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ABSTRACT

We examine gradient descent in matrix factorization and show that under large step
sizes the parameter space develops a fractal structure. We derive the exact critical
step size for convergence in scalar-vector factorization and show that near criticality
the selected minimizer depends sensitively on the initialization. Moreover, we show
that adding regularization amplifies this sensitivity, generating a fractal boundary
between initializations that converge and those that diverge. The analysis extends
to general matrix factorization with orthogonal initialization. Our findings reveal
that near-critical step sizes induce a chaotic regime of gradient descent where the
training outcome is unpredictable and there are no simple implicit biases, such as
towards balancedness, minimum norm, or flatness.

1 INTRODUCTION

Understanding the properties of gradient descent in non-convex overparametrized optimization has
been a central pursuit in modern machine learning. The step size, or learning rate, is a critical factor
determining the dynamics and convergence of gradient descent optimization. In particular, it has a
major influence on the returned solution and its generalization performance (Nar and Sastry, 2018;
Jastrzebski et al., 2020; Lewkowycz et al., 2020; Cohen et al., 2021). Large step sizes have been
associated with flat and balanced minimizers of the training objective (Wu et al., 2018; Wang et al.,
2022; Menon, 2025), sparse feature representations (Nacson et al., 2022; Andriushchenko et al.,
2023), smooth solution functions (Mulayoff and Michaeli, 2020; Nacson et al., 2023), and improved
generalization (Ba et al., 2022; Qiao et al., 2024; Sadrtdinov et al., 2024). Yet, the theoretical
understanding of large step sizes remains limited, even in simple convex settings. Our investigation is
motivated by two fundamental questions:

Given an initial parameter, what is the critical (largest) step size that allows convergence?

What kind of implicit biases are induced by gradient descent with near-critical step size?

Addressing these questions is challenging, since large step sizes can produce highly complex, non-
monotonic, and even chaotic trajectories. In particular, trajectories may not converge to stationary
points but instead enter periodic or chaotic oscillations (Chen and Bruna, 2023; Chen et al., 2024b;
Ghosh et al., 2025), or converge to a statistical distribution (Kong and Tao, 2020); trajectories that
eventually converge to a minimizer may still undergo chaotic oscillations during early training (Zhu
et al., 2023; Kreisler et al., 2023; Song and Yun, 2023); and trajectories with nearby initializations
can diverge exponentially from one another (Herrmann et al., 2022; Jiménez-González et al., 2025).
Moreover, empirically, the set of step sizes and the set of initializations leading to convergence can
form fractal structures (see, respectively, Sohl-Dickstein, 2024; Zhu et al., 2023). In this work, we
provide precise answers to the above questions in the context of matrix factorization problems with
rigorous theoretical characterizations.

We begin by examining gradient descent in a simplified problem to factor a scalar target as the
inner product of two vectors. We show that two striking phenomena emerge at near-critical step
sizes: (i) initializations in arbitrarily small sets can converge to global minimizers with arbitrarily
large norm, sharpness or imbalance, or to a saddle, indicating a lack of simple implicit biases; and
(ii) the set of initializations that converge, that is, the convergence region, has a fractal structure,
indicating that the convergence is unpredictable near the boundary (see Figure 1). Interestingly, while
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Figure 1: The training outcome of gradient descent depends sensitively on initializations near the
convergence boundary. Left: Gradient descent applied to L(u; v) = (u>v� 1)2 + 0:3(kuk22 + kvk22)
with (u; v) 2 R10. Shown is a random two-dimensional slice of R10. Gray points are initializations
leading to divergence; other points are colored by a coordinate value of the converged minimizer. The
convergence boundary has a fractal structure. Right: Gradient descent applied to L(u; v) = (uv�1)2

with (u; v) 2 R2. Shown are a balanced minimizer p (green star), its neighborhood Op (blue disk),
and the preimage of Op under GD6 (blue region with dashed boundary). An imbalanced minimizer
(green diamond) is shown similarly, with its neighborhood and preimages depicted in orange. The
convergence boundary is smooth but the converged point is sensitive to initialization.

in the unregularized setting the convergence region is regular (in the almost everywhere sense), it
becomes fractal once regularization is introduced. Further quantifying the unpredictability of the
training outcome, we show that the topological entropy of the gradient descent system is at least
log 3. Also, we show that the fractal nature of the boundary of the convergence region is captured by
a self-similar curve whose fractal dimension is estimated as 1:249. To our knowledge, beyond the
univariate training loss setting studied by Kong and Tao (2020); Chen et al. (2024b), this is the first
rigorous characterization of chaos in gradient descent optimization.

