-window sizes.

L.2.1 ZERO-SHOT COMMON-SENSEREASONING BENCHMARKS

When tracking the performance of Omany modelsO on Omany benchmarksO, it is common to resort to
aggregated benchmark scores. However, aggregated scores tend to masquerade important sub-trends
and limit our understandind3(rnell et al, 2023. For instance, prior workGu & Dag, 2024 Yang

etal, 20243 Beck et al, 2024 averages over a set of common-sense reasoning benchmarks. However,
evaluations with 400M and 1B Sliding-Window Attention (SWA) models with different attention-
window sizes reveal that competitive, or even superior, scores on a subset of these benchmarks can be
attained with an attention windows as shoréas6 or 64 (see Tablel3). This observation strongly
indicates that a subset of these benchmarks are either exploitable by short-range language heuristics,
and do not require longer-range language modeling capabilities to reach competitive scores, or are
simply too hard such that we end up measuring noise.
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Splitting Reasoing Benchmark into Two Groups.To reduce the potential benchmark noise and
deconfound the results, we aim to split the benchmark into two subsets. Therefore, we employ the
following benchmark splitting protocol:

1. Reference ScoresRun every selected benchmark 8WA{4,16,64 } models and a trans-
former model (attention window of size 2048) on 400M and 1B parameters trained on 15B or
50B tokens each.

2. Splitting Conditions. We then assess the following splitting conditions:

¥ Condition 1: Analyze for every benchmark whether benchmark scores increase with in-
creasing attention windows (froBWA-4to SWA-64).

¥ Condition 2: Verify whether no short-range SWA model (window sizes = 4, 16 and 64)
outperforms the transformer baseline with an attention windows of 2048.

3. Benchmark Grouping. Finally, we split the benchmark into two subsets:
¥ Local Reasoning Benchmark SetOne of the above conditions is violated.
¥ Global Reasoning Benchmark SetNone of the above conditions is violated.

We refer to Tablel3 for a detailed score breakdown, including two additioB@/Areference models
(SWA-256 andSWA-1024). Additionaly, we want to highlight that these Pndings, and the bench-
mark splitting, are based on experiments 400M and 1B models trained on SlimP&ahwdefa

et al, 2023. The benchmark splitting is likely to change slightly when training with bigger model
sizes or on different datasets.

Results on all Model Conbgurations.We report the full set of benchmark scores on all model
conbguration (model sizes and number of training tokens) in TablAcross all settings, we observe
similar trends B MesaNet and Hawk-MesaNet show strong performance especially on the global
reasoning benchmark set. Among the remaining recurrent models, only Gated DeltaNet reaches
competitive scores with MesaNet on this benchmark subset. In contrast, we do not observe much
score variation on the local reasoning benchmark set. Hawk, the worst performing model on the
global set, reaches competitive or even close-to-best scores within this set on average. This conbrms
the hypothesis that this set of benchmark are likely to measure different aspects of language modeling,
or are potentially noisy, or are not suited for our models as they might be still too challenging.
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Global Subset

