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A FURTHER BACKGROUND

We begin with some further details on notation and lemmas used throughout this work and provide
proofs for the lemmas in Section

A.1 RANDOM SCORE MATCHING ALGORITHMS

We begin with some additional details on how random score matching algorithms are defined in this
work. Recalling the probability space (€2, F,P), we define the set of random score functions,

S:= {s R X [0,T] x Q: (-, w) € LO(RE x [O,T};Rd)}.
For any random score matching algorithm Agy, : (U_, (RY)®N) x Q — LO(RY x [0, T]; RY), we
use A (S) as shorthand for the random score function (w, x,t) — Asm (S, w)(z, t) belonging to S.

Given two random score functions s, s, let I'(s, s’) denote the set of all couplings of these functions
which we define as,

I'(s,s) := {(5,5') ESXS:§:$,§’:3'},

where § ~ s denotes the fact that for any bounded measurable test function ¢ : L°(R¢ x [0, T]; RY) —
R, it holds that,

[ otstndp = [ o(s(..-w)ae.

A.2 PRELIMINARY LEMMAS
For the score matching loss bound, we begin with the fact that the score matching loss is equivalent
to the denoising score matching loss up to an added constant|Song et al. (2021); |[Hyvéarinen (2005)).

Lemma 15. Foranyt > 0, y € R, we have

E[Xo| X, = y] — R E[Xo|X; =y, 5] —
VIngt(y):/’(‘t [ 0| tQ y] y7 VIngt(y):Mt [ 0‘ t2 Y } y (17)

0% 0y

Proof. We begin by showing that the conditional score is an unbiased estimate of V log p;. For any
x € R4t > 0, we have

E[V logpt\o(Xt|X0)\Xt = UU] = /Vlogpt|0(95|y) po‘t(y\x)dy

Peio(=[y)po(y)
= /V log pujo(]y) — = dy
pi(z)
po(y)
= |V x d
Therefore, using the exchangeability of gradients and integrals (note that py| is C°°), we arrive at
Vpe(x
[V log pyo (X, X0)| X, = 2] = ~2e0)
pi(z)
= Vlog p:(x). (18)

Alternatively, using , we obtain that the left-hand side takes the form,

]E[Vlogpt‘o(XdXo)‘Xt:x]:Nt [Xo| ‘ ] |

Ot

completing the proof of the first equality in (7). For the second equality concerning the empirical

scfore function, the proof follows similarly once the empirical measure % sz\; 0, is used in placDe
OI Vdata-
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Lemma 16. For any integrable score function s, it holds that
stm(& T) = Esm(s; T) + C'sm7
where, given s*(x,t) := V log p:(x), we define

2
Cuom 1= / %E[Tr Cov(Xo|X)]7(dt) = Lagm(s*: 7). (19)
t

Proof. Let s be any score function. Using the equality in (I8, we obtain the following bias-variance
decomposition of £gsm (s;7):

bam () = [ E[ls(X2,) — log puo (X Xo) ] r(dt)
— [E[lIs(Xi,t) = Vion (X0 ride) + [ B[V 1ogpyo(Xi1Xo) ~ Viogp (X0) 2] r(at)
= lon(siT) 4+ /E[Tr Cov (Vlog pro(Xi|Xo) | X, ) ()
Once we note that,
wXo—x

Tr Cov (V 1ogpt|0(Xt|X0)‘Xt> = Tr Cov ( =
t

9

we obtain the bound Lysm (s;7) = lsm(s;7) + Csm from the statement. To derive the equality
Csm = Lasm(s*;7), we use that £y, (s*;7) = 0 and so we obtain £ysy, (s*;7) = 0 + Cyp. O

12
= —L Tr Cov(Xo|X,),
Oy

Similarly, there is an equivalence between the empirical forms of the denoising score matching loss
and the score matching loss,

édsm(tS; S, T) :ésm(S;S, T) + Csm, (20)

where )
Com = / BB Tr Cov(Xo| X, 9)[S)7(dE) = o (375 5, 7), (21)

Ot
and §*(x,t) = Vlogp.(z). This follows immediately from the above proof once the empirical

N . . . . .
measure + 572 4, is considered in place of vgai.. With this, we can now prove Lemma|l from
=1 i

Section
Lemmalll. The objective édsm(s; S, T) is identical, up to a constant, to the objective

Cim(8; 8, 7) = / E[||s(X¢,t) — Vlog pe(X)||?|S](dt), (22)

where p; is the marginal density of X, Therefore, any minimiser of édsm(~;S, T) on
LO(R? x [0,T);RY) is identical to V log p; a.e. for any t € supp(T).

Proof. The proof follows nearly immediately from (20). Since Dijo is C°°, Vlog py|o is measurable

and thus its empirical average V log p; must be also. Therefore, the score function s*(x,t) =
V log pi () satisfies §* € LO(R? x [0, T]; R?) as well as,

lam (5% 5,7) = 0.
Now let s € L°(R? x [0, T]; R?) be any minimiser of {gey (-; S, 7). Through the equivalence of /gqm
and /g, up to a constant, it follows that s must also be a minimiser of ¢y, (+; S, 7) and, due to the

existence of §*, must satisfy @S,,l(s; S,7) = 0 also. Given that whenever ¢ > 0, py|o has full support,
it follows that s(-,t) = s*(-,t) almost everywhere, 7-almost surely. O
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A.3 MANIFOLDS

We also introduce some basic properties of smooth manifolds, primarily referencing |Aamari et al.
(2019). We define the manifold reach and include a known property of this quantity.

Definition 17. The reach of a set A C R, is defined by T4 = infpe 4 d(p, Med(A)), where we
define the set,

Med(A) = {z eRY:Ipqgc Ast.p#q,|p—z| = ||q—z||}

Lemma 18. Suppose that the measure p is supported on a manifold M with reach Tp; > 0 and
dimension d*. Then, for any v < Tp;, we have

w(Br(x)) >

rd

nf
By (z) Py

where p,, denotes the density of |1 with respect to the volume measure on M.
For the proof of this lemma, we refer to the proof of Proposition 4.3 in|/Aamari et al. (2019) or Lemma
II1.23 in|Aamari (2017)).

B PROOFS FOR THE GENERALISATION GAP BOUNDS

We now provide the proof of Theorem [3 that bounds the generalisation gap under score stability
guarantees.

Theorem Suppose that the score matching algorithm Ay, is score stable with constant €gqp. Then,
with § = Agm(S), it holds that

B [Caom (3 7)] > = E[fasm (59, 7)] | < yiar- (23)
Furthermore, it holds that

E [l (5;7)] = B [lan(3; 9, 7)] < 250y E [lasmn (35 S, 7)] /% + €2 (24)

stab*

Proof. Setting § = Agy(S) and §' = Agn(S?), we use the property that (3,7) and (8%, z;) are
distributed identically to obtain that,

E[lasm(3;7)] = E[édsm(gi {2}, 7)]

1n,
=[5 2 a8 (). 7)]

N
1 ™
—E[+ > / Ex, [I15°(X0, £) — Vlog pyo(Xola:) |21 Xo = 21, 8] ﬂdt)} .
Therefore, it follows from the triangle inequality in L?-norm that,
R LN , 1/2
[El£aom (35 72 = Elfaan (33 5, 7))/ < B {N Z/E[Hé(Xt,t) — §(X0 )71 X0 = @1, 5] T(dt)}
i=1

Note that if the algorithm Agy, is stochastic, the right-hand side would hold regardless of how 3|5, &
and §'|.S, & were coupled. Therefore, the most efficient coupling can be chosen, leading to the bound,

’E[Edsm(é;T)]l/Q — Elaom (5 S)}l/z‘ (25)

N 1/2
1 .
< . . ~ s 2 .
_E[(é);gféri - 12_1:/E[||5(Xt,t) 53X, 1) 21X ml,S]T(dt)]
< Estab; (26)

completing the proof of the bound in (23).
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To obtain the bound in (24), we use Lemma|[16]to derive

Ellon (3; 7)) = Ellom (5; S, 7)] + E[lasm (35 7) — Lasm (35S, 7)] + E[lasm (V log py; S, 7)]
— Lasm (V1og pe; 7). 27

Since Lgem (+; S, 7) is a unbiased estimator of £y, (-3 7), we have that
lasm(V10g pe; 7) = Ellasm (V1og pi; 8,7)] = Ellas (V log pi; 5, 7)), (28)

where the inequality follows from the fact that V log p; minimises stm. Furthermore, using (26), we
deduce the bound,

|E[£dsm(§; 7-) - Edsm(g; 57 T)H
= (Blaom (35 2 + Ellagn (55 8, 7)]*/2 ) [Eltagn (53 S, 7)]*/2 = Elfagm (3: 5, 7)]/2

< (2E[édsm(§; S, T)]1/2 + 5stab> Estab

= 255tabE[£dsm(§; S, T)]1/2 + Egtab' (29)
Thus, substituting and into recovers the bound in (24)) in the statement. O

We obtain upper bounds relying on the fact that the constant separating the score matching loss from
the denoising score matching loss is larger on average in the empirical case. One could obtain lower
bounds through our techniques, but this would require an analysis of the rate of convergence of this
constant, which is beyond the scope of this paper.

C PROOFS FOR STABILITY OF EMPIRICAL DENOISING SCORE MATCHING

In this section, we provide the proof for Theoremlgl where the algorithm that minimises Cdsm (;5,7)
over some class of score functions # is shown to be score stable.