We then extend our analysis to general matrix factorization by showing that, when the initialization
lies in a subspace defined by a set of orthogonal conditions, the gradient descent dynamics decouples
into several independent scalar factorization dynamics. Hence, all results established for scalar
factorization remain valid on this subspace. This includes the commonly used identity initialization,
as well as the training of linear residual networks (Hardt and Ma, 2017; Bartlett et al., 2018).

We further analyze the mechanisms underlying these phenomena and trace them to a folding behavior
of the update map GD(�) = � � �rL(�): the map GD sends a region C onto a superset of C in a
multi-fold covering manner. Consequently, if C contains a convergence boundary that is invariant
under GD, then the boundary exhibits self-similarity; moreover, GD is mixing on the boundary, giving
rise to the sensitivity to initialization. We show that for general neural networks with polynomial
activations GD indeed acts as a covering map on the parameter space outside a measure-zero set.

Overall, our results imply that near-critical step sizes place gradient descent in a chaotic regime
where the training outcome is unpredictable: infinitesimal perturbations on the initial conditions can
lead to substantially different outcomes. This contrasts sharply with the stable dynamics observed at
smaller step sizes. We empirically validate the presence of chaos in matrix factorization with general
initializations, deep matrix factorization, and deep ReLU networks trained on real-world datasets.

1.1 MAIN CONTRIBUTIONS

The goal of this article is to provide rigorous insights into the dynamics of gradient descent with large
step sizes in matrix factorization. Our contributions can be summarized as follows:

• We derive the exact critical step size for convergence in scalar factorization and show that the
convergence region is equal almost everywhere to a bounded and smooth domain. At critical step
sizes, we show that infinitesimal perturbations to the initialization can lead to global minimizers
with arbitrarily large norm, or to a saddle point. Moreover, for initializations randomly sampled
from arbitrarily small sets, the distribution of the sharpness at the converged minimizers has a
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support containing all possible values below2=� , which evidences chaos at a distributional level.
Also, we show that the topological entropy of gradient descent system is at leastlog 3.

• We show that when using̀2 regularization, gradient descent selects either the minimal distance
solution or the maximal distance solution among all global minimizers. At critical step size,
in�nitesimal perturbations of the initialization can switch this selection from one to the other.
Furthermore, adding̀2 regularization yields a fractal convergence boundary whose geometry is
captured by a self-similar shape inR2 after symmetry reduction.

• We extend these results to general matrix factorization with initializations in a subspace that includes
the identity initialization. In particular, gradient descent exhibits chaos and fractal convergence
boundary on this subspace.

• We reason that chaos arises from a folding behavior of the gradient descent update map. For
general neural networks with polynomial activations, we show that gradient descent is a covering
map on each connected component of the parameter space after removing a measure-zero set. We
empirically validate these chaotic phenomena in deep ReLU networks trained on real-world data.

1.2 RELATED WORK

Gradient Descent Dynamics Under Large Step SizesA main line of research on large-step-size
gradient descent focuses on the non-monotonic convergence of the loss and its impact on the �nal
model. Key perspectives include theEdge of Stability(Cohen et al., 2021; Ma et al., 2022; Agarwala
et al., 2023; Damian et al., 2023; Ahn et al., 2022; 2023; Zhu et al., 2023; Wang et al., 2023) and the
catapult phenomenon (Lewkowycz et al., 2020; Kalra and Barkeshli, 2023; Meltzer and Liu, 2023;
Zhu et al., 2024a;b). Compared to these works, our analysis extends to even larger (near-critical)
step sizes. Another line of work shows how a large step size can enhance feature learning in one
step of gradient descent (Ba et al., 2022; Dandi et al., 2024; Moniri et al., 2025), also comparing
different parametrizations (Sonthalia et al., 2025). Similar observations about the role of the step
size in feature learning have also been made for SGD (Andriushchenko et al., 2023; Lu et al., 2024)
and pre-training (Sadrtdinov et al., 2024). Ziyin et al. (2022) observed that for a certain range of
step sizes, SGD can have undesirable behavior, such as convergence to local maxima. For linear
networks, Kreisler et al. (2023) identi�ed a monotonically decreasing quantity (sharpness) along
the gradient descent trajectories. Wang et al. (2022) showed large step size induces an implicit bias
towards balanced minimizers in matrix factorization. Cr�aciun and Ghoshdastidar (2024) proved the
existence of a step size threshold above which the algorithm diverges. A similar problem is studied
by Marion and Chizat (2024). Large-step-size gradient descent has also been investigated in logistic
regression (Wu and Su, 2023; Wu et al., 2024; Meng et al., 2024), and some of the analysis has been
further extended to shallow networks (Cai et al., 2024).