Local Subset

Model LMB. Hella. RACE-M RACE-H AVG PIQA Wino ARC-E ARC-C SIQA BOOLQ OBQA SC. AVG

acc-  acc- acc- acc- acc-  acc- acc- acc-  acc- acc- acc-  acc-
145M Models / 15B T.
- Hawk 21,87 33,54 29,01 28,52 2823 64,64 5083 40,24 21,3941 59,11 27,80 62,25 4578
- Mamba2 27,83 3321 32,04 30,53 30,90 64,47 50,36 39,27 22,27 39,00 51,44 26,40 62,13 44,42
- GLA 31,05 34,20 33,43 28,71 31,84 63,66 52,09 41,41 21,76 38,89 56,85 28,80 63,97 45,93
-XLSTM 31,19 34,41 30,94 29,47 3150 6513 52,17 40,78 21,76 38,79 56,64 27,40 63,40 4576
- DeltaNet 32,02 33,89 32,04 30,43 32,10 65,45 50,91 40,82 21,42 39,160,89 28,00 6397 46,33
- Gated DeltaNet 31,65 34,53 33,98 29,09 3231 64,53 51,07 41,62 21,59 39,05 60,03 28,40 63,21 46,19
- Mesa 3165 3449 32,87 30,43 32,3666,43 51,85 40,03 22,27 3843 56,73 27,40 63,34 4581
- Hawk-Mesa 32,14 34,99 32,87 31,96 3299 6540 52,96 41,16 23,55 39,05 55,26 28,00 62,89 46,03
- Transformer 33,84 33,91 35,91 30,62 33,57 65,34 52,49 39,27 22,44 39,10 59,63 28,40 63,78 46,31
145M Models / 50B T.
- Hawk 22,14 35,09 28,18 30,33 28,94 6594 51,62 41,33 22,87 39,46 59,45 28,20 63,97 46,60
- Mamba2 29,23 34,24 33,15 29,86 31,62 65,78 51,46 41,08 21 39,82 59,30 28,00 61,74 46,11
-GLA 32,16 35,57 32,04 29,8 32, 65,56 51,07 43,18 23,81 39,82 52,23 29,40 63,7 46,10
-XLSTM 32,74 35,89 32,87 30,1 32, 66,59 51,54 41,67 23,12 39,15 58,65 27,00 |64,23 46,49
- DeltaNet 32,89 35,39 32,32 31,67 33,07 66,10 51,93 40,53 22,78 38,74 57,46 29,00 64,29 46,36
- Gated DeltaNet 32,85 36,15 33,15 31,D(33,53| 66,76 51,22 41,92 2355 38,38 6043 29,00 64,10| 46,92
- Mesa 32,33 36,24 34,53 30,24 | 33,33 65,40 51,70 41,62 22,61 38,89 54,65 28,80 6B,53 4590
- Hawk-Mesa 34,31 36,40 32,04 31,20, 33,49 66,21 51,93 41,54 22,53 38,54 55,57 30,00 64,74| 46,38
- Transformer 35,40 36,03 35,08 31,10 3440 64,58 52,09 41,41 22,01 40,12 59,79 30,20 | 64,23 46,80
400M Models / 15B T.
- Hawk 32,97 42,33 33,15 32,06 3518 68,66 50,99 44,53 25,00 39,66 59,69 30,80 |67,09 48,30
- Mamba2 3592 39,95 33,70 32,25 3546 68,44 51,70 43,31 23,46 39,71 59,54 30,40 |66,45 47,88
-GLA 40,09 42,49 34,53 32,54 37,41 68,61 51,78 44,99 2491 39,6160,40 28,40 68,30 48,37
-XLSTM 39,67 41,99 35,08 33,11 37,46 68,50 52,25 45,12 23,46 39,87 59,31,60 68,17 | 48,59
- DeltaNet 39,28 41,49 36,46 32,34| 37,39 69,26 51,70 46,00 23,81 39,76 52,51 31,20 67,47 47,71
- Gated DeltaNet 39,98 42,55 32,87 33,68| 37,27 69,59 52,33 45,20 25,17 40,02 59,14 29,40 67,60 48,56
- Mesa 40,17 42,71 34,53 33,21 37,65| 67,79 50,51 45,12 22,87 39,10 52,42 29,8 68,43 | 47,00
- Hawk-Mesa 39,84 43,15 34,81 31,67| 37,37 69,64 52,17 45,33 22,27 40,23 58,04 29,80 67,41 48,11
- SWA-4 4,62 34,97 25,97 2598 22,87 66,81 49,33 43,81 2423 39,82 57,31 30,00 (63,78 46,89
- SWA-64 38,54 39,35 32,87 30,24 3525 68,93 52,17 44,40 22,87 39,76 58,56 29,20 (64,99 47,61
- SWA-1024 41,43 40,90 37,57 34,26 38,54 67,90 52,80 44,49 22,61 40,58 60,37 30,20 66,58 48,19
- Transformer 41,12 41,27 37,29 3445 3853 6823 51,07 4428 2457 4023 58,10 28,40 | 66,58 47,68
400M Models / 50B T.
- Hawk 36,70 47,02 33,43 32,54| 37,42| 7193 52,25 47,26 24,06 40,89 59,91 34,20 69,83| 50,04
- Mamba2 38,23 44,22 35,64 32,25 37,88 68,72 52,17 45,33 23,98 40,74 54,31 31,80 |68,49 48,19