C.1 ON-AVERAGE STABILITY OF THE ERM ALGORITHM

We begin with an important lemma that shows that under minimal assumptions, § = Aer (S) and
at

§ = Aem (S Z) are close in L? space, averaged over the full dataset. The first half of this proof utilises

the fact that {gqm is strongly convex in a weighted L? space, exploiting a well-known relationship
between strong-convexity and algorithmic stability (e.g. see (Bousquet & Elisseeft, 2002 |Charles &
Papailiopoulos, 2018} |Vary et al., 2024; |Attia & Koren, 2022)).

Lemma 19. Suppose that Ae,m is score stable with constant gp, then for any i € [N, we obtain,
" . . 5 8
B [ [ 16000) = 50,002 1) 7(00)| < SBIEn (91 + ol CH2 + ) 30)

where § = Ao (S), 8" = Aerm (S7).

Proof. Choosei € [N]andlet§ = Ao (S), 8" = Aerm(S?) so that § € argming, lagm (- S, 7), 8 €
argming, Lasm(+;.S%, 7). The proof begins with the following simple expression, which holds for all
j €[N
2/<§"’(y,t) —8(y,1),5'(y, ) — Vlog pyo(ylz;)) prjo(dyla;)

= [18'w.8) = Viogpuolule)I puoldylz) — [ 1150,6) = ¥ logpuolules)|* po(dle,)

+ / 18 (. 1) — 85, 0)1? prpoldyla; -
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By averaging over j € [N] and integrating with respect to 7, we arrive at the upper bound,

= / / (35 ) — 3(y. ), 8 (5, £) — Vlog pyo(yl;)) pupo (dylec;) 7(dt)

JG[N]

— o (55 5,7) = daem (3: 5, 7) + //Hs (1) — 3(5, )2 po(dy) 7(dt)
> / / 18 (5, 2) — 3y, 0) |12 pe(dy) 7(db), 31)

where the inequality follows from the fact that édsm(é; S, 1) < gdsm(s; S, T) for any score function
s € ‘H. Additionally, the left-hand side is upper bounded using the Cauchy-Schwarz inequality to
obtain,

, y,t), 8 (y,t) — V1og pyo(y|z)) peo(dylz) 7(dt)
N;// (y,t g Peo(ylT)) Pejo(dy
-3/ / (4:1) — 5(9,£), 3 (3, 1) — V1og papo (y1)) puo(dyl) 7(dt)
xeSl

+ //(gi(y,t) — 8(y,t),8'(y,t) — Viogpso(y|z:)) pejo(dyla;) T(dt)
- %//@i(y’” — 8y, ), 8" (y, 1) — V1og pyjo(y|)) pejo(dy|E) 7(dt)

< 2382 ( [ [0 - é(y,t>||2ﬁi<dy>7<dt>)l/2
faan(s .02 [ [ 1500 —é(y,t>||2pto<dyxi>7<dt>)1/2
Lo (5 {7}, 7 1/2( [ [ 1500 = 86001 paotasia) >)1/2, (32)

where pi(dy) = % > ,cgi Prjo(dy|z). Combining the expressions in and and taking the
expectation, we derive the bound,

| [ [ 160nt) = st 01 e riar)]

< 2Blfn 6581 [ [ 1500 = st i) (e -

Bffan 6% (1 22| [ [ 15500 é(y,wnzpﬂo(dm)T<dt>]m
Bffan (5" 2}, 7122 [ [ 15000 <,t>||2pto<dy|5c>7<dt>r/2
< 285 5,728 [ [ 15000) = 5001 ) (e -

+ - uan (Ellaon (5.8, 7)Y + Ellaan (5717,

2\!\9 2|

where we recall that e, is the stability constant for Ae,.,. Here, we have used the fact that (3, S) has
the same law as (5%, S%) and also E[lqsm (8% {7}, 7)] = E[lasm (8; S, 7)] and E[lqgm (8% {z:},7)] =

18



Published as a conference paper at ICLR 2026

E[€asm(8; T)]. By solving the quadratic equation, we deduce that the above inequality implies,

[//”S yot) = 8(y, )| pr(dy) 7 (dt)}

< (E[ésm(& S, 7')]% + \/E[ésm(& S, 7)) + %&tab(ﬂi[édsm(é; 7))z + E[lgsm(3; S, T)]1/2)>

4 . 1 . R 1
+ Ngstab(E[gdsm(‘S; 7-)] 2 4+ Ewdsm(s; S, 7-)} 2 )

We simplify the above expression further using Theorem 3] Using the stability assumption, it follows
from (23) that E[€asm(2)]1/2 < E[fgem(8)]/2 + £gab. Furthermore, from Lemma|16| we have

Ellasm (8)] = Ellsm(3)] + E[Cm]
< E[lsn(8)] + Com,

where we recall the definitions of Cl,, and Cy,, from and and recall that E[ésm] < Cym
from (28). Thus, from Young’s inequality, we obtain the bound

E[ [ 1500 = st 01 futa) vt

R 4 R
< AE[lg (3)] + Nssmb(QE[ésm(é)]U 242012 4 eg)

< 4E[fsrn(§; S, 7)]

< 8E{lun(3)] + <

X 8
< 8E [l (8)] + Nsmb(c;r{? + Eqta)-

Estab (5slab/N + QCSII{F + 6stab)

C.2 PROOF OF PROPOSITION[G]

To obtain the stability bound in Proposition[6] we convert the result in Lemma[T9] which is a bound
in L?(p), to the bound in L?(pyo(+|Z)) required of score stability. For this, we rely on two further
lemmas, the first of which is a fundamental property of the Ornstein-Uhlenbeck process, captured by
the Harnack inequality of Wang| (1997) (see Theorem 5.6.1 in (Bakry et al.,2014)).

Lemma 20 (Wang’s Harnack inequality). For each positive measurable function ¢ : R? — R, every
t>0,p > 1andevery x,y € R?, it holds that,

E[6(X,)|Xo = ] < E[$(X,)"| X0 = 4]"/7 exp (H)

This result describes the stability of the diffusion semigroup under changes in its initial position and
shows that as ¢ grows, the distribution of X; depends less on X. The second lemma, for which we
provide a proof, controls the empirical measure,

1 N
v

on balls around training examples.

Lemma 21. Suppose that Assumption[d is satisfied, then for any i € [N], v € (0, Tyeqen] and any
decreasing function ¢ : (0,00) — R4, we have the bound

E[6(#(B.(x))| < 6(N ") exp (= e, NrT"/16) + ¢(c,r™ /2),

whenever N > (40;1r_d*) V 2, where ¢, = inf p,,.
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Proof. We rewrite the object #( B,.(x;)) as an empirical average of Bernoulli random variables,
N 1 1
(B (x:) NZ%GB () NJFNZ#:%'GBT(%%
VED)

When conditioned on z;, the random variables (1., ¢p, (z,))j: are independently and identically

distributed Bernoulli random variables with probability (& = Vqata (Br(z;)). To utilise concentration
of the empirical process, we first rewrite the probability
x 7,) )

P(Q(BT(%)) < xi) — ]P’(SN_l < Npj2-1
where Sy—1=>_,; 1, eB,(z,)- Since p < 1, we have Nu/2 —1 < (N — 1)41/2, and hence

]P’(ﬁ(B () < ) <1P>(SN < (N =1 x)

Therefore, by the multiplicative Chernoff bound for binomial random variables (e.g. Lemma 2.2 in
Wainwright| (2019))), we obtain,

IED(SN,1 <(N-1)

) < exp ( (N - 1)u/8)

SeXp(*Nﬂ/IG),
forall N > 2.

Next, using the trivial bound (B,.(z;)) > N~ and the fact that ¢ is decreasing, we have
B[o(o(Br (i) 2] = B[6(2(Be@)) Liso, ooy | 4]
+ ]E[ ( (Br(z ))) L{o(B, (c:))<n/2} 1‘}
< 8(u/2) + SN B (9(B,(2:)) < /2| )
< ¢(p/2) + (N )exp( Nu/16)

To control y, we use Lemmall_S]which asserts that ;1 > ¢, 7% . Substituting this into the above bound
and using again that ¢ is decreasing, we obtain

IE[qb(z)(B,.(xi))) xl] < ¢(cur @ /2) + ¢(N")exp (— e, Nr? /16)

Taking the expectation with respect to z; yields the desired bound. O

This now brings us to the proof of the proposition, which we first restate.
Propositionﬁ Suppose that assumptionsand hold and that € := inf supp(7) € (0,72 _,), then

» “reach/)?