Chaos in Optimization Van Den Doel and Ascher (2012) empirically observed chaos, speci�cally
positive �nite-time Lyapunov exponents, for several variants of steepest descent methods. The
phenomenon namedperiod-doubling bifurcation route to chaoshas been widely observed in recent
literature (Kong and Tao, 2020; Chen and Bruna, 2023; Chen et al., 2024b; Meng et al., 2024;
Danovski et al., 2024; Ghosh et al., 2025). Among them, only Kong and Tao (2020); Chen et al.
(2024b) provided rigorous analyses for the chaotic dynamics. They showed the emergence ofLi-Yorke
chaos, i.e., the existence of periodic orbits of arbitrary periods, for univariate training losses. In
comparison, our setting is high-dimensional. Additionally, we establish not only the existence of all
periodic orbits, but also the sensitivity of the limiting point to initialization, which is more relevant to
practical optimization, particularly the implicit bias of the optimization algorithm.

2 PRELIMINARIES

We focus on the following shallow matrix factorization problem with`2 regularization:

min
� =( U;V )

L(� ) =
1
2




 U> V � Y




 2

F +
�
2

(kUk2
F + kVk2

F ); (1)

where� � 0, U; V 2 Rd� dy and the target matrixY 2 Rdy � dy is a diagonal matrix. The diagonality
of Y is a weak assumption that can be achieved by reparametrization. Speci�cally, for arbitrary
Y consider the singular value decompositionY = PY � Y Q>

Y and the rotationsU = ~UP>
Y and
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V = ~V Q>
Y . The objective then becomes~L( ~U; ~V) = 1

2 k ~U> ~V � � Y k2
F + �

2 (k ~Uk2
F + k ~Vk2

F ), where
the target is diagonal. Moreover, the optimization dynamics in minimizing~L( ~U; ~V) are identical to
those in minimizingL(U; V) up to the rotation (see details in Appendix C).

Gradient optimization in problem(1) has been extensively studied, especially in small-step-size
regimes (see, e.g., Saxe et al., 2014; Arora et al., 2019; Yun et al., 2021; Du et al., 2018; Li et al.,
2021; Min et al., 2023; Chen et al., 2024a). Its landscape enjoys a favorable structure: the global
minimum is attained and every stationary point is either a global minimizer or a strict saddle (Li et al.,
2019b; Valavi et al., 2020; Zhou et al., 2022). Nevertheless, this problem retains a key complexity
typical of neural network optimization: global minimizers can differ substantially (although they
yield the same end-to-end matrix). In particular, in the unregularized case, both the parameter norm
kUk2

F + kVk2
F and the imbalancekUU> � V V> k2

F can be arbitrarily large on the set of minimizers.
This makes the problem a natural testbed for studying how hyperparameter choices affect the implicit
biases of parameter optimization algorithms. We note that other forms of regularization have also
been studied in the literature, such askUU> � V V> k2

F (Tu et al., 2016; Ge et al., 2017).

We consider gradient descent with constant step size� to solve problem (1):

Ut +1 = Ut � �V t (V >
t Ut � Y > ) � ��U t ; Vt +1 = Vt � �U t (U>

t Vt � Y ) � ��V t :

We de�ne the gradient descent update mapGD� (� ) = � � � r L (� ) so that(Ut +1 ; Vt +1 ) =
GD� (Ut ; Vt ). Thebasin of attractionof a stationary point� � of L is the set of all initializations that
converge to� � , f � : limN !1 GDN

� (� ) = � � g.1 Theconvergence regionfor step size� , D� , is the
union of the basins of attraction of all global minimizers. Thecritical step size� � ( �U; �V ) for an initial-
ization( �U; �V ) is de�ned as� � ( �U; �V ) = sup

�
� : limN !1 GDN

� (� ) 2 M
	

, i.e., the supremum of
the step sizes that allow convergence to a global minimizer, whereM = f � : L (� ) = min � 0 L(� 0)g
denotes the set of all global minimizers. A setS is said to be invariant underGD� if GD� (S) � S.

We introduce notions for describing fractal geometry. A fractal is typically de�ned as a shape that
exhibits self-similarity and �ne structure at arbitrarily small scales. Formally, we say a setS � Rn is
self-similar with degree kif there existk homeomorphisms,� i : S ! S; i = 1 ; � � � ; k, that satisfy (i)
S = [ k

i =1 � i (S) and (ii) there exists an open setO � S such that[ k
i =1 � i (O) � O and(� i (O)) k

i =1
are pairwise disjoint. Condition (i) states thatS can be covered byk smaller copies of itself. Condition
(ii), which is known as the open set condition, ensures that those copies do not overlap much. This
de�nition is closely related to an Iterated Function System (IFS), a standard tool for analyzing fractals
(see, e.g., Hutchinson, 1981; Falconer, 2013). However, unlike IFS where the maps are required to be
contractive and the setS to be compact, the shapes considered in our study may be unbounded.