- GLA 41,98 46,00 35,08 34,74 39,45 69,86 54,14 46,46 23,98 40,07 56,57 29,80 169,96 48,86
-XLSTM 41,82 46,22 34,53 33,30 3897 6899 5335 46,00 23,4161 57,43 31,00 69,33 48,90
- DeltaNet 42,25 45,92 37,02 33,68 39,12 70,18 52,72 45,24 24,23 40,48 57,37 32,20 (68,87 4891
- Gated DeltaNet 43,99 46,57 35,36 34,83 | 40,19 70,18 51,85 46,38 25,77 40,58 54,89 32,60 70,53| 49,10
- Mesa 43,39 46,93 38,95 34,26 | 40,88| 70,73 54,46 46,21 2491 41,10 57,89 32,40 69,38 49,64
- Hawk-Mesa 4194 46,96 38,12 33,49 40,13 70,454,78 46,46 25,51 40,74 57,80 30,00 70,46 49,53
- SWA-4 18,28 39,02 29,56 27,66 28,68 67,85 51,93 44,49 2483 39,71 58,23 32,40 (66,14 48,20
- SWA-64 42,34 44,14 34,53 31,67 3817 69,53 53,75 45,24 24,74 40,28 56,45 31,60 |68,49 48,76
- SWA-1024 45,08 46,43 38,95 34,74 41,30 69,64 52,25 45,71 25,00 40,07 57,92 32,20 |67,92 48,84
- Transformer 44,96 46,30 41,44 3589 42[5 6991 52,64 4596 24,06 40,48 57,31 30,40 | 69,64 48,80
1B Models / 15B T.
- Hawk 37,98 47,71 35,08 32,26 38,25 7193 50,43 48,61 25,43 41,50 58,53 31,80 70,59 49,85
- Mamba2 39,63 45,06 36,74 34,35 38,95 70,13 52,33 46,9 25,43 39,41 57,34 31,80 70,34 49,22
- GLA 43,24 47,20 33,43 33,6 39,3 70,95 5241 46,97 25,00 41,15 58,33,00 70,34| 49,80
-XLSTM 44,05 46,10 35,91 33,40 39,86 70,73 54,30 47,14 25,00 40,63 59,27 32,40 |649,89
- DeltaNet 43,45 47,47 36,46 33,30 40,17 70,78 52,80 48,48 2509 3996046 31,20 69,000 49,72
- Gated DeltaNet 45,37 48,49 35,36 34,07, 40,82 71,60 53,99 48,57 24,83 40,07 53,76 32,40 70,46 49,46
- Mesa 4421 47,70 37,02 33,49 40,60 70,8 54,46 47,56 25,26 41,04 56,06 32,20 70,21 49,71
- Hawk-Mesa 44,05 48,70 39,23 33,40| 41,34| 71,22 5320 4954 24,74 40,89 51,93 32,00 70,78 | 49,29
- SWA-4 8,46 38,56 27,62 27,18 2546 67,95 51,30 46,72 23,72 40,17 56,73 30,40 (65,50 47,81
- SWA-64 42,60 44,04 31,49 30,72 37,21 69,91 51,30 46,72 24,66 41,10 58,56 33,20 |67,98 49,18
- SWA-1024 45,06 46,23 39,50 34,74 41,38 70,29 53,99 47,39 24,15 40,94 59,54 30,60 (69,00 49,49
- Transformer 4531 46,65 41,16 3579 42p3 70,78 52,25 4819 2355 40,28 52,91 31,40 | 67,98 48,42
1B Models /50B T.
- Hawk 41,80 54,25 34,25 3436 41,17 7291 52,33 51,52 28,75 40,84 56,51 35,00 74,67 | 51,57
- Mamba2 42,13 51,46 37,85 35,02 41,62 71,76 53,35 48,95 26,54 40,58 55,90 33,60 | 73,39 50,51
-GLA 47,27 53,05 41,44 35,60 44,34 72,25 54,14 50,46 27,56 41,25 56,85 3500 74,03 5144
-XLSTM 46,57 53,08 37,57 34,74 42,99 72,52 54,62 49,45 27,41,76 58,78 3580 72,06| 51,50
- DeltaNet 47,08 53,21 40,33 34,83 43,86 72,20 54,30 48,19 27,90 4086049 34,40 74,28 51,58
- Gated DeltaNet 49,19 54,10 39,78 36,27 448 71,93 54,06 51,22 26,88 41,35 53,27 34,20 3,14 50,76
- Mesa 48,83 53,58 40,88 36,84 | 45,03| 71,71 53,59 49,37 25,68 40,58 53,30 35,60 74,09 50,49
- Hawk-Mesa 47,02 54,47 40,61 36,36| 44,62 72,52 56,04 50,80 26,88 40,17 56,02 3560 74,03 5151
- SWA-4 24,63 44,90 28,18 27,08 31,20 70,35 52,49 48,19 24,83 39,56 60,15 32,80 |68,56 49,62
- SWA-64 46,11 51,30 38,40 33,49 42,33 71,87 53,35 49,62 26,71 40,74 56,70 33,40 |71,74 50,52
- SWA-1024 50,38 53,69 41,44 37,22 45,68 72,47 53,35 49,41 27,13 4161 62,20 32,60 (72,06 51,35
- Transformer 48,92 53,63 42,27 37,32 45K4 7231 54,62 4941 2824 40,17 60,73 3520 | 72,25 51,62