Sforany c € (0,1) and sufficiently large N, the score matching algorithm A, is score stable with,

2 S C(COmN 2 +E[lan(3)])S, C= 2} Vi

Proof. We use the shorthand fsm(s) = gsm(s; S,7), fdsm(s) = fdsm(s; S, 1), s (8) = Lsm(8;T)
for the sake of brevity. We start from Lemma [I9] which provides a bound on the difference between
§"and § in L?(p;). We use it to develop a bound in L?(pyo(+|Z)), as required by score stability. In
particular, we define the quantity,

e = { [ [ 1500 = .01 puotaslen r(ar)|

so that, due to the fact that A.,,, is invariant with respect to dataset permutations, it must be score
stable with constant £ (we have that ¢ < oo from Assumption @ Therefore, from Lemma [E, we
have

Al ~ 2 A 0 A 8 1/2
| [ [ 16000) ~ 50,01 e 7(00)| < $ElEn (O] + (32 4

20
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We proceed using Lemma 20 with ¢(y) = |5 (y,t) — 3(y,t)||? to obtain that for any j € [N],
p>1

/IIS y, t) — $(y. t)[I” pejo(dylas)

Al A 2p v M?sz _ xj”Q
< /||s (y, 1) = 5(y, )IF pejo(dyla;) exp 20p—1)o2 )
I

Setting B = Br(z;) NS, we can average over the above bound to obtain,

/ 18 (5. £) — 85 0) 2 pro(dyl)

: AT,
S 3 _S 3 P dy|x ex
B(/ (0:0) = S puotayle) ) oo (52 )

< (0 3 1500~ s e ()

zeB

1
<7
|B|

We can further bound this using the L>° bound in Assumption [5}

180 = 560 01 puolasle)
<o [18.0 - é(y,wn%t(dy))l/p exp (2(”)

p—1)o?

< ufott 050 ([ 1) t>||2ﬁt<dy>>;exp<m).

Integrating with respect to 7 and taking the expectation, we obtain,

e < (Dufo2Pa[o) ] B | [ 18000 - st 0P lanye (dt)]l/pexp (525

oxp [ FeB
2(p—1)o2 )’

where we define ¢ :== (1 — 1/p)~! > 1 and assume that € is sufficiently small, so that 02 < Ds.
Using Young’s inequality, it follows that for any A > 0,

D3 qu? R? AP - 8
2« TH Rlp(B)"9P c Eli- (3 8 .
© = g 75 }eXp(2(p 1)03) 7 (8 am ($)] + e(Con” + )

1/p

< (D3 /o E[0(B) /7] " (8E[ésm<§>1 + el +a)

Setting k := 8\?/pN, we can rearrange this to obtain the quadratic inequality,

8 \? p2 qu2R? .
- 1/2 2 HE|p(B)4/P _Helt 5
(1 —k)e* — O 2ke < <Npm> aéqE[V(B) ] exp (2(p P ) + N&E[lsm (8)].

Requiring that k < 1/2, we solve the quadratic to obtain the inequality,

/
8\ D,
Npk

2
< Comk® + (

2 P2
€ RPN que R
B)~4/P €
4 [”( ) } P (2(p —1

)02) + NkE[lan(3)].  (33)

4
0cq

Next, we optimise R by setting R = o, and apply Lemma @ with ¢(r) = r~9/? to obtain that
whenever o, < Teach WE Obtain,

E[o(B) 07| < NP exp (- cVNaj*) +( 2 )q/p

16 c,od
< 2( 2 ) a/p
= Cl,O'g* )
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for all N sufficiently large (depending only on ¢,, oy, p and ¢). Returning to (33)), it follows from the
above that

62

/
16 )“’2112,[

< Cymk? + m
- (Npcuagfi

2 5 a
p (p _ql> + NKE[lon (3)]. (34)
We now choose « by optimising the second and third terms of this bound, by which we arrive at the

choice,
202, 2 16\
ke = exp - ,
opNy p—1)\ Npe,od

for some y > 0. For any set of constants, we can take N sufficiently large, to ensure that k < 1/2.
Substituting this into (34)), we arrive at the bound,

|

4
o.q

2

£ 202\ %/ 4 16 \*”
— < Csm(Np)~2 H S I -2/q
e et () e (25) ()
202\ '/ 2 16 "7yt 1
w(51) oo (55) () (B eElhen))
Applying Young’s inequality to the three terms on the right-hand side, we may choose v > 0 so that,

&2 [2D2\% , 16 \7 L (2D%\ ¢ , 16 \* .- . \*
1< (5) o0 () (o) (2 (50) o (20) () +Bn(6)

€

2D2 16 4 oD2 16 »
< H oy H oy ComN 2 4+ Ellsm (3 )
< (% v o) o (52 (v e ) Oty # (6

6

Optimising p, we obtain,

g2 2D3, 16
— v 1 “1H1/2_ 9
4 ( ol cof ) (2\[ ogle™) *

where,
2D${ 16 R
_ ( SV )cbmzv + B ()],
from which the bound in the statement follows. ]

D PROOFS FOR SAMPLING AND SCORE STABILITY

In this section, we provide details for the discretisation scheme considered in Section [5|and give the
proof for Proposition [7 and Corollary 8. In the work of [Potaptchik et al. (2024), they consider the
following discretisation scheme, based on the scheme of (Benton et al., 2024):

2

Utk+1*tk OT —tp41

Uk+1 = ﬂtjcil—tkgk + S(Qk,T - tk) + th+1*tk C ks ke {Ov o K- 1}7

thr1—tk
where ¢, ~ N (0, I;) and we recall that the timesteps (¢, )X_ are given by,

o Kk, if b < =1,
FTNT - (4R TR, Il <k <K,

where L = =1 > 0, K = | L + log(e~')/log(1 4+ k)] and x > 0,7 > 1 is chosen freely. We
recall the followmg result from Potaptchik et al. (2024).

Lemma 22. Suppose that o« = 1 and Assumptlon.holds with diam supp(Vaata) < 1. Then, it holds
that,

D(pel|Aem(8)) S lsm(8;7) + D(prl|pos) + A
Apx =K+ d*FLQ(K — L)(log(e_l) + sup |log(p,)|),

where we define the measure,

K—
Z 5, (dt).
k=0
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D.1 COARSE DISCRETISATION AND REGULARISATION

Fix ¢ > 0 and suppose that x is such that log(e~!)/log(1 + k) is an integer. Set K = L +
log(e~1)/log(1 + k) so that, according to the discretisation scheme,

tk =T —-(1+ Ii)ilog(eil)/log(pm) =T —e.

Proof of Proposition[7] Let § = Acym(S). We begin with Lemma which provides the bound,
E[D(pel[Aem(8))] S Ellsm(5; 5, 7)] + D(pr|psc) + As ke -

For e sufficiently small we have the bound,

log(e~1) _
_ * 2 1
Av g =kK+d% Toa(1 £ 1) (log(e™") + sup | log(p.)])

< k(1 + k)d* log(e )2
Using Theorem@ we obtain that if the algorithm is ey,p-score stable, we have
E[bsun (3 7)] S Ellsn (35 5, 7)] + esuanBllasmn (8 8, )2 + el
S Ellsm (3;7)] + eqanCH2 + €2,
Using Proposition@we obtain that with 7 = 7, A 1S score stable, with constant,
P S C(CCmN=2 + Bl (3)])
S 0171077“2;(,1 (c,jla;ﬂ*tKilemN_Q + E[ésm(g)]) C‘
Now by definition, we have that
T—tg1=1+r)EET =1+ k),

so if we take ¢,  sufficiently small so that €(1 + x) < 3, we also have 062( ) = €(1+ £) and thus

1+r
we obtain,
g2, < te 214 k)2 (c,jle_d*/z(l +5) 20N + E[llm(g)])c
S et (14 m) 0 (0 CanN T2 + Ellan(3)])
where in the last inequality, we use that e(1 4+ ) < 1/2. O

We now proceed by proving Corollary [§]in which the bound in Proposition [7)is optimised.

Proof of Corollary|[8] Let 7. denote the weak limit of the measure 7,; as £ — 0. Since supp(7) C
[e, T] and € > 0, we know that infy lsp (-5 .S, Te) < 0o. From this, we deduce that lim,,_,og+ B, < 0.

With this there exists * > 1 which is the smallest quantity satisfying,
" B«
14k = — V1,
(1++7) log(e—1)2
In the case that B« > log(e™!), we have that
B
Csm

1

x 1
= BXT T log(e 1) + (O +d" )BT

¥

B2+ k)4 4 (14 £5) 72 + 5" (1 + £*)d" log(e1)?

1 1
< BTV log(e ) 4 (Con +d*)BE T log(e™1)?.
Plus, if B« < log(e~!) and therefore x* = 1, then there exists  such that,
- B . By ,
BY2(1 4+ k)" + C—(l +5) 72 4 k(14 K)d* log(e 12 < BY? + o +de” 7.

Combining these leads to the bound in the statement. O
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E PROOFS FOR STABILITY OF SGD

In this section, we analyse the stochastic optimisation scheme in (14)), deriving the score stability
bounds given in Proposition[IT, We begin with a basic lemma that follows from weight decay and
gradient clipping.
Lemma 23. Suppose that n, < A\~ for all k € N, then for any K € N, it holds that

Ce

65l < S5V 6ol

Proof. We begin with the bound,
10k42 ]l < (1= M) [0k ]| + 7& || Clipe (Gr (Or, {zi }ie s, )) |
< @ = neM)[10kll + neC.
By comparison, this leads to the bound
K-1 K-1 K—1

106l <C > me JT @ =med) + [T @ = mM)ll6o]
k=0 i=ht1 j—=0
K—-1 k K-1
§02nkexp ()\an> +exp()\ ﬂk)90|
k=0 =0 =0
K—-1 K—-1 k—1 K—-1
< Clexp ( — A ; s+ )\mgxnk> kz_o 1Mk €Xp <>\;77k> + exp ( — A ; m) 160l

Since the sum forms a left Riemann sum, approximating an integral of an increasing function, we can
upper bound it by the integral over exp(At). Furthermore, we have that A maxy, 7, < 1, which leads
to the bound,

K-1 ZkK=—01 Mk K-1
[10k]] < Ceexp ( A 77k) / exp(At)dt + exp ( A Z Uk) 160]]
i=0 0 i=
c K-1 K-1
§(1—exp(—)\ nk))—i—exp(—)\an)HHM
k=0 k=0
Ce
< — V|6
v o]

We are now ready to prove Proposition[IT}
Proposition [E Consider the score matching algorithm Agy, @ S — Sg,. for some fixed K € N
where (0 )y, is as given in (T4). Suppose that assumptions[9|and[10/hold and ny, < 7j/k for all k < K,
Sor some 7 € (0, )\71). Then, we obtain that Ay, is score stable with constant,

WaE I O\ T NpK e
) () v 1 (n) N
where R? = E[||6o]|2],v = (M B,CY* + T* = \) V0 and C, = [ o *7(dt).

