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Supplemental:
Parameterized Hardness of Zonotope Containment and Neural
Network Verification

A ADDITIONAL MATERIAL

A.1 ADDITIONAL PRELIMINARIES

Geometry of ReLU Networks. We repeat basic definitions from polyhedral geometry, see [Schri-
jver| (1986)) for more details. A polyhedron P is the intersection of finitely many closed halfspaces.
A polyhedral cone C C R? is a polyhedron such that Au + uv € C for every u,v € C and
A, 1 € R>g. A cone is pointed if it does not contain a straight line. A ray p is a one-dimensional
pointed cone; a vector r is a ray generator of p if p = {Ar : X > 0}. A polyhedral complex P
is a finite collection of polyhedra such that § € P, if P € P, then all faces of P are in P, and if
P, P’ € P, then PN P’ is aface of P and P’. A cell is a full-dimensional element of a polyhedral
complex. A hyperplane arrangement H is a finite collection of hyperplanes in RY,

A ReLU network computing the CWPL function f: R? — R with
f(:Z?) =Wy - (¢sz1ybe71 O---0 ¢W1,b1)(1') + bfa

is affine linear on each cell of an associated polyhedral complex 3¢ (the one induced by the closure
of the full-dimensional activation regions (Hanin & Rolnick, 2019) of the network). In particular,
the encoding size of every polyhedron in this complex is polynomially bounded in the encoding size
of the neural network (Froese et al.,|2025b). It is well known that for 2-layer ReLU networks, ¥ ¢
corresponds to a hyperplane arrangement (Montufar et al., 2014).

Hyperplane Arrangements. Any hyperplane arrangement with n hyperplanes in d dimensions
has at most O(n?) many cells (Zaslavsky, |1975), and it is possible to enumerate them in O(n?)
time (Edelsbrunner et al., |1986). All zero- and one-dimensional faces of a hyperplane arrangement
can be enumerated in O(n? - poly(N)) and O(n¢~1 - poly(NN)) time, respectively, where N is the
encoding size of the hyperplane arrangement, since they arise from an intersection of d and d — 1
hyperplanes. An ¢-layer ReLU network partitions R into at most O(n(“l)d) cells, where n is the
width of the network. We can enumerate these cells in O(n(*=1¢ . poly(NN)) time, where N is the
encoding size of the ReLU network (the first hidden layer gives a hyperplane arrangement; with
every subsequent hidden layer, a cell is intersected with at most n hyperplanes, partitioning the cell
into at most n? cells).

A.2 ADDITIONAL FIGURES

Figure E] illustrates how the sum of the spike function s,.; and penalty functions p,., p; in the proof
of Proposition[3.1] behaves for a fixed color pair.

B PROOFS

B.1 PROOF OF THEOREM [2.1]

Proof. ZONOTOPE (NON-)CONTAINMENT. It is well-known that a zonotope Z C R with n
generators has O(n9~1) vertices which can be enumerated in O(n9~1) time (Ferrez et al., 2005).
Note that Z is contained in another zonotope Z' if and only if all vertices of Z are contained in Z’.
Hence, by enumerating the vertices of Z and checking containment in Z’ (e.g. by solving a linear
program), we obtain an O(n¢~1 - poly(IV))-time algorithm.

L,-MAX ON ZONOTOPES. We can enumerate in O(n?~! - poly(NN)) time all vertices of the
zonotope and thus obtain an O(n?~! - poly(N) - T') time algorithm, where T' denotes the time to
evaluate the L,-norm of a vector in R%.
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Figure 5: Illustration of the area around node values for a fixed color pair for non-adjacent and
adjacent nodes. The values are based on the example given in Figure[I] For non-adjacent nodes,
only the two penalty functions intersect, while for adjacent nodes, the penalty functions intersect
also with the spike function.

B.2 PROOF OF THEOREM [2.2]

Before going into the proof of Theorem[2.2] we first prove that network verification for ¢-layer ReLU
networks over polyhedra is solvable in O(n{¢~1% . poly(N)) time.

Lemma B.1. Let f: R — R™ be an (-layer ReLU network and let P C R% and Q C R™ be
polyhedra given in halfspace representation. Then, we can decide whether f(P) C Q holds in
O(n=V4 . poly(N)) time (where n is the network width and N the combined encoding size of the
network and the polyhedra).