Table 14: Benchmark Scores on Common Reasoning Benchmarks on all model conbguratioBest scores
among the recurrent models are highlighted for each training setting.
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L.2.2 IN-CONTEXT RECALL BENCHMARKS

To evaluate in-context recall, we adopted the minimal-transformed version of the benchmarks from
Arora et al.(20249) to allow evaluation of non-instruction-tuned models. We truncate inputs to 2000
tokens, and sample greedily until either 48 tokens or a new-line delimiter is generated. We then
parsed whether the target was contained in the generation (non-case-sensitivéjiaa it al.

(2029 .

Sliding-Window Attention Controls. As expected, we observe consistent score increases with

a growing attention window size (see TallB). However, we observe that ttf®WVA-1024 is
consistently better on SQUAD than the transformer baseline with an attention window of 2048.
Closer inspection of the SQUAD benchmarks reveals that the tokens-to-recall are most frequently
located in the last 1k tokens of the sequence. Similarly for FDA, most tokens-to-recall are located at
the very beginning of the sequence with an average of length 2000. Hence, we observe a signibcant
performance increase fro8WA-1024 to the transformer baseline with an attention window of 2048.

Results on all Model Settings. MesaNet consistently attains best, or in few cases second-best,
performance scores on average across all evaluated model settings (sekoyallereover, we
observe that our insights from the PPL analysi& ih directly translate to the observed results in
here, e.g., Hawk attaining the worst in-context recall performance.

15B Tokens 50B Tokens
SWDE SQUAD FDA TQA NQ DROP A/G SWDE SQUAD FDA TQA NQ DROP AVG
acc- acc- _acc- acc-  acc- acc-  acc- acc- acc-  acc-  acc-  acc-
400M Models: - SWA-4 7,38 5,60 0,18 1451 3,52 9,15 6,72 10,98 7,77 045 21,27 5,16 13,13 9,79
- SWA-16 9,63 10,82 0,27 2488 4,88 15,83 1087 13,05 18,30 1,09 33,35 6,59 17,35 14,95
- SWA-64 13,14 26,74 10,07 39,34 5,23 19,12 18/p4 19,17 38,44 11,43 48,76 7,25 2396 24,84
- SWA-256 21,69 40,92 12,25 50,95 6,87 2367 26|06 30,96 42,19 14,70 56,16 10,10 [24,20 29,72

- SWA-1024 54,91 43,06 17,79 52,67 10,86 2645 34,20 60,04 46,82 22,60 58,06 13,84 27,89 38,21

- Transformer| 77,50 37,13 79,13 53,08 16,57 26,59| 48,33 79,66 36,93 7586 5895 1894 29,37 | 49,95

1B Models: - SWA-4 9,00 6,53 0,27 17,06 4,40 11,60 8,14 13,05 10,66 0,27 26,54 7,10 13,61 11,87
- SWA-16 9,54 15,25 0,27 29,15 6,46 16,44 1285 16,74 23,76 2,09 39,28 8,46 1859 18,15
- SWA-64 16,74 30,56 16,61 44,55 7,19 2046 22/69 22,32 39,85 12,70 51,90 9,63 2391 26,72
- SWA-256 25,74 45,34 17,79 56,10 881 26,4 30,06 35,82 46,45 17,33 59,77 12,54 27,46 33,23

- SWA-1024 60,76 40,65 24,23 56,99 11,88 27/65 37,03 63,7:47,65 26,68 61,43 1552 30,04 | 40,84

- Transformer| 79,21 42,76 77,04 56,99 1869 29,47| 50,69 83,35 46,92 70,96 6321 21,79 27,41| 52,27
- Random /0 /0 /0 /0 /0 /0 /0 /0 /0 /0 /0 /0 /0 /0

