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A ANALYSIS OF DELAYED ZOOMING ALGORITHM

Proof sketch. The theorem is proved via the lemma that bounds the sub-optimality gap by the
confidence radius, i.e. A(z) < 6r¢(x). This lemma essentially shows that the agent will not play the
bad arm too much, hence bound v;(x). On the other hand, the lemma estabilish another lemma, such
that the agent does not activate too many arms In other words, by utilizing the Lipschitzness, for any
two active arms, their distance is lower bounded, allowing us to discretize the metric space.

A.1 SOME USEFUL LEMMAS

Definition 6. For each arm z, define the clean event as

Ep = {Vt € [T]; [ () — p(x)] < i)}

Lemma 7. The probability of the clean event £ = (| &, is at least 1 — 4.
zeA

Proof. For each time ¢, fix some arm z that is active by the end of time ¢. Recall that each time the
algorithm plays arm z, the reward is sampled i.i.d. from some unknown distribution P,, with mean
(). Define random variable Z,, ; for 1 < s < v;(z) as follows: for s < vy(x), Z, s is the observed
reward from the s-th time arm x is played, and for s > v(z) it is an independent sample from P,.
For each k < T, by Hoeffding Inequality,

k
1
Pr ( w(z) — Z ZZQEVS
s=1

Forany € Aand j < T, the event {x = z;} is independent of the random variables Z, ;. Taking
the union bound over all £ < T, it follows that

Pr (vt, [pe(a) — pla)| < () | @ = ;) > 1= 0T,

S\/410gT+210g;(2/5) > 1_ 672
1+k

Integrating over all arms = we obtain
PrE,] = Pr (vt, ue(e;) — ()] < re(w;)) > 1 - 0T,

Now, taking the union bound over all 5 < T concludes the proof. O

For what follows in this subsection, we assume clean event unless specified.

Lemma 8. For each arm x and each round t, we have A(x) < 6ry(x) .

Proof. Suppose that arm z is played in this round. By the covering invariant, the best arm x* was
covered by the confidence ball of some active arm y, i.e. * € B;(y). By selection rule, it follows
that

Ii(@) = Li(y) = pe(y) +re(y) +re(y) = ply) +re(y) = p(z®) = p*.
The last inequality holds because of the Lipschitz condition. On the other hand,
Ii(x) = pu (@) + 2ri(2) < p(a) +ro(x) + 2ri(2) = p(z) + 3r(z).
Therefore, we have
Alw) = i - p(e) < 3ri(x).

Now suppose arm « is not played in round ¢. If it has never been played before round ¢, then 7, (z) > 1
since the diameter is at most 1 and the lemma follows trivially. Otherwise, let s be the round that arm
x was played last time. By the “lazy update” trick, v;(x) < 4v,(z), and plug in the definition of the
confidence radius we have r;(z) > 2rs(x). Since at time s, arm x was played by selection rule, it

follows that
A(x) < 3rs(z) < 6re(x).

Hence for each arm z and each round ¢, we have A(z) < 6r(x), as desired. O

Corollary 9. For any two active arms x,y, we have D(x,y) > & min(A(z), A(y)).
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Proof. Without loss of generality, assume x has been activated before y. Let ¢ be the tlme when g has
been activated. Then by the activation rule, D(z,y) > r:(z) and by Lemma[ re(x) > $A(z) >

L min(A(x), A(y))- O

Corollary 10. For each arm x, we have vr(z) < O(log £)A~2(x).
Proof. Use Lemmal§|for t = T and plug in the definition of the confidence radius r(z). O

A.2 PROOF OF THEOREM/[I]

We follow the proof idea of [Kleinberg et al. (2019) and Joulani et al./(2013). Fix round ¢, let V; be
the set of all arms that are active at time ¢, and let

1 ) 4
Agigy = {x eV,:2i< —— < 21+1} —{reV,: 27 < Afz) <277},

Ax)
Recall that by Corollary [10|for each = € A; t), we have v;(z) < O(log z)A’Q(m). Therefore,
> A <Olog ) > —<02%1og )|A(”)|
IGAU t) meA“ t)

Let 7; = 27, note that by Corollary E any set of radius less than r; /16 contains at most one arm
from A(; 4. It follows that [A(; )| < N.(r;) < cr.*dz. Hence,

Z Az ) < O(log 5) ! - Ny (r;) < O(log%)cr;drl.