Proof. LetQ = {x € R™ : vz < u;,i € [k]}. Then, we have f(P) C Q if and only if for every
cell C' € ¥ and every constraint ¢ € [k], we have

Uz g, i fo(w) = max, vl (Aoa +be) = uibo + mg (o)
where fc is the affine linear function of f restricted to C, that is, f(z) = fo(z) = Alx + bc
for all z € C. Note that the above condition can be verified by solving a linear program whose
encoding size is polynomially bounded in N. Since linear programs can be solved in polynomial
time and cells can be enumerated in O(n*~4.poly(V)) time, it follows that we can check whether
f(P) € @ holds in O(n*=14 . poly(N)) time. O

Proof of Theorem[2.2] Let f: RY — R with f(x) = Wi (dw,_ 16,4 © =+ © dwy.,)(2) + by
be the function computed by an ¢-layer ReLU network and let >, be the corresponding polyhedral
complex. Further, let n denote the width and N the encoding size of the network and let f: R? — R
with f/(x) :== W (éw,_,. 00 - © dw,,0)(x) be the function of the ReLU network without biases.

Computing the Maximum over a Polyhedron P. Here, we assume that the maximum
max,cp f(x) exists and N denotes the combined encoding size of the network and the polyhe-
dron P. We can compute this maximum by enumerating cells of > and solving the linear program

max fo(z) foreachcell C € X, where fc is the affine linear function of f restricted to C, that is,
xzelCn

f(z) = fo(z) = afx+bc forall z € C. Note that the encoding size of the linear program is poly-
nomially bounded in V. Since linear programs can be solved in polynomial time and cells can be
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' (e=1)d ime, i =
enumerated in O(n poly(NN)) time, it follows that max,ep f(z) C cgll%}t)‘(zf ax fe(z)

can be computed in O(n*=19 . poly(N)) time.

¢-LAYER RELU PosSsITIVITY. Follows from applying Lemmato P=TR%and Q = (—00,0],
since there being a point x € R? with f(x) > 0 is equivalent to f(R?) Z (—o0, 0].

¢-LAYER RELU SURJECTIVITY. [Froese et al.| (2025b, Lemma 14) show that for surjectivity, f is
surjective if and only if f’ is surjective, which is equivalent to there being two points r+,r~ € R?
with f/(r=) < 0 < f’(r*). We can check this in O(n*~14 . poly(N)) time by applying the
algorithm for /-LAYER RELU POSITIVITY to f’ and — f".

¢-LAYER RELU L,-LIPSCHITZ CONSTANT. Note that the L,-Lipschitz constant of f is equal to
the maximum L,-norm value (where L, is the dual norm of the L,,-norm, so 1/p+1/¢q = 1) of any
gradient of the linear function that arises by restricting f to a cell of ¥ ;. Thus, by enumerating all

cells of ¥, we obtain an O(n*=14 . poly(N) - T') time algorithm, where 7' denotes the time to
evaluate the L,-norm of a vector in RY.

(-LAYER RELU ZERO FUNCTION CHECK. Follows from applying Lemma|[B.1]to P = R? and
Q@ ={0}. O

B.3 PROOF OF PROPOSITION[3.]]

Before going into detail, we first introduce a useful definition and prove a preliminary result.

Definition B.2. A Sidon set is a set of positive integers A = {a1, ..., an, } where the sums a; + a;
with ¢ < j are all different.

For a survey on Sidon sets, we refer to (O’Bryant, [2004). The greedy Sidon set, introduced by Mian
& Chowlal (1944), is recursively constructed as follows: take a; = 1, and for n > 1, let a,, be
the smallest nonnegative integer such that {a1, ..., a,} is a Sidon set (see A005282). |Stohr (1955)

noted that a,, € O(n?) holds. We note that the greedy Sidon set of size n can be computed in (1)
time. We use the following result.
Lemma B.3. Let A be a Sidon set of size n, and let W1, ..., Wy be a partition of A into disjoint

subsets. Then, for every pairi,j € ([g]), the sums a + b with a € W;,b € W; are all different.

Proof. Suppose that there are two pairs (a,b) # (¢, d) € W; x W; with a + b = ¢ + d. Then, there
exist elements a;, a;j, a,,a; € A such that a; = a, a; = b, a, = ¢, a; = d with {, j} # {r,(} and
a; + a; = a, + a;, which contradicts the fact that A is a Sidon set. O

In other words, given an element w € W; + W, there is exactly one pair (w;, w;) € W; x W; with
w = w; + wj.