Finally, we introduce notions related to chaos. Although there is no universal de�nition of chaos,
one common characterization of chaos is the sensitivity to initialization, which is often known as
thebutter�y effect. In the context of optimization, this means that in�nitesimal perturbations of the
initial condition can lead to substantially different training outcomes (e.g., turning convergence into
divergence, or shifting convergence from one minimizer to another qualitatively different minimizer).
In dynamical systems, a key measure of chaos is thetopological entropy. Informally, the topological
entropyh(F ) of a dynamical systemF measures the exponential growth rate of the number of distinct
trajectories ofF as a function of the trajectory length. We defer the formal de�nition to Appendix B.1.
A positive topological entropy is widely regarded as a hallmark of chaos (see, e.g., Katok et al., 1995;
Robinson, 1998; Vries, 2014). In this paper, we adopt the above notions for fractals and chaos. We
note that different de�nitions and settings exist, and discuss their relation to our study in Appendix A.

3 SIMPLIFIED MATRIX FACTORIZATION

In this section, we study gradient descent in the special case of problem(1) wheredy = 1 , i.e.,
factorizing a scalary as the inner product of two vectors asu> v. This and similar scalar factorization
settings have served as canonical models for understanding large-step-size dynamics (Lewkowycz
et al., 2020; Wang et al., 2022; Kreisler et al., 2023; Ahn et al., 2023; Zhu et al., 2023; Kalra
et al., 2025). Compared to these, our analysis extends to the full spectrum of step sizes, rather than
restricting to bounded step sizes. Proofs for results in this section are in Appendix E.

1In dynamical systems the basin of attraction is often de�ned for attractors. Here we extend the terminology
to include all stationary points, such as saddles, for simplicity of presentation.
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3.1 CHAOS AT LARGE STEP SIZE

Consider the unregularized scalar factorization problem:

min
� =( u;v )2 R2d

L(� ) =
1
2

(u> v � y)2; (2)

whereu; v 2 Rd, d � 1 andy 2 R. Problem(2) retains several key complexities of the general prob-
lem(1), including non-convexity, high-dimensionality, non-Lipschitz gradients, and an unbounded
set of global minimizersM =

�
� : u> v = y

	
.

In the following result, we characterize the critical step size for problem(2) and the emergence of
chaos under critical step sizes. We useB (�; " ) to denote the ball of radius" centered at� .

Theorem 1. Consider gradient descent with step size� for solving problem(2). The following holds:

• Critical Step Size:For almost all initializations(�u; �v) 2 R2d, the algorithm converges to a global
minimizer if� < � � (�u; �v) and fails to converge to any minimizer if� > � � (�u; �v), where the critical
step size is given by (wheny = 0 , we adopt the convention1=0 = + 1 ):

� � (�u; �v) = min

8
<

:
1

jyj
;

8

k�uk2
2 + k�vk2

2 +
q

(k�uk2
2 + k�vk2

2)2 � 16y(�u> �v � y)

9
=

;
: (3)

Therefore, when� satis�es� jyj < 1, the convergence regionD� is equal almost everywhere to

D0
� =

n
(u; v) 2 R2d : kuk2

2 + kvk2
2 +

p
(kuk2

2 + kvk2
2)2 � 16y(u> v � y) < 8

�

o
.

• Sensitivity to Initialization: Fix a step size� that satis�es � jyj < 1. Let 
 min =
min fk � k : � 2 Mg be the minimal norm over all global minimizers. Given arbitrary� 2 @D0

� ,
"; K > 0 and 
 2 [
 min ; 1 ), there exist� 0; � 00; � 0002 B (�; " ) such that, asN tends to in�nity,
GDN

� (� 0) converges to a global minimizer with norm
 , GDN
� (� 00) converges to a global minimizer

with kuu> � vv> kF > K , andGDN
� (� 000) converges to(0; 0), which is a saddle wheny 6= 0 .

• Trajectory Complexity:Assume� jyj < 1. The topological entropy of the gradient descent system
GD� satis�esh(GD � ) � log 3. Moreover,GD� has periodic orbits of any positive integer period.