QCEA(L t) Ti

For any p € (0, 1), we have

dMA@m@) = > A+ Y. Al@)m()

z€Vy z€Vi:A(z)<p €V A(z)>p
<pt+ > A@) () + we(x))
z€Vi:A(z)>p
<pt+ Y>> A)(v(x) + wi (@), @

i<logy(1/p) TEA (1)

where wy () = maxs<; ws(z). For the first part of the sum sequence,

dot1
Z Z A(x)v(x) < Z O(logg)@a;drl < O(clog%) (;) .

i<logy(1/p) T€EA(i,e) i<logy(1/p)

Since the delay is bounded, we have w} () < Tiax, and hence

d.
Z Z A(z)w: (I) < Z Tmax * CT;dz < Tmax * € <1> .

i<logy(1/p) 2€A 1) i<log(1/p) P

Therefore, take expectation on both sides of Eq E] and set t = T', we have

d.+1 d
T (1\* 1\~
R(T) < pT' + clog — () + Tmax * € () 7
5 \p P

where < denotes “less in order”. Since it holds for any p € (0, 1), hence by taking p = (logT) = )
we have

1 dz
. T dz+2 T dy+2 - . .
R(T)<O T clog — + CTmax " | —— :O(T% —I—TmaxTﬁ).
1) logT

This completes the proof. O
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B ANALYSIS OF DELAYED LIPSCHITZ PHASED PRUNING

Proof sketch.

» With high probability, for any arm « € B and any surviving active ball B in of phase m, the
empirical average reward /i, (B) concentrates around the underlying p(x). This concentration
result can guarantee that regions with unfavorable rewards will be adaptively eliminated. Denote
this event as &;.

» With high probability, n;(53) can be upper bounded by v, () (B) with some factor of quantile p.
This connection allows us to upper bound the pseduo regret. Denote this event as &;.

* Under event £ = & N &y, the optimal arm 2* = arg max, ¢ 4 p1(x) is not eliminated after phase m.
This shows that the optimal arm survives all eliminations with high probability thus we are pruning
the unfavorable regions correctly.

* Under event &, the suboptimality gap is bounded by the radius, i.e. A(z) < 8r,,_1, thus the
surviving active balls are those with promising rewards.

B.1 SoOME USEFUL LEMMAS

Lemma 11. For phase m that is complete (entered Pruning, line 13 of algorithm[2), define t, as the
last round of it and let ty = 0, clearly t,,, <T. Let m* be the last complete phase such that t,,» < T.
Define the following events:

4logT + 2log(2/6)

Um,

&= |/lm(B)—u(x)|<rm+\/ Vo e B,VB € B, V1 <m <m*},

where [i,(B) is calculated when B is removed from B}\,. It holds that Pr[£,] > 1 — 6.

Proof. For a fixed ball B € B,, that is removed from B;!, there are v,, = (4logT +21og(2/))/r2,
observations from B has been observed, thus the empirical average reward of B and its expectation is

A 1 ) 1 m
fim(B) = — ZyB,iv and  E[i,,(B)] = — ZU(zB,i)a
moi=1 moi=1

where (x5 ,;,ypB,;) denote the -th arm-reward pair from ball B.

By the assumption of white noise, fin, (B) — E[fi,, (B)] is sub-Gaussian with parameter |/-1. Hence
by Hoeffding inequality,

4log T + 21log(2/0)

Um

Pr | |fim(B) = Elim (B)]| > \/

<2 exp U 4logT +2log(2/9) Si-
2 Vin T2
By Lipschitzness condition, for any x € B we have
) 1 &
[Elim (B)] — @) = | > (uesi) = p(2))| < .
moi=1
Therefore,
4logT + 2log(2/0 é
Pr { |in(B) — ()| sTm+\/ T2 ypep) 21t

Now for any B, that a phase m is complete, each ball B € B,,, is played at least once, thus |B,,,| < T
Take the union bound over all B € B,, yields

4logT + 21og(2/6
Py Iﬂm(B)—u(x)ISrm+\/ s T+ 21082/0) e pyBes, | >1-

Um

Sl
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Now since the number of finished phase is no more than time horizon 7', take another union bound
over all finished phase 1 < m < m* yields

Pr[gl] > 1- 57
as desired. O

Lemma 12. Suppose time round t is in phase m. For any ball B € B,,, and quantile p € (0, 1], we
have

Pr (UHQ(Z,) (B) < gnt(B)) < exp (—gnt(3)> ;

where v(B) denote the number of times of rewards from ball B observed at the end of round t — 1,
and ny(B) denote the number of times the agent plays ball B.