Proof of Proposition[3.1} Let (G = (V = V;U...UVy, E), k) be an instance of MULTICOLORED

CLIQUE, where V, = {vc1,...,Vcn.} forc € [k] and E = U(T De(®) E,;, where E,; denotes
) 2

the set of edges whose nodes have color r and . Further, let A be the greedy Sidon set of size |V/|
and let W7y, ..., W, be a partition of A into k disjoint subsets such that |W;| = n; holds. Note that
this allows us to assign each node v, ; to a unique element w, ; of A, namely the ¢-th element of .
For every edge {v; , vl,j}, we define the constant w;. ; 1 j 1= wy; + w; ;. Since A is a Sidon set, the
value w;.;; ; uniquely determines the edge {v,;, v, ;}. We construct a ReLU network with & input
variables 1, ..., x) and 3(|V'| 4 | E/|) hidden neurons as follows.

For every color ¢ € [k], we introduce a node selection gadget which ensures that the input value z,.
encodes a node in V. To this end, we create a “penalty function” p.: R — [0, 1] (see Figure that
has n. narrow spikes around the value w. ; (that is, it goes up from O to 1 and down to 0 again) for
each v.; € V, and is zero everywhere else:

8(r — we + é), ifz € [we; — %,wcyi],i € [ne]
pe(x) =< 1—8(x —wey), ifx€ (weiwes+ %],i € [n¢]
0, ifz ¢ Uich [we,i — %vww‘ + %]
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The penalty function p. can be implemented with 3n. hidden neurons:

1 1
pe(x) = Z (max(0,8(x — we,; + g)) —max(0, 16(x — w,;)) + max(0, 8(x — we,; — g))
i€[nc]

Next, we introduce an edge verification gadget which verifies that each pair of nodes selected by the
node selection gadgets is connected by an edge. For every pair of colors (r,1) € ([g]), we define a

“spike function” s,.;: R? — [0, 1] (see Figure [1) that is zero everywhere except for a set of |E,.j|
parallel stripes in which s,.; forms a spike.

d(x+y— Wrilj — i) ifx+ye€ [wm,w — i,wml}j], {vr4, Ul,j} € E,y
sei(r,y) =1 =A@ +y —wrin;), x4y € (Wrinj,wri; + 5] {vri v} € Ery
0 if@+y ¢ U, s syep,a Writs = 1wriss + 1]

)
)

Note that Lemma implies that s,.;(z,y) < 1 holds for any input (z,y) € R?, as the sums
wr; + Wi = wrgy,; for {vr4, vl,j} € I, are all integral and different. Thus, the spike functions
attain value 1 if and only if its inputs correspond to two nodes that share an edge. The spike function
can be implemented with 3| E,. ;| hidden neurons:

E 1
Sr,l(x; y) = (max(o, 4(1' +y— Wr i1, + Z))— max(O, S(x +y— wT,i,l,j))
{vr,i,v1,; }EE

1
+max(0,4(z+y —wy i1 — 1)))

By computing all penalty and spike functions in parallel and summing them up at the output neuron,
we obtain a ReLU network that computes the function f: R* — R with

f($1,...,$k) = Z 37',l($7';33l)+ ch(xc)~

(r,e(15h) c€(k]

Since every spike and penalty function is lower bounded by 0 and upper bounded by 1, it follows
that f is lower bounded by 0 and upper bounded by &k + (’;)

First, we show that the existence of a k-colored clique in G implies max,cgr f(2) = k + (’;)
Suppose that {v1 4,,...,Vk.q,} C V forms a k-colored clique in G. Then, we claim that the point
T* = (Wiays- - - »Whiay) is @ point with f(z*) = k + (}). First, note that p.(z}) = 1 holds for all
¢ € [k]. Further, for each pair of colors (r,1) € (I8), s, (2%, x}) = 1 holds, since {v,q,,v1,q,} is
an edge in E,;. Thus, we have f(z*) =k + (}).

Now, we show that if there is a point z* € R* with fl@*) > k+ (’;) — 1, then G has a k-colored
clique. Suppose that 2* € R* is such a point. For this to be the case, the output of all spike and
penalty functions must be strictly greater than zero, that is, we have p.(z%) > 0 for every ¢ € [k]
and s, ;(z}, z;) > 0 for every pair (r,) € ([S]), since otherwise f(z*) < k + (g) — 1 holds. For
every ¢ € [k], p.(z%) > 0 implies by definition that there is exactly one element a, € V. with
k€ (Wea, — %7%,% + %) In other words, the input z; corresponds to the node v, ,.. We now
claim that {v1,q,, .- -, Vk,q, } forms a k-colored clique in G. To see this, observe that for every pair
(r,) € (M), s.u(ar,27) > 0 together with % + 27 € (Wrartar — & Wrap b + 3) implies
by definition of s,.; that {v, q,, V1,4, } is an edge, which proves that {v; 4., ..., Uk q, } is indeed a
k-colored clique. O

B.4 PROOF OF THEOREM[4.2]

Before proving Theorem 4.2} we first prove an auxiliary lemma.
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Lemma B4. Let f: RY - R, f(z) = Y1, c;max{0,a] x + b;} + B be the function that is
computed by a 2-layer ReLU network, where a;,b;, c;, B are the weights and biases of this network,
and let h: R4 — R be the function computed by the homogenization of this network. Then, we
have h(z,1) = h(—z,—1) ifand only if >, ci(a] x + b;) = 0.