Table 15: Reference Scores @dWAModels on In-Context Recall Benchmarks.The pattern of best scores
(highlightreded) is very consistent across the evaluated settings. As expected, we see increasing performance
with increasing sizes of attention windows. Except on SQUAD, the transformer commonly attains the best
scores.
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15B Tokens 50B Tokens
SWDE SQUAD FDA TQA NQ DROP AVG SWDE SQUAD FDA TQA NQ DROP AVG
acc- acc- acc- acc- acc- acc- acc- acc- acc- acc- acc- acc-
145M Models: - Hawk 11,43 11,09 0,27 30,39 4,09 14,18 11,91 10,08 14,08 0,36 35,25 5,38 14,85 13,33
- Mamba2 29,52 24,83 14,34 40,17 757 2089 2289 37,62 26,34 14,70 4443 7,67 20,27 2517
-GLA 37,08 38,20 14,07 44,73 8,58 23,38 27,67 39,69 30,46 1588 48,16 10,2386 28,14
-XLSTM 33,39 25,00 11,34 44,79 1045 2544 25007 34,65 36,03 19,96 48,76 11,43 23,53 29,06
- DeltaNet 33,57 29,69 1561 46,27 9,66 2348 2638 39,24 31,60 1806 46,39 11,40 |20,27 27,83
- Gated DeltaNet 32,31 30,83 16,42 46,68 10,48 23,43| 26,69 38,07 32,44 1579 4834 10,74 21423 27,77
- Mesa 36,90 34,35 14,88 47,22 10,20 25,68 | 28,21 40,50 29,99 15,79 47,04 1197 23,77| 28,18
- Hawk-Mesa 34,65 30,33 13,61 46,33 9,79 22186 26(26 34,3¢36,03 9,89 46,86 11,31 21,8 26,71
- Transformer 63,73 23,89 5463 46,50 12,01 25,59 37,72 67,78 30,97 70,87 50,30 14,70 | 23,62 43,04
400M Models: - Hawk 16,47 23,86 1,09 42,42 8,01 19,65 18,58 22,05 23,86 1,45 4893 10,83 20,60 21,29
- Mamba2 43,11 29,86 20,42 47,04 1147 22181 29j12 51,04 29,76 22,23 52,90 12,58 24,77 32,21
-GLA 52,30 39,04 2096 50,12 14,16 28,41 | 34,17 54,10 41,59 26,23 5504 16,00 26,07 36,50
-XLSTM 51,67 38,94 2332 51,13 14,76 23,48 33,88 50,86 38,87 2523 53,67 16,09 24,63 34,89
- DeltaNet 50,23 35,62 27,40 50,00 14,38 25/16 33180 55,90 3559 27,40 5350 1511 |23,67 3519
- Gated DeltaNet 53,20 3515 27,04 51,72 1596 24,82| 34,65 56,53 37,23 29,49 5355 1501 2396 35,96
- Mesa 53,11 38,54 28,58 52,13 14,29 27,02 3561 59,05 47,05 28,95 57,17 17,29 26,31| 39,30
- Hawk-Mesa 52,66 39,95 23,05 52,78 13,62 26,26 34,72 53,65 39,95 2514 5551 15,627,55| 36,23
- Transformer 77,50 37,13 79,13 53,08 16,57 26(59 4§33 79,66 36,93 7586 58,95 18,94 | 29,37 49,95
1B Models: - Hawk 20,25 15,72 2,09 4834 10,42 21,61 1974 26,73 29,96 3,27 5296 14,63 22,66 25,04
- Mamba2 54,10 33,68 2641 5166 1397 2511 3415 59,68 37,84 31,13 56,64 1539 |2535 37,67
-GLA 59,68 41,29 29,67 5504 16,25 2597 37,8 60,58 43,67 30,40 5924 1869 |2525 39,64
-XLSTM 57,61 39,11 2450 54,50 1517 26,64 36,26 63,37 38,91 31,58 58,00 18,06 |25559 39,25
- DeltaNet 58,15 37,60 36,84 5515 16,63 25(35 38129 62,56 393829 5954 1796 2540 40,46
- Gated DeltaNef 59,59 39,48 37,30 55,86 17,39 25,87 39,25 60,22 39,81 32,12 59,54 1856 26,98 39,54
- Mesa 60,40 49,06 22,50 54,38 1755 27,46| 38,56 63,10 46,25 32,67 61,37 19,64 27,74| 41,79
- Hawk-Mesa 61,03 4155 27,77 54,74 1533 25,68 37,48 60,31 4551 28,68 60,13 17,61 R7,70 39,99
- Transformer 79,21 42,76 77,04 56,99 18,69 29|47 50,69 83,35 46,92 70,96 6321 21,79 | 27,41 5227

Table 16: Benchmark Scores for In-Context Recall Benchmarks on all Model SettingdviesaNet consistently
attains the best or second-best score on average across all evaluated model settings.
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L.2.3 FEW-SHOT LEARNING BENCHMARKS

To evaluate the few-shot learning ability, we tested two distinct types of few-shot tasks, (i) word
scrambling tasks introduced iBKown et al, 20200 and (ii) a couple of language-to-language
translation tasks.

Word Scrambling Tasks. We report the few-shot performances in Tablkfor 0-,1-,10- and 100-

shot settings. As few-shot evaluation tend to be sensitive to the selection and ordering of few-shot
examplesl(u et al, 2021), we report the mean performance over 10 randomly drawn few-shot prepxes.
We observe consistent improvements with an increasing number of fewshots for all models except
for SWA-4. MesaNet attains the strongest performance scores in most settings, and outperforms the
transformer baseline signibcantly.