C
Eaap S ()\ VR

Proof. Since the stochastic mini-batch scheme, and therefore the resulting score matching algorithm,
is symmetric to dataset permutations, we consider stability under changes in the N** entry of the

dataset, without loss of generality. Let 6, be the process given in (14), using the dataset S and let 0y
be the same process using SV instead of S:

Or1 = (1 = n\)0k — ni Clipe (Gr(0p, {7 }ien,), 0o = o,
where Z; = x; fori # N, &y = &. By having the processes share the same mini-batch indices By,
and gradient approximation G/, (i.e. sharing the same random time variables ¢; ; and noise &; ;), we

couple the processes 6, and 6j,.
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We proceed by first controlling the stability of the gradient estimator, computing the bound,

||Gk(9k7(l’z')z'esk) - Gk(ékv (zi)ien,)|l

<< N P Z Zwtu‘lvsek igst ) (Sek(X igst ) VIngtl IO(Xt”|xl))
i€B) j=1

_vsek(Xtu’ J)T(Sék(XiJ’ 'L]) Vlogptt |O(X

lz)]
Pzzwt”(uv% oo ti) = Vg, (Xoe s ti) 0, (X 1)

i€B j=1

— Vlogpy, 7\O(Xt

)+ 195, (Xt st s (X o ti) = 55, (Koo 0t

(2%

IN

NpP > Zwtz,( (X, ;o tig)lson (X, ti5) — V1ogpy, ;10(Xe, ; [;)]
1€B) j=1

(X, o ti)?) 160k — B

We control the expectation of this by first noting that,

B[, (M (X ti)ls0 (Koo 1.3) = V1og b, jo(Xew, o)l + LXe, 1, 165)° ) |00, O, 5, 7]
1/2 A 1/2
< </E[M(Xt,t)2|X0 = xi]T(dt)) </€dsm(89k;{zi},6t)7(dt)>

- /E[L(Xt,t)2|X0 = ;] 7(dt)
<MB,CY? + T,
where we define the quantity C, := [ o, *7(dt). From this, it follows that
E[lIGk(0, (zi)icr,) — GO, <xi>ieBk>||]9k,ék, $,3| < (MB.CY2 +T°) 104 - Oul.

Furthermore, we can control the difference between Gk(ék, (x;)ien, ) and Gk(ék, (Z:)ien, ), using
the fact that they are identical whenever N ¢ By. Thus, obtaining,

E [HCHpC(G(QIM (mi)ieBk)) - ChpC<G(ékv (‘%’L)’LeBk)>|| ‘ek’ ékv S, 53}
<E[|GOn (x:)ies,) — Gl (@:)ics,)|

+E[|Clipe(G0, (20)ic,)) — Clive(G b, (5o)icn )61 00, 5.7

O, 01, S, x}

- — ~ N
< (MBZC&M + LQ) 10 — Okl + QCWB,
where we have used the fact that P(N € By) = % Thus, using , we obtain that for any kg < k,
E {”916-0-17976-"-1 ” ’91603 ékoa Sa ‘i}
— — ~ ~ N
< (1 + 7 (MBZC&/Q Ty )\)) E[Hek A ’9k079k0’ s, z} +2m =7
- - _ Ng
< (1+m0) ]E[Hek - ek||‘9ko, G S, x} + 202,

where v = MB[C-}/ 2 + f2 — A. Thus, by comparison, we obtain,

B B K-1 N K-1 ~ K-1
E|:||9K_9K||)9k079k0a5v£:| < Z anCWB H (1+77]U)+ ||0k70 _ekOH H <1+77]U)
1=ko j=i+1 j=ko
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From this we obtain the following:

N K-1 K-1
5 i . B
Bllox — Ol = 0.3 < 2052 Y e (3 o)

i=kg j=it1
ZCNBﬁKZ_:ll K\™
SN i\
i=ko

A

CNp (K v
Nv ko ’

K1 1 < og(K) — log(). By the law of total probability, we have

where we use the fact that 3037 1 7
E[|0x — 0x||60]

=E[|0x — 0x |0k, = 0o POk, = Ok, |00) + E[||0x — Ok |0k # Oro» 00 P(Ory # 01 |00)

CNg ( K\ Ce koN
< B() +(v||ao||> oNp,

Nv k‘o A N
where in the second inequality, we use Lemma 23| Thus, optimising k leads to the bound,

JR— —_cv__
v+ v+1

~ C ! Ce E
Ellox - clito] < () @+ 1/e0) (50 Vil
Finally, we obtain score stability using the fact that

[ Bllson (X2.6)-s5,, (X0, O X0 = 3. S)r(de)

cv

Ng
— — K v+t
N

<E|L|lox — Ox]?]
_ Ce -
<28 [22(50 v 160l ) 10 - ]

~ I Tt N
gLQ(Cj\evR) <C> (1+1/C’U)WBKW,
&

where R? = E||6]|2. O

F WASSERSTEIN CONTRACTIONS

In this section, we derive the Wasserstein contraction result used in the proof of Proposition [I4.
We begin with the more abstract problem of deriving Wasserstein contractions for a discrete time
diffusion process with anisotropic non-constant volatility. We consider stochastic processes given by
the discrete-time update,

i1 = (1 — nN)zk + nb(xr) + /1o (zr)ék, (35)
Y1 = (1= nN)yr + nb(ye) + /16 (yr ), (36)

for some b,b : R — R", 0,6 : R — R™*" where §, ~ N(0, I,,), and we show that the laws of
xy, and y contract in Wasserstein distance. We borrow the strategy developed by |[Eberle| (2016) and
extended in (Eberle & Majka, |2019; [Majka et al.| [2020), constructing a coupling and a metric for
which exponential contractions of the coupling can be obtained. However, these works are restricted
to the setting of isotropic noise with constant volatility (i.e. o(z) = cI,,) and so some careful
modification to the strategy is required. In particular, we analyse this process with respect to the
seminorm | - ||+ given by ||z||%, = 27 Gz, where G denotes the Moore-Penrose pseudoinverse
of the matrix GG. Furthermore, we allow for zj, and y;, to have different bias and volatility terms and
so controlling for this will also require some modifications to the proof technique.

To define our coupling we first suppose that there exists a symmetric positive semi-definite matrix
G € R™ " such that ()2, 5(y)? = G for all z € R™. We define the residual volatility,

Sa() = (0(2)* = A)"2  Saly) = (6(y)° - 6)'7,
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which are well-defined as real PSD square roots. Since Z’' and Z are independent, the noise
Vi Ea(z) Z' + /1 GY?Z has covariance 1(X¢(z)? + G) = no(z)?, recovering the correct law.
We construct the coupling in the matched setting where both processes use the same drift b and
volatility X¢; the mismatched case will be handled by a perturbation argument in Section [F.2.4.
Starting from z,y € R", we define the deterministic drift step and the residual noise step,

r=(1—nAz+nb(z), 7= (1-n\y+nby),
T=3+n3c() 2,  §=g+vnSay) Z',
where Z' ~ N (0, I,,). We then define the synchronous coupled processes,
X' =i+ nG'?*Z
Y] =g+ nG?Z,
with Z ~ N(0, I,,). We also consider the reflection coupling,

V) =g+ nG"? (1 - 2(G1/2)+eeT(G1/2)+)Z, withe = (2 —9)/|1z — g+ 37

which has the noise act in the mirrored direction. We combine these couplings to arrive at the final
coupling (X', Y"):
X', ¢ < 0gna(X1)/0aac(X). (e, Z)2 < m? /g and 7 < 1y
Y' =Y., if(>dgnc(X)/bsnc(X'), [{e,2)]> <m?/nand 7 <1y (38)
Y/, otherwise,

for some fixed m > 0.

We assume the following regularity properties.

Assumption 24. Suppose that b is bounded, satisfying B := sup,cgn [I6(x)]|g+ < oo and we

b(x) — b(y)lle+ < Lb||$—y||c+ and ||ZG( ) = ZaW)llopa+ <
Loz — yllg+ forall x,y € rRe and for some Ly, L, > 0.

We also allow for b # band o # &, making the following assumption.

Assumption 25. Suppose that b, b satisfy ||b(z) — b(z)||a+ < By, |Z¢(2) — 26(2)|lop.a+ < Bo
forall x € R™ and for some By, B, > 0.

We define the objects,
R=|z—vylle+r, 7F=2-glle+, F=lI2-9ller, R =|X"-Ylg+.