Proof. We have h(z,y) =Y i, ¢; max{0,a; = + b;y} + Bly| and thus

n n

h(z,1) — h(—z,—1) = Z ci(max{0,a; = + b;} — max{0, —(a, z + b;)}) = Z ci(a; x4 b;).

i=1 i=1

O

Proof of Theoremd.2] We give a parameterized reduction from MULTICOLORED CLIQUE. Let
(G = (V=VWU...UV, E), k) be an instance of MULTICOLORED CLIQUE, and let f: R* — R
be the function of the network constructed in the proof of Proposition 3.1} Next, we modify the
network by setting the bias of the output node to 1 — k — (5). Let g: R¥ — R be the function of
this modified network and let ~: R**! — R be the function computed by the homogenization of
this modified network. By construction, we have h(z,1) = g(z) = f(z) + 1 —k — (’2“) for every
x € R¥. Note that h(—xz, —1) = h(z,1) holds for every z € R¥, which follows directly from the
definition of f and Lemma Since the ReLU network corresponding to h has no biases, h is
positively homogeneous and thus h(Ax, Ay) = Ah(z,y) holds for every A > 0.

By Proposition G has a k-colored clique if and only if g has a positive point, since
max,epr g(2) = 1 holds if G has a k-colored clique and max,cgr g(z) < 0 otherwise. To
finish the proof, observe that i has a positive point if and only if g has a positive point. If g has
a positive point z*, then h also has a positive point (z*,1). On the other hand, if h has a pos-
itive point (z,y™), then by positive homogeneity sgn(y™) - % is a positive point for g, since
0 < pephlat,y®) = h(%ﬁgn(yﬂ) = g(sgn(y™) - \%I) Note that y+ = 0 is not possible,
since h(x,0) = 0 for every z € R¥ by construction, as deleting biases leads to the cancellation of
all terms in the spike and penalty functions. [

B.5 PROOF OF COROLLARY [4.3]

Proof. We give a parameterized reduction from MULTICOLORED CLIQUE to approximating the
maximum of a 2-layer ReLU network. Let (G = (V = VjU...UV,, F), k) be an instance of
MULTICOLORED CLIQUE, let f: R¥ — R be the function of the network constructed in the proof
of Proposition |3.1]and let g: R* — R be the function of the same network with an additional bias
of 1 — k — (%) at the output node, that is, g(z) = f(z) + 1 —k — (§) holds for every = € R*. With
Proposition [3.1] it follows that we have max,crr g(z) = 1 if and only if G has a k-colored clique
and max cpr g(z) < 0 otherwise. Thus, approximating the maximum of this network within any
multiplicative factor over the polytope P = [0, n*]¢ would allow us to distinguish between the two
cases, which implies the theorem. O

B.6 PROOF OF THEOREM[5.1]

Proof. Follows from Theorem [4.2] and the equivalence to 2-LAYER RELU POSITIVITY without
biases (Froese et al.,[2025b| Proposition 18). O

B.7 PROOF OF THEOREM[6.2]

Proof. We give a parameterized reduction (which is also a polynomial reduction) from MULTICOL-
ORED CLIQUE to 2-LAYER RELU L,,-LIPSCHITZ CONSTANT. We first discuss the case p € [1, o0]
and later discuss which modifications are necessary to extend the proof to p € (0, 1).

Let (G = (V = ViU...UV;, E), k) be an instance of MULTICOLORED CLIQUE. Further, let
g: R¥*1 — R be the function computed by the homogenized network constructed in the proof of

Proposition
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Note that for any positively homogeneous CPWL function f : R? — R, the L,-Lipschitz constant
can be rewritten to L,(f) = max|, <1 |f(z)|, which follows from the fact that L,(f) is the
maximum L,,-Lipschitz constant of f restricted to any of the full-dimensional cones C' € 3¢, where
f(z) = alx forall x € C (f is linear on C) and the L,-Lipschitz constant of the linear function in
this cell is equal to max||,(|, <1 la] z| (Jordan & Dimakis, [2020).