Proof. LetI{-} denote the indicator function. By definiton of quantile funciton, E[I{7s < Q(p)}] =
Pr[rs < Q(p)] > p. Let S¢(B) := {s | tm—1 < s < t,xs € B} be a set of time round for which the
agent plays ball B, note that ns(B) = |S¢(B)|, and thus we have

Pr (vi1q0) (B) < Sne(B)) < Pr ESZ(B)H{S +7 S+ QM) < Sni(B)

<Pr( 3 Hn <)< Enp)

s€S¢(B)

<Pr| Y Hn<Q@}<s Y. El{n<Q®)

s€S{(B) s€S¢(B)
(1) 1
Com -1 Y Eln <)

s€S(B)
p
< exp (—gnt(B)) ,
where the inequality (i) follows from the multiplicative Chernoff bound. O

Lemma 13. Define the following event:

- 241log T + 8log(1/6)
p

&y 1= {nt(B) or vt+Q(p)(B) > gnt(B),
YVt € S, (B),VB € B,,¥1 <m < m*}
It holds that Pr[&5] > 1 — 6.

Proof. 1t suffices to show that for the complementary event, Pr[€5] < §. By Lemmaand applying
union bound, we have

Pri&5] = Pr {EIm,B € B, t €S, (B):

24logT + 8log(1/6 P
ny(B) = » W )vvt+Q(p)(B) < int(B)
p
<22 > Pr (“t+Q(p>(B) < gnt(B))
m BB, tes,,, (B),

ne(B)> 24 log T+8log(1/8)
- P

< ZBsz 3 exp (~2nu(B))

teS,, (B),

24 log T+81log(1/8)
ni(B)2 =—S— ===
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(i)
D75 - exp <_p ' 24logT+810g(1/5)) <5
8 p
where the inequality (ii) uses the union bound trick in Lemma [T} This concludes the proof. O

Corollary 14. Define the clean event £ = £1 N E;. By union bound, it holds that Pr[€] > 1 — 26.

Lemma 15. Under event £, the optimal arm x* = arg max p(z) is not pruned after the first m*
phases.

Proof. Let B* € B,, denote the ball that contains 2* in phase m. It suffices to show that B* is not
pruned. Under event &1, for any ball B € B,,, and x € B, we have

R 4logT + 2log(2/6
um(B)—u(:E)STm+\/ g7+ 2og2/0),

and
X N " 4logT + 2log(2/6
M(af)—um(B)Srm+\/ 5T+ 21os2/0),

Now, use the definition of v,,, and the fact that p(z*) > p(z), taking the sum of the previous two
inequality yields

fim(B) = fim(B") < 4rp,.
Therefore, by the pruning rule, B* is not pruned. O

Lemma 16. Under event &, for any phase 1 < m < m* + 1, any B € B,,, and any x € B, it holds
that
Ax) < 8rp—1.

Proof. Form = 1, it hold trivially that 8r,,_1 = 8 > 1 > A(x). For 2 < m < m* 4 1, we consider
the previous complete phase m — 1 so that the lemma also holds for the incomplete phase m* + 1.
Suppose for any ball B € B,,, and z € B,z* € B}, inphase m — 1,z € By € B,,,_1, where By is
the parent ball of B such that it contains x in phase m — 1, and let 2* € B}, _; € B,,,—1 since the
optimal arm is not pruned. By Lemma([IT] for any B € B,,, and any = € B

A@) = " = (@) < fim1(Bly_y) — fim—1(Bo) + 2rm_1 + z\/ o Qlfg@/ 9,
m—
Now, use the definition of v,,,_1, we have
A(x) < fun—1(Bp, 1) = fim—1(Bo) + 4rm—1.
By pruning rule, since B is not pruned, we have
fim—1(Bp,—1) = fim—1(Bo) < fiy,_1 — ftm—1(Bo) < 4rm 1.
It follows that A(z) < 8ryp,—1. O

B.2 PROOF OF THEOREM [3]

We modify the proof in [Feng et al.|(2022) by relating n,,, and v,,, using previous lemmas to show that
the addtional term in the regret bound incurred by the delays scales with quantiles.