We wish to show that R’ contracts in expectation, i.e. it is less than R on average. We modify the
metric to guarantee this is possible. We define the function,

f(T)Z{

where a = 6Lyr1/co, 11 = 4(1 +noLy) B/, r2 = r1 + /no and ¢, 7)o are defined below. The
coupling and the strategy for proving contractions is closely based on an analysis in [Majka et al.
(2020) and for the sake of comparison, we rely on similar notation. We will also heavily borrow
properties of the function f that are proven in their work.

(1 —e o), if r < 7o,

(1—e ) + g-e~"(r? —13), otherwise,

Q=R =

By allowing ¥ to be non-constant (i.e. when o is non-constant), we run in to additional complica-
tions that are controlled by making the following assumption about the scale of L, .

Assumption 26. Suppose that the following three inequalities hold:
8Ly (6 V (4a))rky?
Vil —e~ ‘““2)0

n—1,(\?/16L2 — 1)* > 32log ( ) L2 < )\/8n,

for some universal constant k.

Under these assumptions, we obtain exponential contractions.
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Proposition 27. Suppose that assumptions @ @ and @ hold and m = \/10/2. Suppose further
that the mismatch is sufficiently small:

nBy + in By < S (39)

Then for any n < ng and x,y € R"™, it holds that

EF(IX = V)] < (1= T0) F(R) + 2By + vign Bo),

where Y =Y’ + w is the corrected output defined in Section

1 —ar
¢ := min e*‘”?i 3¢ " i ngr%e*GLTf/co 3Lr
’ 167 1(1—e=am) 16" 2 716410 )

A 16 1 2colog(3/2)A? 4B? c3(log(2))2\? 1 2}

1o ::mm{zlLQ’)\’QL’ 4320282 A2 2304L2B2 4N+ Ly + 1)’ A

for some universal co and L = 2(Ly, — \); + 40~ /2Ly~/2(n — 1).
F.1 THE COUPLING

Before we provide the proof of Proposition[27, we provide an explanation of how the coupling is
arrived at. We begin by discussing the one-dimensional coupling of the Gaussian distribution that
the construction is ultimately based on. Consider the following coupling of AV (¢, ) and N (s, n) for
t,s € R: with z ~ N (0, 1),

V=t4 NG (40)
v, ¢ < o)/ Gun(?), 12| < i, and |t — 5] < i,
s'=qs— Mz, (> s n(t)/dent'), |zl <m, and [t —s| <71, D

s+ /nz, otherwise.

This coupling has the following property given in lemmas 3.1 and 3.2 of [Majka et al. (2020).
Lemma 28. For the coupling defined in and {@1)), we have

Eflt" = '] = |t — s,

and if n < 4m?, we have

1 .
E[(¢ - ¢/| |t—s|)21‘t,75,|€[‘t75‘} > Zeomin(y/, |t = s|)v/7,

] <
where I.= 0,74+ M), ifr< ﬁ7
(r—/m,7), otherwise,

for some universal constant cy > 0.

Thus, through the second bound, we have control of the probability that |’ — s’| contracts below
|t — s|. The coupling proposed in is a multivariate analogue of this that also accounts for the
diffusion coefficient G'/2. Let the vector e € R™ be as defined in (37), then we obtain that,

(e,GTX) = (e, G* &) + vi((GY?) e, Z),
(e, GTY]) = (e, G ) + Vil(G'?) e, Z).

Therefore, (e, GTX’), (e, GTY!) are a synchronous coupling of N({e,G"Z),n) and
N ({e, GT4),n). Furthermore, we have

(e, GTY)) = (e, G + Vi((GY2) e, (I - 2(G %) Fee (GV2) 1) Z)
= (e, G*) + V(G2 e, Z) — 2¢/ij{e, GTe)((G*) e, Z)
= (e, G"g) — vi((G/?) e, 2),
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and so (e, GTX'), (e, GY}!) is the one-dimensional reflection coupling. Finally we obtain,

Sy (X)) _ b@vnta-a) e a2 (ViZ)
¢z nc(X') bo.n(cr/2)+cr2(VNZ)

1 A 1
= exXp ( - %H\/ﬁz — (G1/2)+(y — J,‘)H?G1/2)+G1/2 + 277”\/5Z||%G1/2)+G1/2)

1 ~ ~112 1 1/2 ~ A
~ exp ( — 5l = #lE + LG @ —x>,Z>)

= exp ( - %KG, GH(g—a)f+ %\/ﬁ@, GH (5~ 2)((G2) e, Z>>
|

1/2 +e 2
—exp (= - (Ve 67 2) — (e, G (g — )+ AL
_ et a-a)a (VTG ) e, Z))
fbo,n(\/ﬁ((Gl/Q)er,Z))
_ ¢<e Gipalle, GT X))
Dle,+ayn((e, GTX'))
(e,

From this, we deduce that (e, GTX’), (e, GTY") are coupled as in #0), @I). The equivalence
follows by setting

={e,G"X),  §=(,GTY) (42)
t=(e,G"1), s =(e,GT9), 2= ((GY?)*e, 2). (43)

Through this equivalence, we can extend the previous lemma to obtain the following result about the
high dimensional coupling.

Lemma 29. For the coupling defined in (38)), we obtain that for 1 < 4m?, we have the following:
1
E[R'|Z'] = 7, E[(R’ — )21per, ’} > S comin(yil, )V,

where co and I, is as in Lemmal[28)]

Proof. Let {e;}"_; be a basis of R™ with respect to the inner product (-, ) g+ with e; = e. Then, we
have that
=D len GHX =Y
i=1

=t =P+ e, GHX = Y"), (44)

where t/, s’ are as defined in . For any i # 1, we can use that e; L e, to obtain that
(ei, GTYY) = (es, GT) + V/nlei, e) + 2v/n(ei, Z)
= {e;, GTY) + 2\/nz.
From this, we obtain that,
(ei, GT(X' = Y))) = (es, GT (& — §)) = 0.

This also holds for the synchronous coupling and hence we obtain (e;, G (X "—Y")) = 0. Combined
with (44), we obtain that R’ = |¢' — &|. Similarly it can be shown that 7 = |[¢ — s| and thus, from
Lemma the statement of the lemma follows. O

F.2 PROOF OF PROPOSITION[27]

Since the coupling is defined using the matched dynamics (b, X ) for both processes, we first carry
out the full coupling analysis in this setting, establishing the contraction E[f(R’)] < (1 —nc/8)f(R)
where R’ = || X’ — Y”||g+ is the matched coupling output. The mismatched case is then handled in
Section[F-2.4]by a perturbation argument.
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F.2.1 CONTRACTIONS IN 7

When R is large, we can rely on contractive properties following from the weight decay. For this, we
obtain the following.

Lemma 30. Suppose that Assumptionholds. Then whenever R > 4B/ )\, we have,
7 <(1—=nA\/4+na)R, (45)

where we define,

o= (2l - v8) |+ (121715 - v/8)

Furthermore, if R < 4B/ )\, we have that,
# < (1+nLy +na)R. (46)

Proof. From the triangle inequality and the Lipschitz property of b, we obtain
7 < (1 =nA)llz = ylle+ +nllb(z) = b(y)lle+
< (14+n(Ly,—N)R.
Next we bound 7 using the decomposition,
P < - g+ n(Ea(x) - Eay)Z o+
<12 = glo+ + villZe(@) = EcW)lla+ opll 2’6+
< (1 +n(Ly = N) 4+ VLo || Z' |+ )R,

where in the final bound, we utilise the Lipschitz property of ¥ . We can refine this bound, using the
orthogonal decomposition,

Y

T —
1% = glle+

Z' =2 + (I -whZ', v=

From this, we obtain,
P =& — g+ Vi(Sa(z) — Say) Z' |5+
<z =g+ o' (Sa(x) = Sa @) 2 G+ + 0l —v")(Ba(x) = Se) 216+
< (F+ Vil (Ba(@) = Za@) Z'e+)? +0ll(I — ") (Ze(z) - Sa () Z' |G+
<P 427 /lvv” (Se(z) = Se) 2 o+ +1ll(Sa(@) — Za)Z g -

In the case that X (z) # Xg(y), we can simplify this using the notation ¢ := ||(Zg(x) —
Ya)v|| T (Sa(z) — Xa(y))Z’, we obtain

P2 <+ 2y/MLo|0|[C|FR + L2 || Z'|| 4 R
< (1 (L = N)? + 4yALo ol [¢] + 1121 2% ) B2,
From this, we obtain that

P < (140 = V) + 4L lIC] +nL2 |25+ ) R

< (tenton(Z2 1000 - ), +n(E21215 — ) )R
= (1+nLy + no)R,

which gives (6). Alternatively, we can use the fact that ||b|| g+ < B to obtain, 7 < (1 —n\)R+2nB.
In particular, if R > 4B/), we obtain 7 < (1 — n)\/2)R. From this, we obtain the bound in (43):

7 <(1—=nA/4+na)R.

We will also need the following properties of the function f.
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Lemma 31. The function f satisfies the property that for all v > 14,

f(( — %)7‘) — f(r) < =nef(r).