While we evaluate on all bve word scrambling tasks introdudgrawn et al.(20208, we observe

only observe signal (performance above 1%) for models in the ranges 145M to 1B on two tasks:
gpt3/cycle  _letters  _in .word andgpt3/mid _word _2_anagrams . On the three remain-

ing tasks, we observe performance score close to 0%, in line with the resBltswah et al.(20200),

and hence omit the scores here.

gpt3/cycle  _letters  _in _word gpt3/mid  _word _2_anagrams
0-shot 1-shot  10-shot 100-shot  O-shot 1-shot 10-shot 100-shot
145M Models - Hawk 02 0402 1.%x05 1.#05 02 0401 0802 0702
- Mamba2 0.0 0202 1.#04 1.403 0.0 0203 0602 0301
-GLA 0.1 02203 2407 3.20.4 02 001 1&04 1501
-XLSTM 0.1 0405 28&06 3.8 05 03 002 0203 1601
- DeltaNet 0.1 0504 2609 3.20.6 01 0201 1203 1.®02
- Gated DeltaNet 0.1 04806 2507 3.40.6 00 0404 1402 1702
- Mesa 0.1 0203 2205 3.305 01 0202 1.#03 1.740.1
- Hawk-Mesa 0.0 080.2 1.#05 2406 0.2 0203 0203 1402
- Transformer 0.1 05604 2605 3.%#0.3 0.1 0202 1203 1%#02
400M Models - Hawk 01 1.%#12 5312 6.6:0.4 0.1 0207 2401 2802
- Mamba2 04 2814 4506 5.%0.5 04 0205 1603 1601
-GLA 00 1.A#11 521.0 7.60.3 04 1407 2402 2602
-XLSTM 00 2313 5713 8.2 0.5 02 105 2503 2203
- DeltaNet 01 1510 5713 7.660.6 0.0 1.¥05 2403 2603
- Gated DeltaNet 0.1 2#1.7 6.%1.0 9.2 0.8 01 0205 2603 3402
- Mesa 04 2212 6.610 9.2+ 0.6 06 1.®05 26&03 3202
- Hawk-Mesa 0.0 1809 4&14 7.305 01 0207 2603 3.k01
- SWA-4 0.0 0403 0.8&03 0.&0.2 00 0303 0203 0203
- SWA-64 01 2515 4611 409 01 1205 2%#02 2701
- SWA-1024 03 2%16 6.%09 7.#05 08 1208 2%04 3.%03
- Transformer 04 2418 6.%#1.2 8.530.4 05 1407 3304 3602
1B Models - Hawk 02 1510 6.&15 9.2: 0.6 01 0208 3504 3802
- Mamba2 0.8 3%17 6.230.8 6.4 0.7 11 1803 2403 2&04
-GLA 03 4®21 8412 10305 05 2307 3205 4202
-XLSTM 00 2213 7.#18 11.604 03 1805 3203 4.603
- DeltaNet 00 2919 8713 11.208 01 1&08 3%#05 4.%03
- Gated DeltaNet 0.3 4418 8%14 11.80.7 05 2509 4%#06 604
- Mesa 05 3320 9&13 14005 11 2kx11 4%#06 6.204
- Hawk-Mesa 04 2415 7215 11.405 06 2@&09 4404 5803
- SWA-4 01 109 1%07 2.x0.8 0.2 0&05 1403 1403
- SWA-64 13 3518 6.%13 7.80.6 10 2407 3803 4.x03
- SWA-1024 01 3418 7.%13 9.2 0.5 01 1209 4304 4302
- Transformer 0.0 39€22 6.81.7 9.20.6 0.1 2406 4204 4#02

Table 17: Few-Shot Performance (Accuracy Std.) on GPT-3 Word Scrambling Tasks Brown et al.,

2020b of Models Trained on 50B Tokens.Best 50-shot scores are highlighted, and standard deviation is
reported over 10 random drawn few-shot selections. MesaNet attains the strongest scores in most settings, and
outperforms the transformer baseline signibcantly.
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Language-to-Language Translation.We evaluated a modelOs capability to translate from three
different languages to English: (i) French to EngliBojar et al, 2014, (ii) German to EnglishBojar

et al, 2016 and (iii) Romanian to EnglishBojar et al, 2016. We follow the exact prompt setup of
Brown et al.(20208 evaluate with{ 0,1,5,1Q -and 50-shots, and report the performance in Tat8e
with respect to BLEU-sbRost 2018 for models trained on 50B tokens.

We observe scores of different performance magnitudes across the three languages, which is most
likely caused by the multi-lingual distribution of the training data corpus and French being more
prevalent than German and Romanian. MesaNet attains superior scores among the recurrent models.
However, MesaNet, and more general all recurrent models, fail to match the transformer performance
by a relatively big margin, especially at the scale of 1B models. This bnding is non-surprising given
the impact of the attention mechanism on the peld of machine transi8édménau et gl2014),
indicating that pure model- and data-scaling based on recurrent models will not be enough to match
the performance of attention-based architectRedchenko et a12025.