Theorem 1 provides a necessary and suf�cient convergence condition for gradient descent in prob-
lem (2). The critical step size(3) consists of two terms. The �rst term arises because: when� jyj > 1,
all global minimizers become unstable and only attract a measure-zero set. The second term character-
izes the full convergence region, which is equal almost everywhere to an ellipsoidD0

� (see right panel
of Figure 1). Note that this convergence result is global: it holds for all step sizes� and initializations
� 0, except for a null set in the(�; � 0)-space. In contrast, the previous work of Wang et al. (2022) only
showed convergence for step sizes in the range� < 1=(3jyj), and initializations in a strict subset of
D0

� (see Figure 7). A comparison between the proof techniques used for Theorem 1 and those used
by Wang et al. (2022) is provided in Appendix E.1.2.

By Theorem 1, gradient descent in problem(2) exhibits a strong form of sensitivity to initial condition.
Note that in problem(2), the squared norm of the parameter coincides with the loss sharpness
� max (r 2L) at global minimizers (see Appendix E.1.2). Hence, Theorem 1 shows that at critical
step size, in�nitesimal perturbations of the initialization can send the trajectory to a minimizer with
arbitrarily large norm, sharpness or imbalance, or to a saddle. This is a hallmark of unpredictability: it
is impossible to reduce the error in the prediction of the converging point by improving the precision
in the speci�cation of the initialization. We remark that this form of reachability from an arbitrarily
small range of initial values is familiar in chaos theory, such as the Julia sets in complex systems and
the Wada basin boundaries (see, e.g., Devaney and Eckmann, 1987; Nusse and Yorke, 1996; Aguirre
et al., 2001). However, these classical frameworks depend on properties not satis�ed by our setting,
such as complex differentiability or invertibility of the system map, and thus do not apply here.

Theorem 1 also quantitatively measures chaos in gradient descent in problem(2): the topological
entropy is positive and is at leastlog 3. Roughly speaking, the number of distinct gradient descent
trajectories of lengthN grows at a rate of3N (further interpretation for topological entropy is provided
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Figure 2: Gradient descent applied toL(u; v) = ( uv � 1)2 with (u; v) 2 R2. Left: Blue lines
and purple lines represent the basins of attraction of unstable minimizers and of the saddle(0; 0),
respectively. Right: Initializations are evenly sampled from a small set intersecting@D0

� (the blue
square). However, the distributions of the squared norm and imbalance of the converged minimizer
(u� ; v� ), and of the number of iterations to reach a loss below10� 8, have wide supports.

in Appendix B.1). Beyond entropy, another aspect of trajectory complexity is shown: gradient descent
admits periodic orbits of any positive integer period. This is closely related to Li-Yorke chaos and
was shown for gradient descent in univariate loss functions (Kong and Tao, 2020; Chen et al., 2024b).

While Theorem 1 identi�es the convergence region up to a measure-zero set, we now provide a
complete description of the region. In Appendix E.1.1, we show that every minimizer with squared
norm larger than2=� is Lyapunov-unstable and that the basins of attraction of unstable minimizers
and of the saddle have measure zero. By Theorem 1, these measure-zero basins intersect@D0

�
in arbitrarily small neighborhoods and exhibit fractal structure (see left panel of Figure 2). The
full convergence regionD� is then the union of the smooth domainD0

� and the basins of unstable
minimizers, excluding the basin of the saddle(0; 0) wheny 6= 0 .

The next result shows that gradient descent in problem(2) exhibits chaos even after removing the
measure-zero basins of attraction of unstable minimizers, i.e., it is chaotic at the distributional level.

Theorem 2. Under the same conditions and notations as Theorem 1 and assuming� jyj < 1, given
arbitrary � 2 @D0

� ; " > 0 and open sub-intervalE � [
 min ; 2=� ], there exists a set of positive
measureO � B (�; " ) such that for any� 0 2 O, GDN

� (� 0) converges to a solution with norm inE .

Consider initializations randomly sampled from a distribution whose support contains anarbitrarily
smallneighborhood of the convergence boundary. Theorem 2 then implies that the sharpness (or
norm) of the converged minimizer must have a support containing theentireinterval(
 min ; 2=� ) (see
right panel of Figure 2). In other words, at near-critical step size and even after discarding the basins
of unstable minimizers, the best prediction for the �nal sharpness is theentireinterval(
 min ; 2=� ).

3.2 REGULARIZATION INDUCESFRACTAL CONVERGENCEBOUNDARY

Consider the scalar factorization problem with`2 regularization:

min
� =( u;v )2 R2d

L(� ) =
1
2

(u> v � y)2 +
�
2

(kuk2
2 + kvk2

2); (4)

whereu; v 2 Rd, d � 1 , � � 0 andy 2 R. The added regularization makes the set of global
minimizers a bounded set. In particular, for problem(4), M = f u = sgn(y)v; kuk2

2 = jyj � � g when
� < jyj andM = f (0; 0)g when� � j yj. Regularization is commonly used to mitigate unbounded
minimizers and to establish convergence results (Cabral et al., 2013; Ge et al., 2017; Li et al., 2019a).
However, and rather remarkably, we will show that for the regularized problem the global dynamics
of gradient descent becomes even more unpredictable than for the unregularized problem: not only is
the limiting point of convergent trajectories unpredictable but also the convergence itself.