We now scale all y coefficients of g by ¢ = , where a,, € O(n?) is the maximum

1
2k-an-(k+(5))
element of the greedy Sidon set of size n, and obtain the modified positively homogeneous CPWL
function h : R*¥*1 — R. Now, every maximizer x* of max, g+ h(z,1) satisfies |z}| < a, - ¢,
since every maximizer 2’ of max,cprr g(z,1) previously satisfied |z}| < a,. This follows from
the fact that scaling the y coefficients is equivalent to scaling the spike and penalty functions in the
reduction. Now, we define

L = max h(z,1)
z€RK

and claim the following:

L>Ly(h)>L(1-k-ay-¢).
The inequality £ > L, (h) follows from the fact that if (z*,y*) € arg max(,,y)|,<1 M(,y), then
ly*| < 1and

* ok * T * *
Ly(h) = h(z",y") =y \'h(mﬁgn(y ) < h(mvsgn(y )) < maxh(z,1) = L

holds. The second inequality follows from the fact that if «* is a maximizer of max,cpr h(z,1),
then |z}| < a,, - € and thus

k
11—k an-e)- (@ Dlp S NQ—k-an-e)- @D < 1=k -an-e)+ Y Jaj] <1
=1

holds, which makes (1 — k - a,, - €) - (z*, 1) a feasible point for max .y, <1 2(z,y).
Given this estimation, we now make a case distinction: if G has a k-colored clique, then £ =
(k+(5))-eand

Ly(h) > (1—k-an-5)~(/€+<§>)~6:(1—2(1€j(§)))~(k+ <’;>).s:(k+ (’;) —%).5.

On the other hand, if G does not have a k-colored clique, then

Ly(h)<L<(k+ (’2’“) ).

Therefore, we have a separation of the L,-Lipschitz constant L, (h) depending on whether G has
a k-colored clique or not. With this, the 2-LAYER RELU L,-LIPSCHITZ CONSTANT instance
consisting of L = (k + (’2‘) — %) - € and the underlying network of h is a yes-instance if and only if
G is a yes-instance of MULTICOLORED CLIQUE, which concludes the proof.

N
BYy_ 1
For every p € (0,1)NQ, we can scale the network with ¢ := — .1kN . (p <1 — %)) , where
n 2

N = [1/p]. Note that since p is a fixed rational constant, ¢ is also rational and still polynomial in
the input size. We estimate

e ) e (255
(s
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Next, we can estimate £ > L,(h) > L£(1 — k - (ay, - €)?)'/?, where the second inequality follows
from the fact that if «* is a maximizer of max, cgr h(zx, 1), then |z}| < a,, - € and thus

k 1/p
(1= k- (an - 2)?) 7 - " 1) = (1 k(o) + (1=K (@ -s)”)Dx:‘I”)

< —k-(an-e)P +(1—k-(an-e)P) k-an-e)/? <1
holds, which makes (1 — & - (a,, - £)P)'/P - (2*,1) a feasible point for max|(z. )|, <1 Mz, y).

We then proceed with the estimation for the case where G has a k-colored clique with

Ly(h) 2 (1= k- (a - €))7 (k + @) "

Y

(1—k-(an-)P)YP - (k+ (S)) €

:me(’;))f:(m(’g) e

which gives the same estimation as previously for p € [1, oo] (note that we cannot directly use €* as
scaling factor, since €* might not be rational). O

B.8 PROOF OF THEOREM[7.1]

Proof. Let A = (ai,...,a,) € R" be a matrix and let Z(A) = "I, conv{0,a;} C R? be the
corresponding zonotope. Defining ¢ := % >, a; as the center of the zonotope, we have

a; a4

Z—c= ;conv{— ) } = ;conv{o, —%} + ;conv{O, %} c R%

We now construct the matrix B = (%-,..., % )" € R"*. Then, we have that

- a; T . a; T = a; T
||Bm||1:;|§ x|:izzlmax{0,—§ J;}—l—;max{o,? x}

is the support function of the zonotope Z — c.

Applying the polynomial algorithm of Cohen & Peng|(2015), we find a matrix B’ = (b},...,b.)" €
R™? with € O(dlogde~2) such that with high probability, (1 + €)~1||Bz|j; < ||B'z|: <
(1+¢€)|| Bz holds for all x € R¢. From the duality between zonotopes and their support function,
this implies (1 +¢&) ' Z((BT,-B")) C Z —c C (1+¢)Z((BT,—BT)). Defining A’ = (2b] +
.., 20 + ¢) € RYT it follows that (1 + &)~ !||Bz||; < ||B'z||1 < (1 + ¢)||Bx||; implies

O

(1+e)"tZ(A") C Z(A) C (1 +¢)Z(A’), which implies the theorem.
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