WMT14 FR-EN WMT16 DE-EN WMT16 RO-EN
0 1 5 10 50 0 1 5 10 50 0 1 5 10 50

145M Models: - Hawk 061 031 025 0,08 0,11 049 016 020 0,19 0,19 044 0,16 006 019 0,29
- Mamba2 168 05 073 0,73 0,19 213 040 0,28 0,51 037 168 032 044 050 0,46
-GLA 147 021 069 0,66 063 1,78 052 035 0,52 044 152 024 012 050 0,51
-xLST™M 1,64 007 0,73 087 067 209 063 033 081 077 168 022 034 050 0,85
- DeltaNet 157 020 0,78 0,9 059 168 049 032 0,7081|156 080 055 058 061
- Gated DeltaNet 1,31 0,25 0,28 0,35 089 164 042 035 0,68 0,64 080 067 049 051 0,35
- Mesa 1,26 066 033 1,10 106|153 049 058 0,46 062 156 032 051 045 0,52
- Hawk-Mesa 162 019 080 0,77 0,94 203 051 067 047 79 1,77 0,24 0,54 0,90
- Transformer 15 005 059 070 087|199 039 08 061 071|175 028 0,30 1,41 050

400M Models: - Hawk 154 228 395 4,25 4,97 1,34 136 324 387 367 091 129 203 152 1,89
- Mamba2 2,15 4,05 6,07 455 349 217 143 313 319 52 168 086 1,36 1,94 1,64
-GLA 183 320 2,74 483 423 215 260 1,88 2,04 2119 1,72 062 142 19 1,30
-XLSTM 2,14 3,08 348 3,66 328 229 206 268 279 277 163 1,10 137 220 215
- DeltaNet 1,72 3,09 443 3389 349 184 153 352 283 247 1,79 167 163 129 145
- Gated DeltaNet 1,87 3,92 386 4,16 3,f7 200 08 335 318 294 180 105 256 213 222
- Mesa 223 2,75 433 505 533|206 080 262 311 370|175 068 209 1,63 247
- Hawk-Mesa 190 283 389 454 4,27 2,00 255 366 3,26 20 1,74 068 1,71 1,71 228
- SWA-4 034 013 014 0,13 012 025 019 026 0,21 026 029 0,10 0,06 0,07 0,05
- SWA-64 135 3,82 446 4,94 49 145 217 166 2,09 157 1,18 1,10 1,38 088 1,29
- SWA-1024 4,09 455 849 7,77 9,16 3,09 366 457 514 511 196 055 1,82 299 267
- Transformer 261 827 877 892 963|204 313 573 534 549|194 102 129 2,23 2,56

1B Models: - Hawk 3,72 588 856 7,15 4,17 333 379 377 520 586 237 269 439 422 4,17
- Mamba2 420 11,81 11,90 11,28 583 307 362 6,79 818 B35 2,04 427 683 475 338
-GLA 3,15 10,60 11,87 10,90 10,31 258 7,90 941 7,77 746 215 259 6,60 430 4,95
-XLSTM 496 511 11,71 1032 1056 4,13 552 9,17 899 459 260 233 474 381 39
- DeltaNet 524 834 10,79 10,08 7,88 4,02 691 872 6,01 5,66 2,29 101 432 339 258
- Gated DeltaNet 4,71 8,24 10,03 1125 11,31 431 759 9,07 8876|245 463 567 533 551
- Mesa 358 11,80 12,44 11,57 11,64 3,10 6,98 10,20 8,49 f.81 188 505 29 6,05 5,07
- Hawk-Mesa 3,68 7,99 10558 13,1612,01|292 8,03 10550 8,67 843 236 473 491 58599
- SWA-4 054 072 0,72 0,72 0,74 049 075 0,89 0,87 q72 022 0412 014 011 0,06
- SWA-64 558 6,69 292 843 761l 409 527 469 4,05 345 226 168 185 3,12 3,05
- SWA-1024 8,75 16,65 18,09 18,70 19,83 599 10,85 1458 1491 1430 3,36 4,19 10,14 10,05 8,38
- Transformer 8,30 1849 17,81 17,7(19,14| 6,10 13,06 11,99 13,99 1385|354 592 7,11 7,35 7,82

Table 18: Performance Scores (in BLEU-sb) on three Translation Tasks on Models Trained on 50B Tokens.

Best 50-shot scores among recurrent models are highlighted, as well as Transformer reference scores. While
MesaNet attains the best-score among the recurrent models in most settings, it under-performs transformer by
relative big margin.

L.3 NEeDLEIN THE HAYSTACK (NIAH) RESULTS

Setup. We conducted a sweep of experiments on single-needle tasks (NIAH) from the RULER
benchmarkfsieh et al. 2024 suite for 1B models trained on 50B tokens. We ran experiments for
both haystack types (noise and essays) for all key/value combinations (both can be in the form of:
words, numbers or uuids) on context lengths 2048 and 4096.