The predictability of convergence depends on the geometry of the boundary of the convergence
region. Two dif�culties arise in analyzing this geometry: (i) the presence of the basin of the saddle;
and (ii) the high-dimensionality of the convergence boundary. Speci�cally, we observe that the basin
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of attraction of the saddle point intricately penetratesD� and creates topological boundaries “within”
D� (see Figure 8). However, such boundaries are not of interest, since they do not separate points
insideD� from points outside, i.e., both sides lie inD� . This motivates us to instead consider the
boundary ofD00

� = D� [ S � , whereS� is the basin of the saddle. Note, the smooth domainD0
� in the

unregularized problem plays an analogous role in clarifying the geometry of convergence region.

The second dif�culty is the high dimensionality of the boundary@D00
� � R2d. To address this,

we identify and reduce the symmetry in@D00
� . We introduce the mapT : R2d ! R2, T(u; v) =

(u> v; kuk2
2 + kvk2

2). The �ber of T, i.e., the preimage of a point inT(R2d), is generically a manifold
diffeomorphic toSd� 1 � Sd� 1 and hence has a regular shape (see Appendix D). In the following, we
show that gradient descent dynamics are captured by their evolution across these �bers.
Proposition 3. Let (ut ; vt )t � 0 denote the gradient descent trajectory in problem(4) with � � 0. Let
(zt ; wt ) = T(ut ; vt ). There exists a planar mapF : R2 ! R2 that only depends on�; �; y such that
(zt +1 ; wt +1 ) = F (zt ; wt ) holds for all t � 0. In particular, (ut ; vt ) converges toM if and only if
(zt ; wt ) converges toT(M ), and it converges to(0; 0) if and only if(zt ; wt ) converges to(0; 0).

The mapF describes how the gradient descent trajectory evolves across the �bers ofT. Its formulation
is given in Appendix D. By Proposition 3, all points lying in the same �ber share the same convergence
behavior. Therefore, roughly, the boundary@D00

� can be constructed by attaching �bers ofT to the
projected boundaryT(@D00

� ); an example will be given below. Note, as the �bers are generically
smooth manifolds, any geometric complexity of@D00

� will be captured byT(@D00
� ).

In the following result, we show that the convergence boundary of problem(4) has a self-similar
structure and gradient descent exhibits sensitivity to initialization near the convergence boundary.
Theorem 4. Consider gradient descent with step size� for problem(4) with 0 < � � minf (1=� ) �
jyj; 1=(2� )g. Consider the mapT(u; v) = ( u> v; kuk2

2 + kvk2
2). LetS� be the basin of attraction of

(0; 0), which is a saddle if� < jyj, and letD00
� = D� [ S � . The following holds:

• Self-similarity: S� has measure zero andT(@D00
� ) is self-similar with degree three.

• Unboundedness: Wheny = 0 , there exist constantsa; b > 0 such that almost all initializations
(�u; �v) with j �u> �vj < a exp(� b(k�uk2

2 + k�vk2
2)) converge to a global minimizer.

• Sensitivity to Initialization: For any � 2 D � , the algorithm converges either to the closest global
minimizerp� (� ) = arg min p2M kp � � k2, or the farthestp+ (� ) = arg max p2M kp � � k2.2

Moreover, there exist in�nitely many points on@D00
� such that for any open setO containing such a

point, there exist� 0; � 002 O such thatGDN
� (� 0) converges top� (� 0) andGDN

� (� 00) converges to
p+ (� 00), asN tends to in�nity.

Theorem 4 indicates that the convergence boundary for problem(4), @D00
� , can be constructed by

attaching �bers ofT to a self-similar setT(@D00
� ) with degree three.T(@D00

� ) is displayed in the left
panel of Figure 3, and its box-counting dimension is estimated to be1:249, as shown in the right
panel. The case ofd = 1 , i.e.,u; v 2 R, is shown in the middle panel of Figure 3. There, the �bers
of T generically consist of four discrete points.@D00

� is then constructed by attaching four points to
T(@D00

� ). Hence,@D00
� is simply the union of four copies ofT(@D00

� ). The fractal boundary marks
unpredictability in convergence: given an initial point near the boundary, it is almost impossible to
determine whether the point is inside or outside the convergence region. This unpredictability is also
quanti�ed by the box-counting dimension, as explained in Appendix B.2.