Proof. For r > ro, this is Lemma 4.3 of Majka et al.|(2020). For r; < r < r3, since f is concave on
[07 TQ]’

N nAr e Y nAr
Fr) = £ =By > ) - 0=
The ratio 67;7(';\)’" /4~ I“fee:(;: . % is decreasing in r, so its minimum on [ry, rg) is at r = 75, where
“ar 1,—ar —ar
it equals ‘i’“j:_mj . %. From the definition of ¢, we have ¢ < %2(157617;22) . % - 2?{32_@2) . TAG’ SO
arze 2. 4 > 2c, which gives f(r) — f((1 - nA\/4)r) > 2enf(r) > enf(r). O

Lemma 32. Foranyt,s > 0, we have

Ft) = f(s) < (e 2(tV s) + 1)t — s].

We record two further properties of f that will be used repeatedly.
Lemma 33. The function f satisfies:

(i) fis concave on [0,rs] with f(0) = 0and f'(r) = e~ forr < ro. In particular, f' <1
on [0, 73].

(ii) Forany ¢ > 1 andr > 0 with ¢'r < ry, we have f(c'r) < f(r).
(iii) For any r > O withr < 1o, we have r < e®" f(r).

(iv) For any r > 0, we have r < 4e"2 f(r).

(v) Forany a,b > 0, we have f(a +b) < f(a) + b+ %(ab—k 362).
Proof. Part (i) follows directly from the definition. For (ii), since f is concave on [0,rs] with
f(0) = 0, the function r — f(r)/r is non-increasing on (0, 3]. Therefore f(c'r)/(c'r) < f(r)/r,
giving f(c'r) < ¢ f(r). For (iii), we have f(r) = (1 — e %")/a > re ", where the inequality
follows from 1 — e™™ > ue™" for all u > 0.

For (iv), the case » < ry follows from (iii) since e*” < e%™2. For r > ro, the explicit form
gives f(r) > e;:;Q (r? —r3). Since 7 > 7y, we have 2 — r2 > r2/2 whenever r > 75v/2,

giving f(r) > 67:;27“2 and hence r < (47922 f(r))Y/? < 4e%2 f(r) (using r < 4rpe®™ f(r)

which rearranges to 7/(4e®2 f(r)) < ro/r < 1). Forry < r < r9v/2, we use f(r) > f(rs) =
(1—e792)/a > roe™ 2,50 4e%72 f(r) > 4rqy > r.

For (v), we consider three cases. If a + b < ry: since f' < 1 on [0, r2], we have f(a+b) — f(a) < b,
and the remaining terms are non-negative. If @ > ry: both a and a + b lie in the quadratic region,

—ary

so fla+b) = f(a) = G>((a+b)? —a?) = 5> (2ab+b?) < <—(ab+ 3b?),and b > 0
gives the result. If a < r9 < a + b: we split f(a +b) — f(a) = [f(r2) — f(a)] + [f(a + ) —

f(ra)] < (r2 — a) + G~ ((a+b)> = 73) < b+ %5—>(2ab + b?), where in the last step we used
(a+b)2 — 73 < (a+b)? — a? = 2ab + b? (since a < 7). O

—ary

arg

27’2

We also recall the following result from Majka et al.|(2020) (Lemma 4.4 therein), which captures the
net contraction arising from the interplay between the drift expansion and the coupling.

Lemma 34. The function f, satisfies the property that for all i € [0,11],

2f(#)e o Ly + ico min(+/7, f)\/ﬁsgp 17(0) < —enf (7).
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F.2.2 MOMENT BOUNDS ON «

We now establish that E[a?] is exponentially small, a fact that will be used in several places. Recall
that « = a1 + o where

ovi= (T2 - )

and ¢ is a one-dimensional standard Gaussian, Z' ~ N(0, I).

For a1, set 3 := 4L,|[v||/\/7. Since ¢ ~ N(0,1), a standard Gaussian tail bound yields

A
g+

o o= (L2NZ"NEs —

)\2
E[a?] < A2 exp ( - 01@) (47)

for some universal constant ¢; > 0.
For a, since || Z||%,; has the law of a weighted x? random variable, the Laurent-Massart concentra-
tion inequality gives
Meap(G)\2 1
Ela2] < )2 (_ ( gap )7) 48
03] < Wexp (- ea (P2 @®)
for some universal co > 0.

Combining via Minkowski’s inequality (|| - || .2 triangle inequality), we obtain
E[o®)'/? < E[af]'/? + E[o3]"/>. (49)

Assumption [26]ensures that the right-hand side is as small as needed. In particular, for the remainder
of the proof, we assume that Assumption [26]is strong enough to guarantee:

E[a?]/? < —© P(a > 0) < ¢ .
[a ] = 326GT27 (a > ) — 128(C+Lb+ 1)6(17"1

(50)

Both conditions are satisfied since E[?]'/? and P(« > 0) are bounded by the exponentially small
quantities in @7)-({@9), and Assumption[26]controls these exponents.

We also establish the following fact, which underpins the small- R analysis.
Lemma 35. Suppose R <ri. Ifa =0, thent < ry.

Proof. If R < 4B/, then by with @ = 0, we have # < (14+nLy)R < (1+n9Ly)-4B/X\ = rq,
where the last equality is the definition of r1. [f 4B/X < R < ry, then by [@3) with o = 0, we have
F<(1—-nA\4)R<R<ry. O

We also establish a lower bound on 7 that will be needed for the coupling analysis.

Lemma 36. Suppose R < r; and o = 0. Then, provided ng < 10 and ng < % (both of

1
A+Ly+1)
which are ensured by the minimum in the definition of 1), we have & > R/4.

Proof. By the reverse triangle inequality,

P27 = NlZe(@) = SeW)llopa+ 112l c+
> 7 = VLo R| Z'| g+

On {ap = 0}, we have L2||Z'||2,; < A\/8,50 \/Ls||Z'||g+ < \/1nA/8. Since ng < 2/X, we have
VN8 < 1/2.
Case R < 4B/ : Weuse ¥ > (1 — n(A + L)) R (from the reverse triangle inequality applied to 7).
Therefore,

7> (1—=n(A+ Ly) — /n\/8)R.
Since 1y < m, we have (A + L) < +. Combined with \/nA/8 < 1/2, the coefficient is
bounded below by 1 — 1/4 —1/2 = 1/4.

32



Published as a conference paper at ICLR 2026

Case AB/A < R < ri: Weuse 7 > (1 —nA\/2)R (from R > 4B/)). Then,

7> (1 —nA/2 —+\/nA/8)R.
Since 779 < 2/, we have n\/2 < 1 and 1/n)\/8 < 1/2. Furthermore, 1y < m < A

gives nA/2 < 1/8. Hence the coefficient is at least 1 — 1/8 — 1/2 = 3/8 > 1/4. Both cases yield
7> R/4. O

F.2.3 COUPLING CONTRACTION

We now combine the ingredients above to prove the contraction
E[f(R)] < (1—nc/8) f(R), (51

splitting into two regimes.
Case1: R > ry. Sincer; > 4B/\, Lemma[30 gives 7 < (1 — nA/4 + na)R. Applying Lemma
B2with t = 7 and s = (1 — nA/4)R, followed by Lemma 31]

f(#) < (1 =ne)f(R)+ (r;le_‘““’“(l +na)R + 1)naR.
For R > ry, the explicit form of f on [ry, 00) gives R? < 472¢%™ f(R) and R < 4e"2 f(R), so

(ryte (1 + na)R + 1)naR < 8¢ (1 + na)naf(R).

For r; < R < rg, since f is concave on [0, ro] with f(0) = 0, Lemmaiii) gives R < e f(R) <
€2 f(R), from which the same bound follows (with a larger constant). In either case,
f(#) < (X =ne)f(R) + 8¢ (1 + najnaf(R). (52)

Taking expectations of the error term, we expand E[(1 + na)a] = E[a] + nE[«?]. By Jensen’s
inequality, E[a] < E[a?]'/2. Since E[a?]'/? < 1 (which follows from (50)), we also have E[a?] <
E[a?]'/2. Therefore, E[(1 + na)a] < (14 n)E[a?]'/? < 2E[a?]/?, giving

E[f(7)] < (1 —ne)f(R) + 16" E[0®] 2 f(R) < (1 —1¢/2) f(R),
where the last inequality uses the smallness condition (50).
It remains to pass from 7 to R’. We claim that E[f(R’)|Z’] < f(#). Indeed:

e If # > rq, the synchronous coupling is used, so R’ = 7.
« If # < ry, then R" < 74 /fg < 72, and f is concave on [0,73]. Since E[R/|Z'] = 7
(Lemma29), Jensen’s inequality gives E[f(R')|Z'] < f(E[R'|Z"]) = f(7).

Therefore, E[f(R")] < E[f(#)] < (1 —nc/2)f(R).
Case 2: R < r;. We condition on the event {aw = 0} and its complement.