Proof. Fix p € (0,1], and define & = & N &, as in Lemma[12} [13] it holds that Pr[£] > 1 — 24.
For any phase m and any ball B € B,,, let sp be the last time that ball B is played, thus we have
Vsp—1(B) < v = (4logT + 210g(2/5))/r2,. Under the clean event &, at least one of the two
following event is true:

P 8log T + 4log(2/9)
Nsp—Q(p)—1(B) < 5”53—1(3) < pr2

9

or

241og T + 8log(1/4) < 241log T + 8log(2/0)

nstQ(p)fl(B) < D > pT?n
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Therefore, the total number ball B is played can be bounded as
Nsp (B) =Nsp—-Q(p)-1 (B) + (nSB (B) —Nsp-Q(p)-1 (B))

. 24log T 4;28 log(2/0) L 3 I{z; € B}
Drin te[se—Q(p),s5]

Let u,, (B) be the number of balls in the round-robin process of phase m at time min{sg, t,, }, since
the algorithm runs over u,, (B) balls in a round-robin fashion, it follows that

>  HmeB}< Q) +1

B
telsp—Q(p),s5] um(B)
Also, we have that
1 1 1 1
< -+ = +1<logl|B,,|+1.
2 (B S TBl TBa 1t S loelBal

BEB’VTL

Now, fix the total number of phases M. Any arm played after phase M attains a regret bounded
by 167y, since the balls played after phase M have radius no larger than ;. By Lemma[I6/and
definition of zooming number, it follows that

|B| < N.(rm) < er,ds <c-2%=m
The regret R(7") can be bounded by

Nsp (B)

M
R(T) <16rmT+ Y Y. > Alwpi)

m=1BeEB,, i=1

M
<16ryT+16 > Y 1y -0, (B)

m=1 BEB,,
M
241og T + 8log(2/6
<16ruT+16Y S | B0 Y HmeB)
m=1 BEB,, Prm t€[s5—Q(p),ss]
M
2410g T + 8log(2/0
<6 T +16 {|Bm| TR0 4 (@l + 1) (g 1B + 1)]

m=1

M
24 1og T log(2/6
< 167’MT+162 |:C.2(dz+1)m' ogT + 8log(2/9)

2Q) + D(dm+ 1)

p
m=1
24log T + 8log(2/d
<16-27M .7 4 32. 90 40M 2708 +p 8219 | 16(Q(p) + 1)(3d. + 1)

)

<oM.T 4 o(d:+1)M . log(T'/4) +Qp)
p

where < denotes “less in order”.
log ¢ 13;; T

Since the inequality holds for any M, hence by taking M = 15

, we have

1 zt+1 T ﬁ
R(T) § S (clog5) QW)

This holds for any p € (0, 1], thus we further minimize over p to obtain the desired lowest possible
upper bound as stated in the theorem. O
C ANALYSIS OF LOWER BOUND

We will use the following lower bound for Lipschitz bandtis from Theorem 7 of |Slivkins|(2011}).
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Theorem 17. Consider the Lipschitz Bandit problem on a metric space (A, D). Define

1
R(T)=Cy inf |roT+logT E —N,(r)
r

r0€(0,1 )
0€(0:1) r=2-%:1eN,ro<r<1

where N.(r) is the r-covering number of (A, D), and Co = O(1). Fix a time horizon T and a
positive number R < R.(T), then there exists a distribution T over problem instances on (A, D)
such that

(a) For each problem instance I € T, we have R,(T) < O(R), where

1
R.T)=Cy inf [roT+logT Z “N.(r) ],

mo€(0,1) r=2"%4€N,ro<r<1
and N, (r) is the r-zooming number of (A, D, 1), and Cy = O(1).

(b) For any algorithm M, there exists at least one problem instance I € T on which the expected
regret of M satisfies R(T) > Q(R/logT).

Now we will adapt this lower bound to a delay-presence version using a reduction techinique
introduced in|Lancewicki et al. (2021).

proof of Theorem[5] We consider a specified delay distribution such that the delay is 0 with probability
p, and oo otherwise (missing feedback). Let M be any delayed Lipschitz bandits algorithm, and
we use the reduction techinique to build an algorithm M, that simulates M and interacts with a
non-delayed environment for % rounds. In each round ¢, a Bernoulli variable Z; with success
probability p is sampled. If Z; = 1, M choose the same action as M and receive its feedback.
Otherwise, only M playes this round and skip M. It is with high probability that M has played for
pT

P rounds after (1 — p/4)T rounds, otherwise for the rest of the round let M follow M’s actions

and receive feedback with probability p. Define the failure event as

T
F = Z Zt < %
t<(1—p/4)T

Since (1 — p/4)T < T'/2, By the multiplicative Chernoff bound,

T T
Pr[F] < Pr Z Zt<% < exp <_Zi6)

t<=T/2
By Theorem[I7, there exists a universal constant C such that for any Lipschitz Bandit algorithm
Mo,
CoR
R (T) > .
MO ( ) — log T