Theorem 4 shows that wheny = 0 , the convergence region has an unbounded interior up to a null set.
This sharply contrasts with the convergence region in the unregularized case, which coincides almost
everywhere with a bounded domain. By Theorem 4, gradient descent converges provided that the
u> v decays exponentially fast as a function of the squared normkuk2

2 + kvk2
2. Geometrically, this

creates an outward spike in the convergence region. Then, the self-similarity replicates this spike
in�nitely many times and at multiple scales, giving rise to the spiky convergence boundary observed
in Figure 3. Although Theorem 4 shows the unboundedness only for the casey = 0 , we observe
qualitatively the same geometry for general targets (for an example, see left panel in Figure 1).

2When � 2 D � , both minp2M kp � � k2 and maxp2M kp � � k2 admit unique solutions. Moreover,
p+ (� ) 6= p� (� ) when� < jyj.
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Figure 3: Gradient descent is applied toL(u; v) = ( uv � 0:5)2=2 + 0:1(u2 + v2), where(u; v) 2 R2.
Left: The projected convergence boundaryT(@D00

� ) is self-similar with degree three: it is covered by
three smaller copies of itself (green, red, blue). Middle: The convergence boundary@D00

� consists
of four replicates ofT(@D00

� ), separated by gray lines. The only two minimizers are shown as a red
triangle and a blue circle. Points are colored red if they converge to the red triangle, and blue if they
converge to the blue circle. Right: The box-counting dimension ofT(@D00

� ) is estimated as1:249.

Fractal basin boundaries have been extensively studied in dynamical systems (see, e.g., Grebogi et al.,
1983b; McDonald et al., 1985). However, these classical approaches are either largely case-speci�c
or rely on properties that do not hold in our settings, for instance, invertibility of the system map. A
more detailed discussion is in Appendix A. To our knowledge, our result provides the �rst rigorous
characterization of a fractal convergence region in the context of machine learning optimization.

Theorem 4 also shows that, although regularization eliminates unbounded global minimizers, the
selected minimizer remains unpredictable. Speci�cally, while the algorithm always selects either the
minimal distance solution or the maximal distance solution, this selection becomes unpredictable
near the convergence boundary, as both choices occur in arbitrarily small sets (see middle panel
of Figure 3). This stands in contrast with gradient descent under small step sizes, which typically
exhibits a distance-minimization bias (see, e.g., Gunasekar et al., 2018; Boursier et al., 2022). Indeed,
in the following, we show that with suf�ciently small step size, gradient descent in problem(4)
always selects the minimal distance solution.

Theorem 5. Under the same conditions and notations as Theorem 4 and lettingQ(u; v) = kuk2
2 +

kvk2
2 +

q
(kuk2

2 + kvk2
2)2 � 16y(u> v � y), the following holds for almost all initializations(�u; �v):

If � < 8=(4� + Q(�u; �v)) , then gradient descent converges to a global minimizer; If� < 4=(4� +
Q(�u; �v)) , then the particular minimizer it converges to isp� (�u; �v).

Finally, we present another implication of the chaos in gradient descent. In Appendix F, we show
for the cased = 1 , i.e.,L (u; v) = 1

2 (uv � y)2 + �
2 (u2 + v2), u; v 2 R; � � 0, that, any continuous

dynamical invariantmust be constant. In particular, theimbalanceu2 � v2, which is known to be
(approximately) preserved under gradient descent with small step sizes (Du et al., 2018; Arora et al.,
2019), fails dramatically under large step sizes. Although this result does not directly extend to the
cased � 2, we anticipate that the chaos strongly constrains the form of dynamical invariants.

4 MATRIX FACTORIZATION AND BEYOND

In this section, we �rst extend results in Section 3 to general matrix factorization with orthogonal
initializations. We then analyze the underlying mechanism that gives rise to the chaotic phenomena,
and discuss to what extent this mechanism may extend to more general settings. Finally, we present
experiments showing chaos in a real-world machine learning setting.

4.1 MATRIX FACTORIZATION WITH ORTHOGONAL INITIALIZATIONS

Consider gradient descent in matrix factorization (1) with initializations in the following subspace:

W =
�

(U; V) 2 R2d�dy : hui ; uj i = hui ; vj i = hvi ; vj i = 0 ; 8i 6= j
	

; (5)

whereui ; vi denote thei th column ofU; V. The subspaceW includes several commonly studied
initialization schemes, such as the scaled identity initializations�U = �I d; �V = �I d (Chou et al.,
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2024; Ghosh et al., 2025), zero-asymmetric initialization (Wu et al., 2019), and those used in training
linear residual networks (Hardt and Ma, 2017; Bartlett et al., 2018). Note that in the low-rank setting
d < d y , constraints in (5) require at leastdy � d pairs of(ui ; vi ) to be initialized to zero.