On {a = 0}: By Lemma E, we have 7 < r1. The coupling then yields R’ < 7 + /ng < 72, s0
both 7 and R’ lie in the concave region of f. We combine the drift and coupling contributions using
Lemma[34l

For the drift from R to 7: since f is concave on [0, 1],

fF) = f(R) < f'(R)(7 — R)4.
When 7 < R, we have f(7) — f(R) < 0 < 2f/(#)e®minLy#. When # > R, we use 7 — R <
nLyR < nLyt (from with o = 0) together with f/(R) = e~ < e=a7ea("=R) < f/(f)eanbors
to obtain
F() = F(R) < J'(R)e™™ Lyt < 2f (7)e "y Ly (53)
For the coupling from 7 to R’: since # < ry and E[R’|Z’] = #, the same Taylor expansion argument
as in Section 4 of Majka et al.|(2020) gives

B[ (R)|Z') ~ J(7) < § sup 1" (6) comin(y/1, 7). (54)

ocl;
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Adding and and applying Lemma [34]

E[f(R)|Z] = f(R) < —enf (7). (55)
By Lemma[36, # > R/4, so Lemma [33(ii) (applied with ¢ = 4 and r = R/4) gives f(R) <
4f(R/4) < 4f(). Therefore,

EIf(R)|Z') < f(R) - enf(7) < f(®) = SLF(R) = (1= ) F(R). (56)

On {a > 0}: We use a crude bound. The coupling satisfies E[f(R')|Z’] < f(#) in all cases (either
by concavity when # < 71, or by the synchronous coupling when # > 7). From Lemma [30,
# < R+n(Ly 4+ a)R. Applying Lemma[33(v) with a = Rand b = (L, + o) R,

n?*(Ly + a)2R2)
— )

—anr
e 2

JG) < F(R) + Ly + )R+ “— ((Ly + a) R +

T2
e;‘”2 R? < e 2R < R, and so the above simplifies to
F(#) < f(R) +3n(Ly + )R,

using 1(Ly + «) < 1 (which holds with room to spare on the event {« > 0} for 7 sufficiently small,
since « has sub-exponential tails). By Lemma iii), R < e f(R) < % f(R). Therefore,

E[f(R)|Z'] < f(R)(1 4 3n(Ly + c)e™™). (57)

Since R < r1 < ro, we have .

Combining: Taking total expectations,
E[f(R)] = E[E[f(R)|Z'|La=o] + E[E[f(R")|Z']La>o]
< (1= ) F(RIP(a = 0) + F(RE[(L+3n(Ly + 0)e™ ) Lazo]

_ (1 - %) f(R) + f(R) [CZIP’(a > 0) + 30" E[(Ly + a)Laso] |

We bound the bracketed term, which we denote by B. By Cauchy—Schwarz,
Elalaso] < E[o®]"/?P(a > 0)/? < E[a?]'/2.

Therefore, o
B< Z]]P’(a > 0) + 3ne™™ (LyP(ar > 0) + E[a?]'/2).

We bound each term using the conditions in (50). For the first term,

cn cn C cn
—P 0)< —- < L
2 PO>0) s T L T e S 519
For the second term,
L
3ne® LyP(a > 0) < 3ne*™ Ly, - ¢ = Senly < 3en

128(c+ Ly + 1)ean — 128(c+ Ly +1) — 128’

where the last step uses < 1. For the third term,

Ly
c+Lp+1

3c
< 24

e Elo?/? < anevrs . € < X0
e 2

using 71 < r2. Summing, we obtain

en  3cn | 3en  en(1+12448)  6len  en

B —+—+—= = —
— 512 + 128 + 32 512 512 < 8’
where the last inequality follows from 61 < 64. Therefore,
61lcn 67cn

’ cn cn
Bl < (1= G+ 25 FB) = (1 50 ) < (1= T f().
This gives the stated bound (51)).
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F.2.4 EXTENSION TO THE MISMATCHED CASE

We now treat the general case b # b,o # 6. The coupling (X, Y”) is constructed using the matched
dynamics (b, Xz ), so Y has the law of a single step of the y-process with drift b and residual volatility
Y. To correct for the mismatch, we define

Y=Y 4w,  w=nby) -by)+ /iScly) - Sc) 2.

Since w is a deterministic shift (given Z’) that adjusts thNe mean and residual covariance, Y has the
correct mismatched law: conditionally on Z’, we have Y ~ N (g, nG) where §,, = (1 — n)\)y +

nb(y) + Vi Zely) Z'.

By the triangle inequality,

X' —Y|g+ <R + ||lw| g+ Applying Lemmalg(v) with a = R’ and
b= Hw”G‘h

—anr
e 2

FUX" = Ylg+) < F(R + [wlg+) < F(R) + |[wlla+ +

1 2
—(Rlhwller + 5ol )-

Taking the conditional expectation over Z and using that ||w||g+ is Z’-measurable and E[R'|Z'] = #
(Lemma/[29)),

—arsy

e

N 1
Ef(1X = Vlio+) | 2] S EF(R) | 2]+ [wlar + —— (Fllwller +5lwlE: ). 68

T2
Taking full expectations and using the matched contraction (51)),

—ara

BLA(IX - Vo)) < (1= D) FR) + Ellwlo] + = (Blflwllos] + SElwl]). 69

We now bound the cross term E[#||w||g+]. Since # < (1 + Ly, 4+ no) R (Lemma[30),
Efffwlg+] < (1 +nLy) RE[w]g+] + nRE[aljw]|c+].

By Cauchy-Schwarz, E[a||w||g+] < E[e?]Y/?E[||lw||%,]/2. Since E[a?]'/? is exponentially small
by and nR < nry for R < ro (with similar control for R > r3), this second term is absorbed
into the quadratic error. For the leading term, we use Lemma iv): R < 4e% f(R) for all R > 0.
Therefore,

e 92 4(1 +nL
(1 + Ly RE[Juwllgr] < 2 1Ee)

8
FR)E[|wlle+] < Ef(R)E[IIme],
using 1+ 1Ly §~2 (for ng sgfﬁciently small) and 7 > r1. By the assumption in (39) and the estimate
E[||w|g+] < nBy + /nm B,, we obtain,

8 o _ e

8 8/ - .
) < 7( B Bc,) < =
o wlle+] < -\ b+ /1 <256 T 3

Substituting back into (39)) and collecting the quadratic error terms,

’ = ¢ —ar:
E(1X = Vo] < (1= F + 55 ) F(R) +Elllwles] + e Elluwlg. ],

for some universal constant C' > 0, yielding a contraction at rate ¢/16. We also obtain the second
moment bound,

Elllwl%:] < 202B} + 2 B2E[| 2'|%.] < 2B} + 2nB2,

using E[|| Z'[|Z1] = tr(G*) < n. Substituting, we arrive at

% ¢ » >, 3 —ar D, B
BLFOIX ~ Ple)) < (1= SE) SR + Byt VT By + 5P B 4 )

16
< (1= T0) F(R) + 2By + yin Bo),
completing the proof of Proposition [
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G PROOFS FOR THE STABILITY OF THE NOISY GRADIENT ESTIMATOR

For simplicity, we will prove it for the case of fixed step-size 1 = 7, but it is easily extendable to the
full setting. Using the Wasserstein contraction obtained in the previous section, we will now prove
Proposition

Proposition E Consider the score matching algorithm Agy, @ S — Sg,. for some fixed K € N

where (01,)y, is as given in (16). Suppose that assumptions and hold, then there exists some
71 > 0 such that, if sup;, M. < 7, we obtain that Agy, is score stable with constant

2o I’c L (EPNC?\ Kil o [ EPNBC?
X X E——
stab ~> N PN%Agap P nminA2 i Nk, €XP nmin/\Q )

for some constant, ¢(M, L, Agaps Amax (2), Be, Cr) > 0 and npin = ming ny.

The proof applies Proposition [27 to the process in (L6). As in the proof of Proposition [L1, we
obtain stability estimates by analysing the trajectories 6, and 6}, trained on S and SV with coupled
minibatch indices.

Assign variables of Proposition[27. Given a set of minibatch indices B C [N] with |B| = Np,
the dynamics of 6, and 6y, take the form (35)-(36) with

b(9) := E|Clipa(G(0, (w.)ien))|0. B, S|, b(6) = E[Clip(G(0, (3)ien))
o(0)?:=n%s(0,B), 5(0)*:=nTgn(6,B).

0, B, SN} ,

Using the shorthand v; ;(6) = we, ;, Vollso(X(i ). ti.5)) — V1ogpe, ;10X glwi) 2 we bound

the covariance from below:

1 . 1 -
Y56, B) = PN ieZBCov (Clipe:(v; ;(0))]6, B, S) = PNBZ'
Therefore 0(0)* = n%s(0, B) = p— %, and similarly for 5. We set
77 —
= b
9PNp "

so that 0(0)?,5(0)? = G. The residual volatilities are then

1/2 =y 1/2
= Vi(Zs(0,B) = 55 %)

and similarly for ¥. The weighted norm satisfies [|0]| g+ < /2PNp/(nAgp) [16]|.

e(0) = (0(0)* - G)

Lipschitz constants. Since Clip, is 1-Lipschitz, Jensen’s inequality gives
16(8) — 0(8") [+ < E[IIG(O, (zi)ien) — G0, (2:)icn)|c+10.0", B, S].
Expanding via the chain rule,

Vs, 4 (0) — Ui j (9,) = 2wt1.,“7. ((VQSQ - V@Sg/)T(Sg -V logpt,mo) + (VQSQI)T(SQ — 89/)),

where all functions are evaluated at (X; ;,¢; ;). Taking G -norms and applying the triangle inequality,
the Lipschitz constant L(z, ) of s in 6 and the smoothness constant M (z, ) from Assumption[13
give

l|vi,;(0) = vi;(0)]la+
< 2wy, <M(Xi,j7 tig)llse(Xij,tij) — Viogpe, jo(Xijlwi)ll + L(X tm‘)z) 16 =6+

Taking expectations and applying Cauchy—Schwarz to each term, using E[M?]'/2 < E[M*]'/* <
M, and Assumptionto bound E[[|sg — V log pyjo|?|Xo = 2]*/2 < By/o?,

— By —2
E[Jvii(60) = vis(@)lo+] < 2(Maz +I3) 10 = '+
t
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Averaging over i € B and j € [P] and integrating against 7 using C, = [ o, *7(dt),
— —2
E[|G(0, (x:)icn) — G0, (w:)ien)|a+] < 2(MaBiCY? + L)[10 — 0 llg+

giving Ly = 2(M,B,CY/* + I7). Furthermore, due to gradient clipping, [[b(80)[c+ <
V2PN /(nAgp) C =: B.