Results.As scores are quite sensitive to the chosen key and values types, we repartstoaercent
accuracy over all 9 key/value combinations, with 1000 evaluation samples for each setting. On the
OnoiseO haystack, MesaNet demonstrates strong scores with very low Buctuations across key/value
combinations. On the OessayO haystack, we observe relatively high score Buctuations across key/value
combinations for all models which makes it hard to form conclusions. However, we would still like

to highlight the strong performance of Hawk-Mesa on the essay haystack.
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NIAH Noise NIAH-Essay

L=2048 L=4096 L=2048 L=4096
- Hawk 4.0+ 5.9 1.7+ 29 3.0+ 2.2 2.1+ 1.6
- Mamba2 79.% 17.9 0.7+ 1.0 | 51.3+ 22.3 0.0+ 0.0
-GLA 96.2+ 4.2 685+ 18.9| 73.5t 34.7 41.4 26.9
-XLSTM 94.8+ 5.0 80.4+ 14.9| 69.1x 20.5 243t 9.9
- DeltaNet 99.3 1.0 96.5+ 6.3 | 68.9+ 32.3 27.9+ 15.3
- Gated-DeltaNet  98.3 4.1  96.3+ 8.1 | 52.1+ 33.7 11.0+ 9.4
- MesaNet 99.8 0.5 95.1+ 3.9 | 66.8+ 28.9  17.9+ 9.0
- Hawk-Mesa 97.& 3.5 65.3+ 21.6| 90.9+ 105 55.5 28.5
- SWA-1024 51.8 0.9 243+ 1.3 | 47.5+ 11.8 21.6+ 7.2
- MHA 99.7+ 0.3 0.0+ 0.0 | 98.2+ 25 0.0+ 0.0

Table 19: NIAH Benchmark results for 1B models trained on 50B tokens.

M VARYING THE NUMBER OF CONJUGATE GRADIENT STEPS WHEN
TRAINING MESANETS

Here we present the effect when training the MesaNet on less than 30 steps. We opted for training
with 30 steps, as we were not optimizing for training Bops but Prst investigate a fully converge Mesa
layer, and because of early experiments on our 400million model which indicated little improvement
after 30 steps.

As shown in Figurel3, we see a small, interestingly, uniform increase of training loss across the
sequence length when comparing to a model which is trained on 30 steps. Only when dropping
the number of CG steps below 10, we see a more drastic jump in loss increase. As we have show
in sectionC, the backward pass also relies on running the CG method to solve linear systems of
equations and we leave investigating for future work varying the number of steps in the forward and
backward pass.

Mesa (Train CG=5) Mesa (Train CG=20)
Mesa (Train CG=5, Inference=30) === Mesa (Train CG=25)
Mesa (Train CG=10) == Mesa (Train CG=50)
Mesa (Train CG=15)

=30)

0.02

0.01

o

Difference in NLL to Mesa (CG

0 1024 2048
Token Position

Figure 13: We compare the validation loss across the sequence of 400 million parameter MesaNets trained on
15B tokens, when varying the number of conjugate gradient steps during training. We observe a slight uniform
increase of validation loss across the sequence length when comparing to a model which is trained on 30 steps.
Only when dropping the CG steps drastically to 5 we see a substantial increase in loss.

N EVALUATION METHODOLOGY

Mulitple Choice Tasks: For a given questior, we assess for all possible optignthe lossSNLL (y|x)

of the option conditional on the question, and then normalize by the number of tokgnihafontrast

to related work Gu & Dao, 2024 Yang et al, 20243 Beck et al, 2024, we do not heuristically

choose between byte-normalized and non-normalized scoring schemes as we have a bxed tokenizer
across all models.

Greedy Matching Tasks.For a given inpuk and an expected target sequeyde.g., one or multiple
tokens), we check whethémould be matched under greedy sampling. This is done by obtaining
the logits for the concatenated inputof y, and checking whether all tokens belongingtare
matched by taking the argmax over the logits.
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In-Context Recall Tasks. We follow closely the setup ofjrora et al, 2023. For a given input
X, we sample greedily a completion from the model until eif@&tokens or a new-line character is
sampled. We then check whether the tasgist contained in the output (non-case-sensitive).

O AN INTERNAL ANALYSIS OF THE MESANET
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Figure 14: input strength " , forget strength! , regularization strengths! as well as other internal statistics

of a 400M parameter MesaNet trained on 50B tokens - averaged over 500 sequences from the SlimPajama
validation set. We observe that high; & 1 values usually lead to the condition number of the to be inverted
matrix K K { +! increase over time, which in turn leads to more CG steps required to obtain an output for the
mesa. We also observe (outer right plot) that usually these heads lead to higher cosine similarity (cos) between
o, the output of the layer if no CG steps are applied which corresponds to gated linear attention, compared to
the Mesa outpudy. We compute the number of conjugate gradient steps are computed by measuring the steps
of the conjugate gradient method to reach an error of 0.001. We sort the heads for plotting purposes according to
their average gamma values.
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