A key observation is that results of Section 3 precisely characterize the gradient descent dynamics on
W: with initialization inW, the trajectory remains inW, and the dynamics decouple column-wise:
each pair(ui ; vi ) evolves independently according to the scalar factorization dynamics with target
yi , thei th diagonal entry ofY . Thus, all results in Section 3 extend verbatim, and gradient descent
exhibits chaos and a fractal convergence boundary onW (see details in Appendix G).

A full characterization of the dynamics outsideW requires additional investigations, for instance,
whetherW attracts or repels nearby trajectories. However, we point out that, the presence of chaos on
W already suggests that the global dynamics can be unpredictable. For instance, due to the continuity
of GD� , we expect that initializations in the vicinity of the convergence boundary inW, will inherit
the sensitivity to initial conditions, at least during the initial phase before potentially escapingW. This
phenomenon is known astransient chaosin dynamical systems (see, e.g., Tél, 1990). Experimentally,
we observe that the chaotic phenomena indeed persist for general initializations, and also indeep
matrix factorization (Appendix I). A rigorous characterization of gradient descent dynamics in these
settings is an intriguing direction that we leave for future work.

4.2 GENERAL MECHANISM BEHIND CHAOS

We now explain the mechanism giving rise to chaos in scalar factorization. For simplicity, consider
the cased = 1 : L (u; v) = ( uv � y)2=2 + � (u2 + v2)=2 with (u; v) 2 R2. In this setting, there
exists a setC � R2 such thatGD� behaves as a3-covering map fromContoGD� (C) � C . Roughly
speaking,GD� stretches and foldsC to coverGD� (C) three times. Furthermore,C contains the
convergence boundary@D� . The boundary satis�esGD� (@D� ) = @D� , meaning that@D� can
be stretched and folded three times to coveritself, thereby exhibiting self-similarity. Additionally,
due to its folding behavior,GD� is transitiveon @D� , i.e., points on the boundary@D� are mixed
under the iterations ofGD� (via multiple stretches and folds). This mixing leads to the sensitivity to
initializations near the boundary. A visualization of these properties are provided in Figure 6.

The key ingredient above is the existence of a setCin the parameter space on whichGD� acts as a
covering map. In fact, the described chaotic phenomena arise given such a setCand any invariant
subsetA � C that satis�esGD� (A ) = A , a condition typically satis�ed by the boundary of a basin
of attraction. Then we ask:When does such a setCexist?The following result partially addresses
this for general neural networks with polynomial activation functions.

Proposition 6. Let f � (�) be a polynomial neural network of arbitrary depth and width, parametrized
by � 2 Rp. Consider a loss functionL(� ) =

P m
j =1 `(f � (x j ); yj ) with polynomial loss̀ and training

data(x j ; yj )m
j =1 . For all � > 0 except for at most �nitely many values, there exists a measure-zero

setK � � Rp such thatGD� is a covering map on any connected component ofRp n K� .

The proof is provided in Appendix G. We remark that, while Proposition 6 suggests a general folding
behavior ofGD� , it does not address whetherGD� (C) containsCand whetherCcontains a basin
boundary. We leave these intriguing questions for future research.

4.3 CHAOS AND FRACTALS IN NEURAL NETWORKS

We show that the chaotic phenomena persist in real-world training settings. We trained a depth-three
ReLU network on a2-class subset of CIFAR-10 (Krizhevsky et al., 2009). In Figure 4 we consider
the mean squared error and report how the step size affects the norm and sharpness of the parameter
that is returned at the end of training. For gradient descent without momentum, two distinct regimes
of step sizes can be observed: (i) EoS regime: both the �nal norm and sharpness lie close to a
smooth curve, indicating predictability. In particular, the �nal sharpness is close to2=� , aligning
with Cohen et al. (2021). (ii) Chaotic regime: the norm and sharpness become sensitive to the step
size, indicating chaos and unpredictability. In particular, the �nal sharpness spans almost all values
below2=� , aligning with our Theorem 2. A similar phenomenon appears for gradient descent with
Polyak momentum (Polyak, 1964). However, in the small-step-size regime, the �nal sharpness forms
a cluster rather than aligning with(2 + 2 � )=� as predicted by Cohen et al. (2021). Experiments with
cross-entropy loss are provided in Appendix J, where a similar two-regime phenomenon is observed.
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