For the Lipschitz constant of X, we first bound ||E¢(0)* — E¢(60')?||op.c+ = nl|Es(6, B) —
Y5(0", B)||op,g+- Writing Z(6) := Clipc (G (0, (x:)iep)) and 1(0) := b(6), we decompose

Ss(0,B) = Bs(0', B) =E[Z(0)Z(0)" — Z(0)Z(0")"] — (u(O)u(0)" — u(0")(0")").

For the first term, we write Z(0)Z(0)T — Z(0")Z(0")T = (Z(9) — Z(Q’))Z(Q) +Z(0")(Z(09) —
Z(#)T and use | Z(0)||, |1 Z(0")] < C by the definition of Clip., in (14), giving

|E[Z(0)Z(0)" — Z(0")Z(¢")"]|| <2CE[|Z(0) — Z(0')||g+].

op,Gt

For the second term, the same bound gives ||1(6)(0)” — p(60")p(6") " || op.c+ < 2C||6(8) —b(6) || G+
Since Clip is 1-Lipschitz, both terms are controlled by E[||G(6) — G(¢’)||g+]. and combining,

1850, B) = 50, B)llop.c+ < 8CLy[|0 — 0|+ (60)

To convert this to a Lipschitz bound on Y itself, we apply the following matrix square root
perturbation bound.

Lemma 37. Let A, B,W € R™*™ be positive semi-definite matrices such that A, B %= W and both
A and B commute wzth W. If  is the smallest nonzero eigenvalue of W, then

|A = Bllop,w

AYV/2 _ gl/2 <
|| ||op w = 2\/5

Proof. Because A and B commute with 1, their principal square roots X = A'/? and Y = B'/?
also commute with W, and in particular X,Y and X — Y all preserve the range of W. Restricted to
Range(W), the identity A— B = X (X =Y )+ (X —Y)Y is a Sylvester equation for X —Y". Because
A = W, every unit vector v € Range(W) satisfies vT Av > vTWwv > 6, so the eigenvalues of
X |Range(w) 8atisfy Amin (X |Range(w)) = /0, and similarly for Y. Applying the standard Sylvester
equation operator norm bound via the integral representation X — Y = fooo e X5(A— B)e Y*ds
restricted to Range(WV),

||A_B||OP;W < ”A_BHOP,W

X-Y op,W < >~
” || P /\min(X|Range(W)) + Amin(Y‘Range(W)) 2\/3

O

To bypass the fact that ¥ s may not commute with G, we evaluate the matrix square root perturbation
in the standard unweighted operator norm, which corresponds to setting W as a scalar multiple of the
identity matrix restricted to the range of G.

Because % (0)? = nXs(0, B) — G 3= NS 3, the minimum non-zero eigenvalue of ¥(#)? on

the range of X is strictly bounded below by 6 := 2@%‘; Thus, setting W = 61 restricted to this

range perfectly satisfies the conditions of Lemma[37} A, B = W, and because W is a scaled identity
matrix, it trivially commutes with A and B.

From Lemma[37] we obtain,

nlXs(0, B) = Xs(0", B)|l,p 51

1Zc(0) = 26 (0)lop.s7 < 275

To convert this back to the GT-norm, we use the standard norm equivalence ||M|[,, g+ <

VE(G)||M||op and [ M|[op < v/K(G)|| M ||op,c+» Where the condition number is x(G) = Amox (%) |

A 2ap
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Chaining these bounds with yields:

AI'I']a.)( S
I26(6) = So(@) o+ <\ 25260 = 260
)\max(i) 77||ES(9’ B) - 25(9/7 B)”opy&[h
B Agap 2V
< )\max(i) 77||ES(97 B) - ES(9I7 B)”op,G"’
o e 2/ 508
~ uee(S) 0(SCL6 — 0) 2PN
T A 2 " Agap

Amax(X) [2nPNp
Agap Agap

=4CLy 160 — 6|

We therefore obtain L, = 4C L, m‘;pz) 1/ %. Since L2 o 1, AssumptionEis satisfied for n
sufficiently small.

Mismatch bounds. Since Z; = z; for all i # N, the gradient estimators are identical whenever
N ¢ B, justifying the indicators 1ycp throughout. On the event {N € B}, since Clip is

1-Lipschitz and only the N-th summand of G differs between S and SV,
- 1 2C
[[6(6) — b(0)[| < ]E[HGS - GSNM = NfBE[HgN(Q;xN) gn (; )H] < Ng’

where gy (0;2) == 5 Zle vn,;(6; x) and the last step uses ||gn (0; x)|| < C (since each ||vy ;]
is bounded by C before clipping, by Assumptions @ and B). Converting to the G*-norm via
)‘rnax(c*ur)l/2 = 2PNB/(77)‘gaP)’

2P

1 =: By.
'f]NB)\gap NeB b

16(0) — b(6) ||+ < 2C

For the residual volatility mismatch, we use that ¥¢(0)? — X(0)? = n(Xs(0, B) — g~ (6, B)),
which is nonzero only when IV € B. On this event, the same covariance perturbation argument as
above, with Zg := Clipo(G(0, (zi)icB)), Zgn := Clip(G(0, (Z;)icp)) and || Zs||, || Zsrv || < C
by definition of Clip., gives
8C?2
IS5(6. B) ~ S5 (6. B)llop < ACE[|Zs ~ Zon ] < - nes

where the second step uses || Zg — Zgn || < |Gs — Ggn || < 2C/Np. Applying Lemma[37)as before
with § = nAgp/(2PNp),

& n\lzsw B) - ZSN(H B)HOp w )‘maX(G+)
Ya(d) — X0 < d
£6(6) = £6(®)llop+ < T N (G
_ 4C? [2PNp [ Amax
- NB 77)\gap mm NEB
277P )\max(z) ~
=4C?, | 1/ lyep = B
NB)‘gap )‘gap ©

To verify the condition (39), we require an +/nm B, < cnry/256. We have

~ ~ 2nP Amax (2
nBy + /nn B, < il (20—1—402\/7771 ()> IyeB.
NB/\gap Agap
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Meanwhile, r1 = 4(1 + n9Ly)B/A ~ PNC/(nAgp), so enri ~ PNpC/Agp. Since the
right-hand side grows as PN /Agqp While the mismatch terms grow as \/n(P + n)/(NpAgp), the
condition is satisfied for n sufficiently small.

Applying Proposition[27,  With all assumptions verified, Proposition 27] gives, writing d(, 6’) =
fA10 =]l g+),

E[d(Ok+1, Ok-+1)|0k, O, By] < (1 - E)d(ek, 01) + 2(nBy, + /i B,). (61)

Since By, and B, are nonzero only on {N € By}, which has probability Np/N, taking full
expectations gives

», ». 2C 277P ( )\max(z)>
E[nBy, + nB,| < — 14+ 2C/mny | ————= |,
[N By + /11 By | v/ N e NG .

where the second inequality holds for 7 sufficiently small. Taking full expectations in (61,

~ ~ 4C 2 P )\max i
B0, O] < (1 0B 0]+ [ (14 20y [ 2= o)
gap gap

Iterating with d(fo, éo) = 0 (since 0y = éo) and applying the formula from the start of this
section,

4c | P Kl
Bld(0x,0x)] < — | 420 i | Amax( > ( ) (63)
0, 0rc) N NB/\gap< ’ Agap Z:o
ac [ op max(Z)) . ( 16)
< 1+ 2C\/nn min | nK, — |. (64)
N NBU)‘gdp ( Agap ! ¢
Since f(r) > e;:; 2 forall 7 > 0, we have [|0 — 0'||2,, < 2rye®™2 d(6,6’). Since AssumptionlE
states that s is Lipschitz in 6 with respect to || - [+, and || - [|3, = sph [ - [I&+
/E[HSQK (Xiot) — 55, (X0 8)|2| X0 = 7, 8] 7 (dt) (65)

< T’E[|0x — 0 |1%:]

nL 5
= 2PNBE[H9K — Ok ||&+]
anT edr2
N _
< = 7
< BN, Eld(0k, 0K)]

fz c [ 2 Amax(E)\ 16
< 4L arz _ 1 [1+2 /= K, — ). 66
< ro€ N PN%)\gap ( +2C\/nn . min | Nk, c (66)

When 7 is sufficiently small, we obtain 179 = A~! and therefore

2 5 PNpC?

s 2 L < (M4B,CY? —&-fi)(PNB)\gap)_l/Q V1,
nAgap)\

and since L and ry grow as 7 — 07, we also have r3¢ > exp(—6Lr?/cy). Substituting these
estimates into and absorbing 72¢%"2 into the < yields the bound in the statement of Proposition
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