On the other hand, let Vi be the active set of M, it must contains the active set of M. Therefore,

R, <ipT) <E| Y HzZ=1}) Ha=a2}A(x)

t<(1—p/4)T zeVr

+E|{F} > > Hay =a}A(x)

t>(1—p/4)T z€Vr

< > ENZ=1E lz I{z, = 2}A(z)

t<(1—p/4)T xeVr

T
+ % Pr[F]

T T
+ %exp <Zi6> <pRm(T)+4

T
< B [z ™ o = }AG)

t=1z€Vp
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Therefore, o
R 4
Rum(T) > —95—+ — (5)
plog (3pT) »p

Consider a specified delay distribution such that the delay is a fixed value 7y with probability p,
and oo otherwise (missing feedback). Under this delay distribution, the algorithm does not get any
feedback in the first 7o = Q(p) rounds, and the agent is unable to distinguish between arms in this
initial period, so any algorithm in this period is no better than a uniform random play on .A. Therefore,
for a fixed problem instance (A, D, 11) (and hence the suboptimality gaps are fixed), the expected
regret of any algorithm will in this initial period be at least 7oA, where A = | A A(x)/ / 4 Lis the
average suboptimality gaps on A, denotes the average regret. The regret in this initial period, along
with Eq[3] yields
R 1 <

Rn(T) 2 i = 4 8- QM)

This completes the proof. O

D ADDITIONAL EXPERIMENTAL DETAILS

In the analysis and algorithms of our main paper we assume the sub-Gaussian parameter of white
noise is 0 = 1. In reality, if the value or an upper bound of ¢ is known or can be estimated, we could
easily modify the components in our proposed algorithms.

* Delayed Zooming Algorithm[I} we can modify the confidence radius by multiplying o:

ro(z) :J\/4logT+2log(2/6)

1+ ’Ut(JC)

* Delayed Lipschitz Phased Pruning [2} we can modify the required number of observations for each
ball in each phase by multiplying o~:
o 4logT +2log(2/9)

2
Tm

VUm =

Indeed, a larger sub-Gaussian parameter indicates greater variability in the noise distribution, leading
to increased uncertainty in the reward estimates. Consequently, the algorithms must either enlarge
the confidence radius or increase the number of observations required for each ball in each phase to
ensure sufficient exploration under higher noise conditions.

The numerical results of the final cumulative regrets (at 7' = 60000) in our simulations in Section
(Figure [T) are displayed in Table

E THE USE OF LARGE LANGUAGE MODELS (LLMS)

We used the Large Language Model (LLM) sparingly for minor writing tasks such as grammar
and spell-checking. All research, deduction, data analysis, and the core content of this paper were
developed independently by the authors without assistance from an LLM.
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Algorithm E[r] | Uniform Geometric
0 138.97 138.97
Delayed Zooming | 20 154.55 159.30

Triangle reward function 50 171.07 152.98
0 304.60 304.60
DLPP 20 314.87 312.44
50 326.71 325.74
Algorithm E[r] | Uniform Geometric

0 130.64 130.64
Delayed Zooming | 20 137.31 132.88

Sine reward function 50 148.69 144.08
0 178.05 178.05
DLPP 20 195.35 186.28
50 209.97 208.80
Algorithm E[r] | Uniform Geometric

0 1445.86 1445.86
Delayed Zooming | 20 | 1843.05 1463.38

Two dim reward function 50 1858.45 1828.15
0 1120.64 1120.64
DLPP 20 1159.85 1120.63

50 | 1136.46 1142.55

Table 1: Numerical values of final cumulative regrets of different algorithms under the experimental
settings used in Figure T]in Section[7]

22



	Introduction
	Related work
	Problem Settings and Preliminaries
	Delay with Bounded Support: Delayed Zooming Algorithm
	Delay with Unbounded Support: Delayed Lipschitz Phased Pruning
	Lower Bound
	Experiments
	Conclusion
	Analysis of Delayed Zooming Algorithm
	Some Useful Lemmas
	Proof of Theorem 1

	Analysis of Delayed Lipschitz Phased Pruning
	Some Useful Lemmas
	Proof of Theorem 3

	Analysis of Lower Bound
	Additional Experimental Details
	The Use of Large Language Models (LLMs)

